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Part #1

System of PDEs and its properties
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Problem description

For given
e QC R with dQ=TpUTly; T>0
@ ug, v (initial data); up, g (boundary data)

@ 0o : Q+— R density
e r,q€(1,00)
to find u: (0, T) x Q — R

oou —divT =0 inQx(0,T)
u(0,-) = ug in Q
u.(0,-) =wvo in Q
u=up onlpx(0,T)
Tn=g onlyx(0,T)

T = (1 + [D(u)*)T72/2D(u) + 11(1 + |D(u,)]*)"?/?D(u,;)
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A Jind¥ich Nedas program

Mathematical analysis of nonlinear (quasilinear) elliptic, parabolic and
hyperbolic problems

Concept of (generalized) solution, its existence, uniqueness and
regularity

Question: Provided that data are smooth, is the generalized solution
of the problem a classical solution?

Apz = div ((1 + |D(z)|2)(P—2>/2D(z)) 2D(z) := Vz + (Vz)T
—-Awv=0
vi—Anv=0
U — Aqu =0

U — Aqu — ArUJ_- =0
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Several results

—Av=0 (1)
vi—Anv=0 (2)

uy —Au=0 (3)

uy —Agu—Au; =0 (4)

J. Mélek (MFF UK) On Kelvin-Voigt solid December 14, 2009



Several results

—Av=0 (1)
vi—Anwv=0 (2)

uy —Au=0 (3)

Uy —Agu—Au, =0 (4)

@ existence, uniqueness of weak solution for (1) or (2) - monotone
operator theory

@ positive answer to full regularity for d = 2 - C1®-regularity of weak
solution - stationary problems (1967-71, with J. Stard), evolutionary
problem (1991, with V. Sverék), extended to generalized Stokes
systems (since 1996 by P. Kaplicky, J. Stard)

@ measure-valued solution for (3) for the scalar case (together with
M. Razicka and M. Rokyta)

e existence, uniqueness, C1“-regularity for (4) - with A. Friedman
(1988), also by T. Roubitek
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Avner Friedman and Jind¥ich Necas 1988 paper

PACIFIC JOURNAL OF MATHEMATICS
Vol. 135, No. 1, 1988

SYSTEMS OF NONLINEAR WAVE EQUATIONS
WITH NONLINEAR VISCOSITY

AVNER FRIEDMAN AND JINDRICH NECAS

An equation of the form

_Z a aw( p) Z a aV(q)
8x, Bp. ox, g,

where p = Vu, ¢ = Vii, i = 8u/dt, it = d*u/dt* represents, for
suitable functions W (p), V(g), a nonlinear hyperbolic equation with
nonlinear viscosity and it appears in models of nonlinear elasticity.
In this paper existence and regularity of solutions for the Cauchy
problem will be established. In particular, if » = 2, or if n > 3 and
the eigenvalues of (32V/8q,0q,) belong to a “small” interval, then the
solution is classical. These results will actually be established for a
system of equations of the above type.
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Assumptions/1 - homogeneous Dirichlet bc's

For given
e QC R with dQ=TpUTly; T>0
@ ug, v (initial data); g (boundary data)

@ oo : 2 +— R density
e r,qe (1,00)
to find u: (0,T) x Q — RY

oou —divT =0 in Q2x (0, T)
u(0,-) = ug in Q
u.(0,-) =wvg in Q
u=20 onlpx(0,T)
Tn=g onlyx(0,T)

T := E(D(u)) + S(D(u))
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Assumptions/2

1

(S(Dl) — S(Dz)7 D; — Dg) ~ ’Dl — Dg‘z A(l =+ ‘Dl — S(Dl — D2)|)r72d$
1

(E(D;) — E(D;),D; — D3) ~ |D; — Dy /0(1 + |D; — s(D; — D)|)92ds

If S(0) = 0 and E(0) = 0 then

S(D)-D > G(|D|" - 1) E(D)-D > G(|D[7 - 1)
S(D) < G(1+ D)) [E(D)| < G(1+D[)7™*
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Definition of solution

o ge L0, T; (W7 (Mw)))
o ug € WHI(Q)9, vo € L2(Q)¢
e 0<m< o< M<ooae. inQ

Then u is a weak solution to the problem if
u € L0, T; WHA(Q)T) n Wh(0, T; L2(Q)) n Whr (0, T; Whr(Q)9)
00U s € Lmin(r’,q’)(o’ T (erﬂ,)max(r,q)(Q)d)*)

T T
/0 (g0t e, @) + (S(D(u)) + E(D(u)), D()g) dt = /0 (& Py dt

for all ¢ € Lmax("q)(O, T, erl;max(r’q)(Q)d)

Jim ([lue() — vol2 + [lu(t) — ol ;) = 0.
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Theorem 1 (M. Buli¢ek, J. Malek, K.R. Rajagopal)

Theorem (Existence and Uniqueness)

Let S and E satisfy the monotone, growth and coercivity conditions with

\1<q§2§r<oo\

Then, for any set of data Q, T, 0o, ug, vo and g there is unique weak
solution to the problem.

Novel aspects
e r > 2 (nonlinearity in Vu )
@ variable density gg
@ no potential structure

o Friedman, Ne&as - nonlinear S of the potential structure with r = 2
and d = 2 or eigenvalues of g—g lie in small interval
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Theorem 2 (M. Buli¢ek, J. Malek, K.R. Rajagopal)

Theorem (Regularity)
(1) If in addition go € C%'(Q) and vp € W,(l;cz(Q)d then

(1+|D(v)|) 2 D(Wv) € L2(0, T; L2 (Q)9*9)

loc

ve L0, T; W2 (Q))

loc

veel”(0,T; L. ()7

loc

(2) If 0o € COL(Q), vo € WE2(Q)4, g € WLr(0, T; WA+ (Ty)) and
SU(D) = GDU Us(D) then

v € 20, T;L2(Q)7) vel=0,T;wh(Q)9)
Elliptic regularity then implies (for smooth Q) that

(1+|D(v)) 2 D(Vv) € L2(0, T; L2(Q)*9)
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Part #2

Kelvin-Voigt solid and its generalizations
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Kelvin-Voigt solid - mechanical analog

Spring

Dashpot
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Kelvin-Voigt solid - mechanical analog

Spring

Dashpot

05=E€5 and UD:VéD
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Kelvin-Voigt solid - mechanical analog

Spring

Dashpot

Spring

Dashpot
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Kelvin-Voigt solid - mechanical analog

Spring

Dashpot

Spring

I_—I‘

Dashpot

I+ A
F=Fs+ Fp and A=As=Ap
0c=0s+0p and E=es=ep —> =E=¢E5=¢Ep

os = Eeg and op = VEp

o = Eé‘s—i-V&"D

December 14, 2009 15 /
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Kelvin-Voigt solid and its linearization

Response corresponds to the mixture of solid and fluid components with
neo-Hookean solid and Newtonian fluid

T:Te+Tv Te:M*B Tv:V*D

where B = FFT (right Cauchy-Green stretch tensor) and
D =D(v) := (Vv +(Vv)7). Then

T=pB+nD
Linearized elastic solid € := %(Vu +(Vu)T)
T = pe +nD = ue +né

Question: Is the model that is non-linear in the linearized strain
justifable?
Yes, but one has to take a different point of view.
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Implicit constitutive theory (K.R. Rajagopal, 2003)

General implicit relations of the form

T=T.+T, |fT,B)=0] |g(T,,D)=0]

include two explicit constitutive theories:

J. Mélek (MFF UK) On Kelvin-Voigt solid December 14, 2009 17 / 30



Implicit constitutive theory (K.R. Rajagopal, 2003)

General implicit relations of the form

T=T.+T, |fT,B)=0] |g(T,,D)=0]

include two explicit constitutive theories:

T. =f1(B) and T, = g;(D)
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Implicit constitutive theory (K.R. Rajagopal, 2003)

General implicit relations of the form

T=T.+T, |fT,B)=0] |g(T,,D)=0]

include two explicit constitutive theories:
T. =f1(B) and T, = g;(D)

and
B =f,(T.) and D = g,(T,)
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Implicit constitutive theory (K.R. Rajagopal, 2003)

General implicit relations of the form

T=T.+T, |fT,B)=0] |g(T,,D)=0]

include two explicit constitutive theories:
T. =f1(B) and T, = g;(D)

and
B =f,(T.) and D = g,(T,)

Linearization of the second set leads to
e =f(Te) and D = g,(T,)

If this relations are invertible we obtain the model under considerations
that can shear thin or shear thicken, and creep (as a viscoelastic material).
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Implicit constitutive theory - Example

Spring

W :
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Special deformation applied to full nonlinear model

Consider the special shearing motion given by
x=X+uY,t), y=Y, z=2
and apply it to the generalized Kelvin-Voigt solid
T=T.+T, T.=f(B) T,=g(D)

Then one obtains the scalar equation of the above form without restricting
to small gradients of the displacement.
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Part #3

Proof of the existence result
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Definition of solution

e S, E are uniformly monotone (growth, coercivness assumptions)
1<g<2<r<+o0]

0 ge L0, T; (W (Fy)9)")

o up € WHI(Q)4, vo € L2(Q)4

e 0<m< o< M<ooae inQ

Then u is a weak solution to the problem if
u € L0, T; WHI(Q)) 0 Wh(0, T; L2(Q)) n Whr (0, T; Whr(Q)9)
Qou it € Lr/(oa T (erf’)r(Q)d)*)

T T
| teou o) + (S(D(w) + EO@). D(e)a de = [ gy
for all ¢ € L7(0, T; W2 (Q)9)

Jim ([lue(t) — voll2 + [lu(t) — ol ;) = 0.
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Reformulation of the problem

ooV + — divS(D(v)) — divE(D(u)) =0

u:r=yv

u(0,:) =ug, v(0,-)=vp

u=0 v=0

(S(D(v)) + E(D(u)))n

=g

inQx(0,T)
in Qx(0,7)

in Q

onlpx(0,T)
onlyx(0,T)
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Step 1 - Galerkin Approximations

n

W(tx) =Y altwilx) = V=

i=1

(eovi; wida + (S(D(v")), D(wi))a + (E(D(u")), D(wi))a = (& wi)ry
foralli=1,2,...,n
u”(0,x) = ug(x)
v?(0,x) := u}(0, x) = vg(x)

@ The Carathéodory theory and uniform estimates give long-time
existence for u”

@ Uniform estimates
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Step 2 - Uniform estimates

(eov:v")a + (S(D(v")), D(v"))a + (E(D(u")), D(v"))a = (& v")ry
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Step 2 - Uniform estimates

(eov:v")a + (S(D(v")), D(v"))a + (E(D(u")), D(v"))a = (& v")ry

{va I3+ ID(M)IIF} +2(S(D(v")), D(v")a
< C+|(E(D(u")),D(v"))al
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Step 2 - Uniform estimates

(eov:v")a + (S(D(v")), D(v"))a + (E(D(u")), D(v"))a = (& v")ry

*{H\ﬁV”HzﬂLHD NI} +2(S(D(v")), D(v"))a
< C+|(E(D(u")),D(v"))al

;
2 2
sup ([Iv"[12 + lu”[l12) +/0 Iv?ll1, dt < C

te(0,T)
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Step 2 - Uniform estimates

(eov:v")a + (S(D(v")), D(v"))a + (E(D(u")), D(v"))a = (& v")ry

{HWV”H2+HD NI} +2(S(D(v")), D(v"))a
< C+|(E(D(u")),D(v"))al

;
2 2
sup ([Iv"[12 + lu”[l12) +/0 Iv?ll1, dt < C

te(0,T)

/ T /
sup HE(D(U”))HZHr/O IS(D(™))[} ds < €

te(0,T)

;
00V yr o At < C
/0” lowegn
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Step 3 - Limit as n — oo

T . T
/ (oov..w) + (5. D(w))a + (E. D(w))q dt = / (g .w) dt,
0 0

for all w € L"(0, T; W2 (Q)9)

V=U;:

)

Key problem is the identification of E and S. It suffices to to show that
(for a subsequences {u"} and {v"})

D(v") — D(v) and D(u") — D(u) a.e.in (0, T)xQ  (5)

o Operators are strictly monotone

@ v is admissible test function for the limit equation

@ Limit eq. is sufficient to establish time-continuity and the attainment
of the initial conditions

o u’(t) —u(t) = Ot v'(7) —v(7) dT 4+ uf — ug
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Step 4 - Almost everywhere convergence of D(v")/1

lim SUP/O (S(D(v")), D(v"))a + (E(D(u")), D(v"))q dt

n—oo
1 1
< —IvVaou(e) I + 5 v/aovoll}

Next, taking w := v in the limit Eq., integrating the result over time
interval (0, t*) and comparing the result with the above Ineq. (use
v(0) = vo)
t* t* o .
Iimsup/o (S(D(v")) + E(D(u")), D(v"))a: dt < /0 (S +E,D(v))q dt

n—oo

This implies that for all t* € [0, T]

=
lim SU|D/0 (S(D(v")) — S(D(v)) + E(D(u")) — E(D(u)), D(v" —v))o <0

n—oo
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Step 5 - Almost everywhere convergence of D(v")/2

T
/0 (S(D(v™)) — S(D(v)), D(v" — v))q dt < g(n)  (limsupg(n) — 0)

T
+ ; (E(D(u")) — E(D(u)),D(v" — v))q dt

Since ¢ <2 < rand u"(t) —u(t) = Ot V(1) —v(7) dT + uj —ug
T1 T1
. /0 ID(" — v)|3dt < C /O ID(V" — v)[l2]|D(u” — u) 2 dt + g(n)
T t
< [ 1D~ | [ 1D u) as] de + ()
Ty
<(cTi+e) [ D" )l de+ g(n)
0

If T1 is such that | CT; < C, | then a.e. convergence follows.
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Step 5 - Almost everywhere convergence of D(v")/2

T
/0 (S(D(v™)) — S(D(v)), D(v" — v))q dt < g(n)  (limsupg(n) — 0)

T
+ ; (E(D(u")) — E(D(u)),D(v" — v))q dt

Since ¢ <2 < rand u"(t) —u(t) = Ot V(1) —v(7) dT + uj —ug
T T
C. [ 1D ~w)i3de < € [ D" - W)a]ID(” - )z e+ g(n)
° T1 ° t
< [ 1D~ | [ 1D u) as] de + ()

Ty
<(CTi+¢) /0 1D — v)[3 dt + g(n)

If T1 is such that | CT; < C, | then a.e. convergence follows.

Inductively on [0, T].
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Concluding notes

@ Long-time and Large-data analysis for generized Kelvin-Voigt models
for solids (interesting for all possible values of r, q) limited to
‘1 <g<2<r<+4x

e Understanding of the model from the implicit constitute theory (or
rather dual explicit constitutive theory when the kinematical
quantities are functions of stresses)

@ Recall the paper by A. Friedman and J. Netas (WOS - 17 citations,
MathSciNet - 13, Google Scholar - 37)
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Citation of the A. Friedman a

Citations in Each Year
4
3 -
2 - -
1 - - -
0
o o < wn o ~ (=] (2 o - o [s2] < un o ~ =] [*2)
[} [=2) [=2) (=) D D D D o o o o o o o o o o
(<)} (<)} (<)) (<)} a O a ()] o o o o o o o o o o
— — — — — — — — ~N ~N ~N ~N ~N ~ ~N ~ ~ ~
Years
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Part #4

Final remarks
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