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∂tu − divS + [∇u]u + ∇π = f

divu = 0

◦ material properties ⇐⇒ stress tensor S

◦ viscous fluids

S = S(D) , D = 1
2

(

∇u + (∇u)⊤
)
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µ(κ) = µ0 + µ1(δ + κ)p−2 , 1 < p ≤ 2

◦ prototype for stress tensor S

S(D) = µ0D + µ1(δ + |D|)p−2D
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◦ we say that S has (p, δ)–structure if

d
∑

i,j,k,l=1

∂klSij(A)CijCkl ≥ C0

(

δ + |A|
)p−2

|C|2,

∣

∣

∣∂klSij(A)
∣

∣

∣ ≤ C1

(

δ + |A|
)p−2

|A|

is satisfied for all A,C ∈ Rd×d
sym

◦ we associate to S the tensor

F(A) :=
(

δ + |A|
)

p−2
2 A ,

◦ consequently we have

(S(A) − S(B)) · (A − B) ≃ |F(A) − F(B)|2
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Herschel-Bulkley Fluids (HBF)

◦ generalization of Bingham fluids

S = T(D) + P , P = τ∗
D

|D|
if D 6= 0 ,

|S| ≤ τ∗ if D = 0

◦ T has (p, δ)-structure

◦ typical picture for stress vs. shear rate

κ

τ ∗

S
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◦ viscosity ⇐⇒ electric field

electric field ∼ 1000 V/mm

“viscosity” increases ∼ 1000 times

reaction time ∼ 10−4 s

◦ constitutive relation for ERF

S = S(D,E)

→ add Maxwell’s equations + interaction terms in mech. equations

◦ prototype for stress tensor

S(D,E) = µ1

(

1 + |E|2
)

(δ + |D|)p(|E|2)−2D + τ∗
D

|D|
if D 6= 0
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◦ motion of incompressible generalized Newtonian fluids is described
by

∂tu − divS + [∇u]u + ∇π = f

divu = 0

◦ stress tensor S has p–structure, e.g.

S = S(D) = µ(1 + |D|)p−2 D , µ > 0

◦ S defines a monotone, coercive operator

◦ interplay

p − structure ⇐⇒ convective term [∇u]u
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Existence of Solutions

◦ energy estimate for approximate solutions un

sup
t∈(0,T )

‖un(t)‖22 +
∫ T

0

∫

Ω
|D(un)|p dx dt ≤ c

◦ identification of limits in nonlinear terms

◦ key problem:

lim
n→∞

∫ T

0

∫

Ω
S(D(un)) · D(ϕ) dx dt

◦ two possibilities:

(i) theory of monotone operators

(ii) theorem of Vitali
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◦ energy estimate and p–structure yield:

−divS : Lp(I, W1,p(Ω)) → Lp′(I, W−1,p′(Ω))

◦ convective term: u, ϕ ∈ L∞(I, L2(Ω)) ∩ Lp(I, W1,p(Ω))
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∫
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∣

∣
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∣

∣
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5

◦ results (Ladyzhenskaya, Lions 1968)

- existence of global weak solutions for p ≥ 11
5 (unsteady, Dir. b.c.)

- existence of global weak solutions for p ≥ 9
5 (steady, Dir. b.c.)
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Theorem of Vitali

◦ identification of the limit

lim
n→∞

∫ T

0

∫

Ω
S(D(un)) · D(ϕ) dx dt

◦ Theorem of Vitali

- integrals are absolutely equicontinuous ⇐ energy estimate

- D(un) → D(u) a.e. in QT ⇒ new estimates
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Stress Tensor II

◦ for S with (p, δ)–structure we have

(S(A) − S(B)) · (A − B) ≃ |F(A) − F(B)|2

≃ (δ + |B| + |A − B|)p−2|A − B|2

◦ testing with −∆u and ∂2
t u yields

(δ + |D(u)|)p−2|∇D(u)|2 ≃ |∇F(D(u))|2

(δ + |D(u)|)p−2|∂tD(u)|2 ≃ |∂tF(D(u))|2

◦ regularity for problems with (p, δ)–structure can be expressed as

∇F(D(u)) , ∂tF(D(u)) ∈ L2
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◦ we have to estimate convective term
∫ T

0

∫

Ω
|∇u|3 dx dt

◦ results (Nečas et al. 1993-2001)

- existence of global weak solutions for p > 9
5 (unsteady, per. b.c.)

- existence of global strong solutions for p ≥ 9
5 (steady, per. b.c.)

- existence of local strong solutions for p ≥ 5
3 (unsteady, per. b.c.)

- existence of global weak solutions for p ∈ [2, 3) (unsteady, Dir. b.c.)
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◦ results (Diening, Rů., Berselli 2005, 2007)

- existence of local strong solutions for p > 7
5 (unsteady, per. b.c.)

◦ different approach using semigroup theory (Bothe, Prüss 2007)

- existence of local strong solutions for p ≥ 1 (unsteady, Dir. b.c.)

δ > 0, u ∈ W
2,1
q (QT ), q > d + 2
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−∆hn = div
(

ψn(u
n − u)

)

in Lp(Ω)

◦ testing equation of motion with ψn(un − u) − ∇hn

◦ results (Frehse, Málek, Steinhauer, Rů. 1997, 1999)

- existence of global weak solutions for p > 8
5 (unsteady, per. b.c.)

- existence of global weak solutions for p ≥ 3
2 (steady, Dir. b.c.)

◦ local pressure method (Wolf 2007)

- existence of global weak solutions for p > 8
5 (unsteady, Dir. b.c.)



Problem Revisited III



Problem Revisited III

(C) W1,∞–test functions
∫

Ω
[∇u]u · ϕ dx = −

∫

Ω
u ⊗ u · ∇ϕ dx



Problem Revisited III

(C) W1,∞–test functions
∫

Ω
[∇u]u · ϕ dx = −

∫

Ω
u ⊗ u · ∇ϕ dx

u ⊗ u ∈ L1(Ω) & compact ⇐⇒ p >
6

5



Problem Revisited III

(C) W1,∞–test functions
∫

Ω
[∇u]u · ϕ dx = −

∫

Ω
u ⊗ u · ∇ϕ dx

u ⊗ u ∈ L1(Ω) & compact ⇐⇒ p >
6

5

◦ but un−u is not admissable test functions, since un−u 6∈ W1,∞(Ω)



Problem Revisited III

(C) W1,∞–test functions
∫

Ω
[∇u]u · ϕ dx = −

∫

Ω
u ⊗ u · ∇ϕ dx

u ⊗ u ∈ L1(Ω) & compact ⇐⇒ p >
6

5

◦ but un−u is not admissable test functions, since un−u 6∈ W1,∞(Ω)

◦ construct Lipschitz truncation:



Problem Revisited III

(C) W1,∞–test functions
∫

Ω
[∇u]u · ϕ dx = −

∫

Ω
u ⊗ u · ∇ϕ dx

u ⊗ u ∈ L1(Ω) & compact ⇐⇒ p >
6

5

◦ but un−u is not admissable test functions, since un−u 6∈ W1,∞(Ω)

◦ construct Lipschitz truncation:

Tλj
(un − u)

n
⇀ 0 in W1,s(Ω) ∀s < ∞, ∀j

|Aj,n| :=
∣

∣

∣{Tλj
(un − u) 6= un − u }

∣

∣

∣ ≤ 2−j ∀j, n
∥

∥

∥∇Tλj
(un − u)χAj,n

∥

∥

∥

p
≤ 2−j ∀j, n



Problem Revisited III

(C) W1,∞–test functions
∫

Ω
[∇u]u · ϕ dx = −

∫

Ω
u ⊗ u · ∇ϕ dx

u ⊗ u ∈ L1(Ω) & compact ⇐⇒ p >
6

5

◦ but un−u is not admissable test functions, since un−u 6∈ W1,∞(Ω)

◦ construct Lipschitz truncation:

Tλj
(un − u)

n
⇀ 0 in W1,s(Ω) ∀s < ∞, ∀j

|Aj,n| :=
∣

∣

∣{Tλj
(un − u) 6= un − u }

∣

∣

∣ ≤ 2−j ∀j, n
∥

∥

∥∇Tλj
(un − u)χAj,n

∥

∥

∥

p
≤ 2−j ∀j, n

◦ maximal operator, Whitney decomposition and extension



Problem Revisited III

◦ recall Aj,n := {Tλj
(un − u) 6= un − u }

0 <
∫

Ω

(

S(D(un)) − S(D(u))
)

· D(un − u)χAc
j,n

dx



Problem Revisited III

◦ recall Aj,n := {Tλj
(un − u) 6= un − u }

0 <
∫

Ω

(

S(D(un)) − S(D(u))
)

· D(Tλj
(un − u))χAc

j,n
dx



Problem Revisited III

◦ recall Aj,n := {Tλj
(un − u) 6= un − u }

0 <
∫

Ω

(

S(D(un)) − S(D(u))
)

· D(Tλj
(un − u))χAc

j,n
dx

=
∫

Ω
un ⊗ un · ∇Tλj

(un − u) dx +
∫

Ω
S(D(u)) · D(Tλj

(un − u)) dx

−
∫

Ω

(

S(D(un)) − S(D(u))
)

· D(Tλj
(un − u))χAj,n

dx



Problem Revisited III

◦ recall Aj,n := {Tλj
(un − u) 6= un − u }

0 <
∫

Ω

(

S(D(un)) − S(D(u))
)

· D(Tλj
(un − u))χAc

j,n
dx

=
∫

Ω
un ⊗ un · ∇Tλj

(un − u) dx +
∫

Ω
S(D(u)) · D(Tλj

(un − u)) dx

−
∫

Ω

(

S(D(un)) − S(D(u))
)

· D(Tλj
(un − u))χAj,n

dx
n
→

j
→ 0



Problem Revisited III

◦ recall Aj,n := {Tλj
(un − u) 6= un − u }

0 <
∫

Ω

(

S(D(un)) − S(D(u))
)

· D(Tλj
(un − u))χAc

j,n
dx

=
∫

Ω
un ⊗ un · ∇Tλj

(un − u) dx +
∫

Ω
S(D(u)) · D(Tλj

(un − u)) dx

−
∫

Ω

(

S(D(un)) − S(D(u))
)

· D(Tλj
(un − u))χAj,n

dx
n
→

j
→ 0

◦ use Bogovskii operator to get divergence–free test functions



Problem Revisited III

◦ recall Aj,n := {Tλj
(un − u) 6= un − u }

0 <
∫

Ω

(

S(D(un)) − S(D(u))
)

· D(Tλj
(un − u))χAc

j,n
dx

=
∫

Ω
un ⊗ un · ∇Tλj

(un − u) dx +
∫

Ω
S(D(u)) · D(Tλj

(un − u)) dx

−
∫

Ω

(

S(D(un)) − S(D(u))
)

· D(Tλj
(un − u))χAj,n

dx
n
→

j
→ 0

◦ use Bogovskii operator to get divergence–free test functions

◦ results (Frehse, Málek, Steinhauer 2003)

- existence of global weak solutions for p > 6
5 (steady, Dir. b.c.)



Problem Revisited III

◦ recall Aj,n := {Tλj
(un − u) 6= un − u }

0 <
∫

Ω

(

S(D(un)) − S(D(u))
)

· D(Tλj
(un − u))χAc

j,n
dx

=
∫

Ω
un ⊗ un · ∇Tλj

(un − u) dx +
∫

Ω
S(D(u)) · D(Tλj

(un − u)) dx

−
∫

Ω

(

S(D(un)) − S(D(u))
)

· D(Tλj
(un − u))χAj,n

dx
n
→

j
→ 0

◦ use Bogovskii operator to get divergence–free test functions

◦ results (Frehse, Málek, Steinhauer 2003)
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◦ localized version for arbitrary open domains (Diening, Rů., Schu-
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un ∈ L∞(I;L2(Ω)) ∩ Lp(I;W
1,p
0 (Ω))
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◦ adapt construction to scaled parabolic metric

dλ

(

(t, x), (s, y)
)

:= max
{

|x − y|, |λp−2(s − t)|1/2
}

⇒ Tλ(v) is Lipschitz with respect to metric dλ

◦ handle partial integration with respect to time

◦ use local pressure method to handle divergence constraint

◦ result (Diening, Rů., Wolf 2008)

- existence of global weak solutions for p > 6
5 (unsteady, Dir. b.c.)
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◦ extra stress tensor is given by

S = T(D) + P , P = τ∗
D

|D|
if D 6= 0 ,

|S| ≤ τ∗ if D = 0 ,

where T has p-structure

◦ S is a coercive, maximal monotone operator with ”jump” at 0

◦ key problem: identification of the limit

lim
n→∞

∫ T

0

∫

Ω
Sn(D(un)) · D(ϕ) dx dt

for appropriate approximations Sn and un
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◦ variational inequality (Duvaut, Lions 1972)

- existence of global weak solutions for p = 2 (unsteady, Dir. b.c.)

◦ variational equality (Shelukhin 2002)

- existence of a global weak solution couple (u, S) for p = 2

(unsteady, per. b.c.), uses −∆u as test function

◦ variational equality (Málek, Rů, Shelukhin 2004)

- existence of a global weak solution couple (u, S) for p > 9
5

(steady, Dir. b.c.), uses −∆u as test function

◦ variational equality (Gutmann 2009)

- existence of a global weak solution couple (u, S) for p > 6
5

(steady, Dir. b.c.), uses Lipschitz truncation method
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◦ motion of incompressible ERFs is described by

∂tu − divS + [∇u]u + ∇π = f + χE[∇E]E

divu = 0

◦ stress tensor is given through

S = S(D,E) = µ(1 + |E|2)
(

1 + |D|
)p(|E|2)−2

D ,

µ > 0 , p(|E|2) ∈ [p−, p+]
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◦ S defines a monotone, coercive operator with p(|E|2)-structure

◦ natural energy space is
∫ T

0

∫

Ω
|D(un)|p(|E|2) dx dt < ∞

⇒ consider spaces with variable exponents, e.g. Lp(·)(G) consisting
of functions f with

∫

G
|f(y)|p(y) dy < ∞

◦ key problem: identification of the limit

lim
n→∞

∫ T

0

∫

Ω
S(D(un),E) · D(ϕ) dx dt
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◦ W1,p(·)(Ω) is separable, reflexive Banach space

◦ smooth functions are dense

◦ Korn’s inequality holds, i.e.

‖∇u‖
Lp(·)(Ω)

≤ c ‖D(u)‖
Lp(·)(Ω)

◦ Bogovskii estimate for divergence equation divu = f holds, i.e.

‖∇u‖
Lp(·)(Ω)

≤ c ‖f‖
Lp(·)(Ω)

◦ S(D,E) defines a coercive, monotone operator

⇒ existence of global weak solutions for p− ≥ 9
5 (steady, Dir. b.c.)

(Rů., Diening 2000–2003)
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Monotone Operators: Unsteady Problem

◦ S(D,E) defines a coercive, monotone operator

◦ function space

Lp(I × Ω) = Lp(I, Lp(Ω))

Lp(t,x)(I × Ω) = ???

◦ Korn’s inequality does not hold, i.e.

‖∇u‖
Lp(·)(I×Ω)

6≤c ‖D(u)‖
Lp(·)(I×Ω)

◦ not clear if estimate for divergence equation divu = f holds, i.e.

‖∇u‖
Lp(·)(I×Ω) ≤ c ‖f‖

Lp(·)(I×Ω)
???
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◦ for S(∇u) with p(·)-structure we consider

∂tu − divS(∇u) = f

◦ function spaces

X(I × Ω) :=
{

u
∣

∣

∣ u ∈ L2(I × Ω),∇u ∈ Lp(·)(I × Ω),u = 0 on I × ∂Ω
}

W (I × Ω) :=
{

u
∣

∣

∣ u ∈ X(I × Ω), ∂tu ∈ (X(I × Ω))∗
}

◦ W (I × Ω) →֒ C(I, L2(Ω)), and partial integration formula
∫

I
〈∂tu,u〉 dt =

1

2
‖u(T )‖22 −

1

2
‖u(0)‖22

◦ results (Antontsev, Shmarev 2006, Nägele 2009)

- existence of global weak solutions for p− > 1 (unsteady, Dir. b.c.)

- works also for pseudomonotone problems
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◦ testing with −∆u yields:
∫

Ω
∂DS(D(u),E) · D(∇u) ⊗ D(∇u) dx ≥ ‖∇2u‖p−

3p−

p−+1

+ ‖∇2u‖2p−

◦ we have to estimate
∫ T

0

∫

Ω
|∇u|3 dx dt ,

∫ T

0

∫

Ω
|∂ES(D,E)| |∆u| dx dt

◦ results (Rů. 1999, 2000)

- existence of global weak solutions for 9
5 < p−≤ p+< p−+ 1

(unsteady, per. b.c.)

- existence of global weak solutions for 2 < p−≤ p+< 8/3
(unsteady, Dir. b.c.)
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ERFs: Steady Problem

◦ testing with −∆u (Rů. 1999)

- existence of global strong solutions for 9
5 < p−≤ p+< 3p−+ 1

(steady, per. b.c.)

◦ testing with L∞ functions (Huber 2006)

- existence of global weak solutions for p− > 3
2 (steady, Dir. b.c.)

additional estimates for divergence equation

◦ testing with W 1,∞ functions (Diening, Málek, Steinhauer 2007)

- existence of global weak solutions for p− > 6
5 (steady, Dir. b.c.)

◦ testing with W 1,∞ functions (Diening, Gutmann, Rů. 2009)

- existence of global weak solutions for p− > 6
5 (steady, Dir. b.c.)

arbitrary open domains and HBFs with variable exponent
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3. Numerical Analysis

◦ semi–implicit time discretization of governing equations read:

1

k

(

um − um−1
)

− divS(D(um)) + [∇um]um−1 + ∇πm = fm

divum = 0

u0 = u0

(GNk)

◦ error estimates for

em := u(tm) − um

◦ special case p = 2 (NSE)

max
1≤m≤M

‖em‖22 + k
M
∑

m=1

‖D(em)‖22 ≤ c k2



Time Averaging

◦ averaging in time of (GN) over Im = [tm−1, tm] yields

∂tu
m

:= −
∫

Im

∂tu(s) ds =
1

k

(

u(tm) − u(tm−1)
)

=: dtu(tm)



Time Averaging

◦ averaging in time of (GN) over Im = [tm−1, tm] yields

∂tu
m

:= −
∫

Im

∂tu(s) ds =
1

k

(

u(tm) − u(tm−1)
)

=: dtu(tm)

◦ from elliptic term we get
∫

Ω

(

S(D(u))
m

− S(D(um))
)

· (D(u(tm)) − D(um)) dx

≥ c
∫

Ω
|F(D(u(tm))) − F(D(um))|2 dx

− c −
∫

Im

∫

Ω
|F(D(u(tm))) − F(D(u(s)))|2 dx ds



Time Averaging

◦ averaging in time of (GN) over Im = [tm−1, tm] yields

∂tu
m

:= −
∫

Im

∂tu(s) ds =
1

k

(

u(tm) − u(tm−1)
)

=: dtu(tm)

◦ from elliptic term we get
∫

Ω

(

S(D(u))
m

− S(D(um))
)

· (D(u(tm)) − D(um)) dx

≥ c
∫

Ω
|F(D(u(tm))) − F(D(um))|2 dx

− c −
∫

Im

∫

Ω
|F(D(u(tm))) − F(D(u(s)))|2 dx ds

◦ convective term similarly



Convergence Results II (Berselli, Diening, Rů. 08)

◦ alltogether we get for 3/2 < p ≤ 2
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◦ alltogether we get for 3/2 < p ≤ 2

max
1≤m≤M
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∥
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(
∫

Ω

∣

∣

∣−
∫

Im

u ds − u(tm)
∣

∣

∣

p′
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)2/p′

≤ c (u)
∥

∥

∥∂tF(D(u))
∥

∥

∥

2

L2(QT )
k2
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Interpolation Operator

◦ error estimates for interpolation operator Πh : W1,p(Ω) → Vh

◦ linear case (p = 2)

‖∇u −∇Πhu‖2 ≤ c h ‖∇2u‖2

◦ nonlinear case

‖F(∇u) − F(∇Πhu)‖2 ≤ c h ‖∇F(∇u)‖2

if

- p > d/2, Lagrange operator (Ebmeyer, Liu 03)

- p > 1 Scott–Zhang operator (Diening, Rů. 06)

Orlicz spaces included
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Fully Space–Time Discretization (Diening, Ebmeyer, Rů. 06)

◦ for a parabolic system with p–structure

∂tu − divS(∇u) = f

we get for p > 6
5:

max
1≤m≤M

‖u(tm) − Um‖22 + k
M
∑

m=1

∥

∥

∥F(∇u(tm)) − F(∇Um)
∥

∥

∥

2

2

≤ c
(

k2 + h2
)

provided that hβ(p) ≤ c k
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◦ similar results for local projection pressure stabilization (Hirn 09)



Numerical Tests for p-Laplace (P) with ALBERTA

usol = |x|α−1

[

x1
−x0

]

, δ = 0.00001,Ω = (−1,1) × (−1,1)

F(D(usol)) ∈ W 1,2(Ω)

h Â p 1.1 1.2 1.3 1.5 1.8 2.0 3.0 4.0 5.0 6.0
1.76e − 01 0.84 0.85 0.84 0.84 0.84 0.84 0.86 0.88 0.90 0.93

8.83e − 02 0.88 0.87 0.87 0.87 0.87 0.87 0.89 0.91 0.92 0.92

4.41e − 02 0.90 0.89 0.89 0.89 0.89 0.89 0.91 0.92 0.94 0.95

2.20e − 02 0.92 0.91 0.90 0.90 0.91 0.91 0.92 0.93 0.95 0.96

1.10e − 02 0.93 0.92 0.92 0.92 0.92 0.92 0.93 0.94 0.95 0.89

5.52e − 03 0.93 0.93 0.93 0.93 0.93 0.93 0.94 0.95 0.96 0.95

Theory 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0



Numerical Tests for p-Stokes (S) with ALBERTA

usol = |x|α−1

[

x1
−x0

]

, πsol = |x|γ, δ = 0.00001,Ω = (−1,1) × (−1,1)

F(D(usol)) ∈ W 1,2(Ω), πsol ∈ W 1,p′
(Ω)

p 1.1 1.2 1.5 1.8 2.0
h eocu eocπ eocu eocπ eocu eocπ eocu eocπ eocu eocπ

1.76e − 01 0.85 0.89 0.86 1.00 0.85 1.06 0.86 0.98 0.85 1.24
8.83e − 02 0.89 0.27 0.88 0.51 0.87 0.86 0.88 0.99 0.88 1.07
4.41e − 02 0.91 0.21 0.90 0.41 0.89 0.82 0.90 0.99 0.90 1.05
2.20e − 02 0.92 0.19 0.91 0.37 0.91 0.78 0.91 0.99 0.91 1.03
1.10e − 02 0.93 0.19 0.92 0.35 0.92 0.75 0.92 0.99 0.92 1.02
5.52e − 03 0.93 0.19 − − 0.93 0.73 0.93 0.99 0.93 1.02
Theory 1.0 0.18 1.0 0.33 1.0 0.66 1.0 0.88 1.0 1.0



Numerical Tests for p-Stokes (S) with Gascoigne

usol = |x|α−1

[

x1
−x0

]

, πsol = |x|γ, δ = 0.00001,Ω = (−1,1) × (−1,1)

F(D(usol)) ∈ W 1,2(Ω), πsol ∈ W 1,p′
(Ω)

p 2.0 3.0 4.0 5.0 6.0
h eocu eocπ eocu eocπ eocu eocπ eocu eocπ eocu eocπ

1.76e − 01 0.89 1.01 0.50 1.01 0.35 1.01 0.26 1.00 0.20 0.98
8.83e − 02 0.90 1.01 0.51 1.01 0.34 1.01 0.26 1.01 0.20 0.99
4.41e − 02 0.91 1.01 0.51 1.01 0.34 1.01 0.26 1.02 0.20 1.00
2.20e − 02 0.92 1.01 0.51 1.01 0.34 1.01 0.26 1.03 0.20 1.00
1.10e − 02 0.93 1.01 0.51 1.01 0.34 1.01 0.27 1.04 0.20 1.01
5.52e − 03 0.94 1.01 0.51 1.01 − − − − − −

Theory 1.00 1.00 0.50 0.75 0.3 0.6 0.25 0.62 0.20 0.60



THANK YOU !


