
On weak solutions to model problems for
turbulent flows

Joachim Naumann

Department of Mathematics
Humboldt University Berlin

Nonlinear PDE’s
Prague, December 13 - 15, 2009



1. Two coupled turbulent flows
(joint work with J. WOLF)

2. Unbounded eddy viscosities
(joint work with P.-E. DRUET)



1. Two coupled turbulent flows

1.1 The model

Ωi ⊂ Rd bounded domains (i = 1,2;d = 2 or d = 3);
Ω1∩Ω2 = /0, Ω1∩Ω2 =: Γ⊂ ∂Ωi
∂Ωi smooth, Γ relatively open.

Differential equations in Ωi

(1) divui = 0

(2) −div(νi(ki)D(ui)) + ∇pi = f i ,

(3) −∆ki = µi(ki)|D(ui)|2,




D(v) =

1
2

(∇v + (∇v)>), v = (v1, . . . ,vd ),

|D(v)|2 = D(v) : D(v)

0 < ν∗ ≤ νi ≤ ν
∗, 0≤ µi(ξ)≤ µ∗ ∀ξ ∈ R

Boundary conditions

(4) ui = 0, ki = 0 on ∂Ωi \Γ,

(5) ui ·ni = 0 on Γ,

(6)

νi(ki)(D(ui)ni)τ + |ui −uj |(ui −uj)τ = 0

on Γ, ∀τ⊥ni (i 6= j),



(7) ki = Gi(|u1−u2|2) on Γ 0≤Gi(ξ)≤ C0ξ,

|Gi(ξ)−Gi(η)| ≤ C1|ξ−η| ∀ξ,η ∈ [0,+∞).

I Lions; Temam; Wang (1993)
I Bernardi; Chacon; Lewandowski; Murat (2002)



1.2 Existence of weak solutions d = 3

V i :=
{

v ∈W 1,2(Ωi) ; divv = 0 in Ωi ,

v ·ni = 0 on Γ,v = 0 on ∂Ωi \Γ
}

Theorem 1 (N.; WOLF) Let f i ∈ L
6
5 (Ωi). Then there exist

(8) ui ∈ V i , ki ∈
⋂

1≤q< 3
2

W 1,q(Ωi)

such that

(9) ki = Gi(|u1−u2|2) on Γ, ki = 0 on ∂Ωi \Γ,



(10)



∫
Ω1

ν1(k1)D(u1) : D(v1) +
∫

Ω2

ν2(k2)D(u2) : D(v2)+

+
∫
Γ

|u1−u2|(u1−u2) · (v1−v2)dS

=
∫

Ω1

f 1 ·v1 +
∫

Ω2

f 2 ·v2 ∀(v1,v2) ∈ V 1×V 2,

(11)


for any r ∈ (3,+∞),∫
Ωi

∇ki ·∇ϕ =
∫
Ωi

µi(ki)|D(ui)|2ϕ ∀ϕ ∈W 1,r
0 (Ω).



Remarks 1 |D(ui)|2 ∈ L1(Ωi)⊂W−1,q(Ωi)
(

1≤ q <
3
2

)

2 ui ∈W 1,2(Ωi) ⇒ γi(ui) ∈W
1
2 ,2(∂Ωi),

⇒ γi(ui)|Γ ∈W
1
2 ,2(Γ),

⇒ g :=
(

γ1(u1)|Γ− γ2(u2)|Γ
)
∈W

1
2 ,2(Γ), and

decay of g of order |ξ|3 near to ∂Γ.

Extension of g by zero onto ∂Ωi \Γ

g̃ i :=

g on Γ,

0 on ∂Ωi \Γ;

⇒ g̃ i ∈W
1
2 ,2(∂Ωi).

[without decay: g̃ i ∈W s,2(∂Ωi) ∀0 < s < 1
2 ].



Define hi := Gi(|g̃ i |2) a. e. on ∂Ωi

⇒ hi = Gi(|γ1(u1)|Γ− γ2(u2)|Γ|2) a. e. on Γ.

Proposition

I hi ∈
⋂

1≤q< 3
2

W 1− 1
q ,q(∂Ωi)

I ∀q ∈
[
1,

3
2

)
,∀0 < s ≤ 1

2
∃c = c(q) > 0:

‖hi‖
W 1− 1

q ,q
(∂Ωi )

≤ c‖g̃ i‖2W s,2(∂Ωi )

Corollary ∃Hi ∈W 1,q(Ωi) : γi(Hi) = hi .

3 Solving the bvp for ki : Lions/Magenes (III), Stampacchia.



Theorem 2 Let f i ∈ Lr (Ωi)
(

r > 6
5

)
. Let

ui ∈ V i , k ∈
⋂

1≤q< 3
2

W 1,q(Ωi)

satisfy (9), (10) and (11). Then ∃t > 2 s. t.

(12) ∇ui ∈ Lt (Ωi ;R9),

(13) ki ∈W 2, t
2

loc (Ωi).

Work in progress:

(2′) (ui ·∇) ·ui −∇ · (νi(ki)D(ui)) + ∇pi = f i ,

(3′) ui ·∇ki −∇ · (κi(ki)∇ki) = µi(ki)|D(ui)|2.



2. Unbounded eddy viscosity
2.1 The model

Ω⊂ Rd bounded domain (d = 2 or d = 3),
∂Ω Lipschitz.

Differential equations

(1) ∇ ·u = 0,

(2) (u ·∇)u = ∇ · ((ν0 + νT (k))D(u))−∇p−∇ · f ,

(3) u ·∇k = ∇ · (κ(k)∇k) + νT (k)|D(u)|2−g(k)

[ν0 = const > 0,νT (k) eddy viscosity]

Classical model: νT (k) = c0
√

k (c0 = const > 0)
Kolmogorov (1942), Prandtl (1945);
g(k) = l0k

3
2 (l0 = const > 0).



Boundary conditions

(4) u = 0, k = k0 on ∂Ω (k0 ≥ 0).

Lederer; Lewandowski (2007)

- space periodic boundary conditions,
- νT (k) = c0

√
k is excluded,

- existence of u ∈W 2,2(Ω).



2.2 Existence of a weak solution

For notational simplicity, let k0 = const≥ 0,g ≡ 0

Theorem (DRUET; N. (2009)) AssumeνT ∈ C([0,+∞)),

∃C1 > 0 : 0≤ νT (ξ)≤ C1ξα ∀ξ ∈ [0,+∞),κ ∈ C([0,+∞)),

0 < κ∗ ≤ κ(ξ)≤ κ∗(1 + ξα) ∀ξ ∈ [0,+∞),

where 0 < α < +∞ if d = 2, 0 < α < 3 if d = 3.



Let f ∈ L2(Ω). Then there exist

{u,k} ∈W 1,2
0,div(Ω)×

( ⋂
1≤q< d

d−1

W 1,q(Ω)
)
, λ ∈M (Ω)

such that

I k ≥ 0 a. e. in Ω, k = k0 a. e. on ∂Ω,

I
√

νT (k)D(u) ∈ L2, κ(k)∇k ∈
⋂

1≤q< d
d−1

W 1,q(Ω),

I (2) is satisfied in the weak sense



∀τ > d,∫
Ω

(u ·∇k)ϕ +
∫
Ω

κ(k)∇k ·∇ϕ =

=
∫
Ω

νT (k)|D(u)|2ϕ +
∫
Ω

ϕdµ ∀ϕ ∈W 1,τ
0 (Ω)

Let d = 2. Let f ∈ Ls (s > 2). If ‖f‖Ls is sufficiently small then
there exists t > 2 s. t.

D(u) ∈ Lt , k ≤ Const a. e. in Ω, µ = 0.
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