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Minimizing harmonic maps(S
hoen, Uhlenbe
k 1984, Giaquinta, Sou£ek 1985)Let M be an n-dimensional Riemannian manifold, n ≤ 6,
S

N
+ := {y ∈ R

N+1 : |y| = 1, yN ≥ 0}.
If u : M → S

N
+ minimizes the Dirichlet energy

∫

|du|2 dvM
on each compact domain of M, then u is smooth.The asso
iated Liouville-type theorem:
Every energy minimizing map u : R

n → S
N
+

is constant if n ≤ 6.

U : B
n → S

n
+ : x 7→

(

x
|x| , 0

) is minimizing i� n ≥ 7(Jäger, Kaul 1983)

U is a 
riti
al point of the energy if n ≥ 3
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Liouville for stationary or ancient solutions
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Bene�ts of Merle-Zaag approa
h:

• More information on the blow-up behavior
• No need of energy

Similar results for:
• ve
tor valued heat equations without gradient stru
ture(Merle, Zaag, Nouaili 2000-2010)

• wave equation utt = uxx + |u|p−1u(an
ient solutions in a 
one Merle, Zaag 2008)
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h, Nadirashvili, Seregin, �verák 2009)
ut − ∆u + (u · ∇)u + ∇p = 0divu = 0

} in R
3 × (0, T )

Axi-symmetri
 
ase:for an
ient solutions:

Corollary:

(no Type I BU)Giga, Miura 2010+: Axisymmetry repla
ed by unif. 
ontinuityof vorti
ity dire
tion , 
url
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cos α − sin α 0

sinα cos α 0

0 0 1






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ient solutions:

Corollary:

(no Type I BU)Giga, Miura 2010+: Axisymmetry repla
ed by unif. 
ontinuityof vorti
ity dire
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url
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ity dire
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ity dire
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urlu



S
aling and information on stationary/an
ient solutions havealso been used in the study of singularities of the
• Ricci flow (Hamilton 1980-90's, Perelman 2002-3, . . . )
• mean curvature flow (Huisken, Angenent, Velázquez, . . . )

S
aling and nonexisten
e (or 
hara
terization)of non-
onstant harmoni
 maps S
2 → N have been usedto prove regularity (or behavior of singularities) of

• heat flow of harmonic maps

u : M× (0,∞) → N , dimM = 2(Struwe 1985; Chang, Ding, Ye 1992)

• equivariant wave maps

u : R
2 × R → N , N -surfa
e of revolution(Struwe 2003; Krieger, S
hlag, Tataru 2008)



Singularity estimates

via Liouville for entire solutions

and doubling
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: If dist , �ndwhi
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Similar results obtained for ,problems with , ellipti
 systems, estimates of , . . .
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onvex (to avoid blow-up on the boundary)with
Liouville for 
lassi
al entire solutions in is true for(i) (Bidaut-Véron 1998)(ii) if (Polá£ik, Q., Souplet 2006-2007)(ii) remains true for nodal solutions with boundedzero-number (Barts
h, Polá£ik, Q. 2010+; ellipti
 
ase: Ni 1983)Related: (Polá£ik, Q. 2005)(Souplet 2009, Ammar, Souplet 2010)
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(n−1)2 (Bidaut-Véron 1998)(ii) p < pS if u = u(r, t) (Polá£ik, Q., Souplet 2006-2007)

(ii) remains true for nodal solutions with boundedzero-number (Barts
h, Polá£ik, Q. 2010+; ellipti
 
ase: Ni 1983)

Related: ut − ∆u = h(x1)u
p (Polá£ik, Q. 2005)

ut − ∆(um) = up (Souplet 2009, Ammar, Souplet 2010)



Liouville theorems, s
aling and doubling also used in the
• study of boundary singularities for the Diri
hlet problemfor −∆u = up (Bidaut-Véron, Pon
e, Véron 2007-2010)
• proof of new Liouville theorems for semilinear ellipti
systems (Souplet 2009, Chen, Li 2009, Dan
er, Wei, Weth 2010+)

• study of various ellipti
 equations involving p-Lapla
ian(Ávila, Bro
k 2008, Vétois 2009)
• study of singularities for 
onformal k-Hessian equation(Huang, Xu 2009)Liouville, s
aling and doubling also imply universal boundsfor global solutions and have been used in the proofs ofexisten
e of nontrivial (e.g. periodi
) solutions or the studyof the threshold between global existen
e and blow-up.A simple version of doubling appeared in Hu 1996.



Miscellaneous



Nonlinear boundary conditions

−∆u = 0 in Ω,
∂u

∂ν
= up on ∂Ω

Ω ⊂ R
n, p > 1, u ≥ 0

Criti
al exponent for the existen
e of singular solutions:(Q., Rei
hel 2008)Liouville thm for 
lassi
al solutions true for (Hu 1994)estimates on the blow-up rate for time-in
reasingsolutions of the paraboli
 problemNo �paraboli
� Liouville known: only Fujita-type results(nonexisten
e of solutions de�ned for )requiring (Deng, Fila, Levine 1994)
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Nonlinear boundary conditions

−∆u = 0 in Ω,
∂u

∂ν
= up on ∂Ω

Ω ⊂ R
n, p > 1, u ≥ 0Criti
al exponent for the existen
e of singular solutions:

p∗ = n−1
n−2 (Q., Rei
hel 2008)Liouville thm for 
lassi
al solutions true for p < n

n−2 (Hu 1994)

⇒ estimates on the blow-up rate for time-in
reasingsolutions of the paraboli
 problemNo �paraboli
� Liouville known: only Fujita-type results(nonexisten
e of solutions de�ned for t ∈ (0,∞))requiring p ≤ n+1
n (Deng, Fila, Levine 1994)



S
aling and Liouville/rigidity theorems also used in thestudy of the asymptoti
 behavior of solutions of
• 
riti
al KdV equation

ut + (uxx + u5)x = 0 (Martel, Merle 2000)
• 
riti
al S
hrödinger equation

iut + ∆u ± |u|4/(n−2)u = 0 (Kenig, Merle 2006)

• 4D Yang-Mills equations / 2D 
orotational wave maps

utt − urr − 1
rur = −f(u)

r2 (C�te, Kenig, Merle 2008)

• 3D Navier-Stokes equations (Kenig, Ko
h 2010+):mild solutions bounded in Ḣ1/2 are regular;similarly for iut + ∆u − |u|2u = 0 in R
3(Kenig, Merle 2010)


	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

