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Introduction Regularity results

Functional

The aim of this paper is to study the interior everywhere regularity

of functions minimizing variational integrals

A(u; Ω) =

∫
Ω

A
αβ
ij (x , u)Dαu

iDβu
j dx (1)

where u : Ω → RN , N > 1, Ω ⊂ Rn, n ≥ 3 is a bounded open set,

x = (x1, . . . , xn) ∈ Ω, u(x) = (u1(x), . . . , uN(x)), Du = {Dαu
i},

Dα = ∂/∂xα, α = 1, . . . , n, i = 1, . . . ,N.
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Minimizer

We call a function

u ∈ W 1,2(Ω,RN)

a minimizer of the functional A(u; Ω) if and only if

A(u; Ω) ≤ A(v ; Ω)

for every v ∈ W 1,2(Ω,RN) with u − v ∈ W
1,2
0 (Ω,RN).
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Morrey space

Let p ≥ 1, λ ∈ [0, n] and Ω ⊂ Rn be a bounded domain of type A.

A space of functions u ∈ Lp(Ω) such that

||u||Lp,λ =
{
supx∈Ω,ρ>0 ρ−λ

∫
Ωρ(x)

|u(y)|pdy
}1/p

< +∞

is said to be Lp,λ(Ω).

Lp,λ(Ω) is a Banach space with the norm ||u||Lp,λ .

If u ∈ W
1,2
loc

(Ω) and Du ∈ L
2,λ
loc

(Ω), n − 2 < λ < n, then

u ∈ C 0,(λ+2−n)/2(Ω).
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Basic assumptions

On the functional A we assume the following conditions:

(i) Aαβ
ij = A

βα
ji , Aαβ

ij are continuous functions in u ∈ RN for every

x ∈ Ω and there exists M > 0 such that

|Aαβ
ij (x , u)| ≤ M,∀ x ∈ Ω,∀ u ∈ RN .

(ii) (ellipticity) There exists ν > 0 such that

A
αβ
ij (x , u)ξiαξ

j
β ≥ ν|ξ|2, ∀ x ∈ Ω, ∀ u ∈ RN , ∀ ξ ∈ RnN . (2)
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Basic assumptions

(iii) (oscillation of coe�cients) There exists a real function ω
continuous on [0,∞), which is bounded, nondecreasing, concave,

ω(0) = 0 and such that for all x ∈ Ω and u, v ∈ RN∣∣∣Aαβ
ij (x , u)− A

αβ
ij (x , v)

∣∣∣ ≤ ω (|u − v |) . (3)

We set ω∞ = limt→∞ ω(t) ≤ 2M.

(iv) For all u ∈ RN , Aαβ
ij (·, u) ∈ VMO(Ω) (uniformly with respect

to u ∈ RN).
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BMO and VMO - spaces

We set for f ∈ L1(Ω), 0 < a < ∞

Ma(f ,Ω) := sup
x∈Ω,r<a

∫
Ωr (x)

− |f (y)− fx ,r | dy .

A function f ∈ L1(Ω) is said to belong to BMO(Ω) if

MdiamΩ(f ,Ω) < ∞.

A function f ∈ L1(Ω) is said to belong to VMO(Ω) if

lim
a→0

Ma(f ,Ω) = 0.

Since C 0 is a proper subset of VMO, the continuity of coe�cients

A
αβ
ij with respect to x is not supposed.
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Partial regularity

1) M.Giaquinta; E.Giusti, Acta Math. (1982)

A
αβ
ij are bounded, uniformly continuous functions in Ω× RN and

(ii) is satis�ed for the functional (1). Then for the minimizer

u ∈ W
1,2
loc

(Ω,RN) it holds:

There exists an open set Ω0 ⊂ Ω, such that u ∈ C 0,α(Ω0,RN) for
every α < 1 and Hn−q(Ω \ Ω0) = 0 for some q > 2.

Here Ω\Ω0 = {x ∈ Ω : lim infR→0+ R
2−n

∫
BR(x)

|Du(y)|2 dy > ϵ0},
ϵ0 > 0 does not depend on u.
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Partial regularity

2)P.Di Gironimo; L.Esposito; L.Sgambati, Manusc. Math. (2004)

It is supposed that (i), (ii), (iii) and (iv) are ful�lled for the

functional (1).Then for the minimizer u ∈ W
1,2
loc

(Ω,RN) it holds:

There exists an open set Ω0 ⊂ Ω, such that Du ∈ L
2,λ
loc

(Ω0,RnN),
∀λ < n and the Hausdor� dimension dimH(Ω \ Ω0) < n − 2 (this

fact implies Hölder continuity of minimizer u on Ω0).

Here Ω \ Ω0 = {x ∈ Ω : lim infR→0+ R
2−n

∫
BR(x)

|Du(y)|2 dy > 0}.
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Theorem 1 A.) ( D-V, NoDEA 2009.)

Let δ ∈ [n − 2, n), P > 1 and Ω0 ⊂ Ω with dist(Ω0, ∂Ω) ≥ 2d > 0.
Let u be a minimizer of (1) and g ∈ W 1,2(Ω,RN) such that

u − g ∈ W
1,2
0 (Ω,RN).

A.) Let assumptions (i), (ii), (iii), (iv) be satis�ed with the

constants M, ν such that M/ν ≤ P and suppose that

Sp′ = sup
t∈(0,∞)

d

dt
(ωp′)(t) < ∞

for p′ = p/(p − 1), (2p > 2 is an exponent of integrability of Du).

Then there exists a constant

ν0 = ν0(n, δ,P , Sp′ , d , ∥Dg∥L2(Ω,RnN)) > 0 such that if ν ≥ ν0 then

Du ∈ L2,δ(Ω0,RnN).
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Theorem 1 B.) ( D-V, NoDEA 2009.)

B.) Let assumptions (i), (ii), (iii), (iv) be satis�ed with the

constants M, ν such that M/ν ≤ P and suppose that

S0 = sup
t>t0

d

dt
ω(t) < ∞

where t0 = inf ω−1( ω∞
2KP ϵ0), K = K (n, p,N,P) and

ϵ0 =
1

4(2n+3L)
δ

n−δ

(L = L(n,P)), then there exists a constant

ν0 = ν0(n, p, δ,N,P , S0, d , ∥Dg∥L2(Ω,RnN)) > 0 such that if ν ≥ ν0
then Du ∈ L2,δ(Ω0,RnN).
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Consequence

Let assumptions of Theorem 1 be satis�ed and δ ∈ [n− 2, n). Then

u ∈

{
C 0,(δ−n+2)/2(Ω0,RN) if n − 2 < δ < n

BMO(Ω0,RN) if δ = n − 2.
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Remark

As a typical example of modulus of continuity which satis�es the

assumptions of Theorem 1 A.) we can consider

ω(t) =

{
ctα for 0 ≤ t < t1,
ω∞ for t ≥ t1

where c > 0, α ∈ (0, 1), t1 = (ω∞/c)1/α. Such a function satis�es

the assumptions of Theorem 1 A.) for p′ = 1/α.
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Remark

A typical modulus of continuity which satis�es the assumptions of

Theorem 1 B.) and does not satisfy the assumptions of

Theorem 1 A.) is the modulus of continuity

ω(t) =


c1

(1+ln( c2
t
))

β for 0 < t < c2
eβ
,

ω̃(t) for t ≥ c2
eβ

where 0 < c1 ≤ ω∞, c2, β > 0, ω̃(c2/e
β) = c1/(1+ β)β and ω̃ is

such that ω satis�es the assumption (iii).
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Example

In Ω = B1(0) ⊂ R3 we consider quasilinear variational integral

A(u; Ω) =

∫
Ω

A
αβ
ij (u)Dαu

iDβu
j dx

where

A
αβ
ij (u) = aδijδαβ + b

(
δiα arctan(µ|ui |s) + δjβ arctan(µ|uj |s)

)
for i , j = 1, 2, 3, α, β = 1, 2, 3, u − g ∈ W

1,2
0 (B1(0),R3),

g ∈ W 1,2(B1(0),R3), 0 < s ≤ 1, a, b > 0, a > 9πb, µ > 0.
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Example

In this case we have

M = a + πb, ν = a − 9πb, ω∞ = πb

and the modulus of continuity is

ω(t) =


2bµts , for 0 < t <

(
π
2µ

)1/s
,

πb for t ≥
(

π
2µ

)1/s
.

Let Br (0) be a ball with 0 < r < 1 then for suitable µ > 0 the

above functional satis�es the assumptions of Theorem 1 and so the

minimizer u is Hölder continuous (in the case δ > n − 2) in Br (0).
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Theorem 2

Let u ∈ W 1,2(Ω,RN) be a minimizer of the functional (1) such

that Du ∈ L2,n−2(Ω,RnN) and the hypotheses (i), (ii), (iii), (iv) be

satis�ed.

Assume that there exists p > 1 such that

Qp := min

 sup
t∈(0,∞)

d

dt
(ωp/(p−1))(t),

∞∫
0

d
dt
(ωp/(p−1))(t)

t
dt

 < ∞,

and let γ ∈ (0, 1).
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Theorem 2

Then the inequality

(Qp||Du||L2,n−2(Ω,RnN))
1−1/p ≤ νC

implies that u ∈ C 0,γ(Ω,RN).

Here

C =
2

3c(n,N, p,M/ν)(2n+3L)
n

2(1−γ)

,

where L is a given constant.
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Remarks to proofs

We set ϕ(x0, r) =
∫
Br (x0)

|Du(y)|2 dy , for Br (x0) ⊂ Ω. Now let x0

be any �xed point of Ω0 ⊂ Ω, dist(Ω0, ∂Ω) ≥ 2d > 0,

B2R(x0) ⊂ Ω and v be a minimizer of the frozen functional

A0(v ;BR(x0)) =

∫
BR(x0)

A
αβ
ij (uR)RDαv

iDβv
j dx

among all the functions in W 1,2(BR(x0),RN) taking the values u

on ∂BR(x0) where

A
αβ
ij (z)R =

∫
BR(x0)

−A
αβ
ij (y , z) dy .
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Remarks to proofs

Campanato's estimate for v :∫
Bσ(x0)

|Dv |2 dx ≤ L
(σ
R

)n ∫
BR(x0)

|Dv |2 dx , ∀ 0 < σ ≤ R

Put w = u − v . It is clear that w ∈ W
1,2
0 (BR(x0),RN).
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Remarks to proofs

∫
BR(x0)

|Dw |2 dx ≤ 2

ν

{ ∫
BR(x0)

(
A
αβ
ij (uR)R − A

αβ
ij (x , uR)

)
Dαu

iDβu
j dx

+

∫
BR(x0)

(
A
αβ
ij (x , uR)− A

αβ
ij (x , u)

)
Dαu

iDβu
j dx

+

∫
BR(x0)

(
A
αβ
ij (x , uR)− A

αβ
ij (uR)R

)
Dαv

iDβv
j dx

+

∫
BR(x0)

(
A
αβ
ij (x , v)− A

αβ
ij (x , uR)

)
Dαv

iDβv
j dx

}

=
2

ν
(I + II + III + IV ) .
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Remarks to proofs - 1 A.)

|II | ≤
∫

BR(x0)

ω (|u − uR |) |Du|2 dx

≤

 ∫
BR(x0)

ωp′ (|u − uR |) dx


1/p′ ∫

BR(x0)

|Du|2p dx


1/p

.
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Remarks to proofs - 1 A.)

 ∫
BR(x0)

ωp′ (|u − uR |) dx


1/p′

≤
(
sup
t>0

d

dt

(
ωp′(t)

))1/p′
 ∫
BR(x0)

|u(x)− uR | dx


1/p′

≤ c(n)S
1/p′

p′ R(n+2)/2p′

 ∫
BR(x0)

|Du|2 dx


1/2p′

.
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Remarks to proofs - 1 B.)

|II | ≤
∫

BR(x0)

ω (|u − uR |) |Du|2 dx

≤
∫

BR(x0)

Φ
(
ε|Du|2

)
dx +

∫
BR(x0)

Ψ

(
1

ε
ω (|u − uR |)

)
dx = I1 + I2.

Here Φ, Ψ are complementary Young functions

Φ(t) = t ln+(at) for t ≥ 0, Ψ(t) =


t
a

for 0 ≤ t < 1,

et−1

a
for t ≥ 1

where a > 0 is a constant,
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Remarks to proofs - 1 B.)

I1 = ε

∫
BR(x0)

|Du|2 ln+
(
aε|Du|2

)
dx

≤ ε

 ∫
BR(x0)

|Du|2p dx


1/p ∫

BR(x0)

ln
p/(p−1)
+

(
aε|Du|2

)
dx


1−1/p

≤ c(p,M/ν)ε
p

e(p − 1)

aε ∫
BR(x0)

−|Du|2 dx


1−1/p

ϕ(2R).
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Remarks to proofs - 1 B.)

I2 ≤
1

a

κnR
n +

e
ω∞/ε

eε
S0

∫
BR(x0)

|u − uR | dx


≤ 1

a

(
κnR

n + c(n)
e
ω∞/ε

eε
S0R

1+n/2ϕ1/2(2R)

)

where S0 = supt>t0
ω′(t) (ω(t0) = ε).
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Remarks to proofs - 1 B.)

Last two estimates lead to

|II | ≤ c(p,M/ν)ε

aε ∫
BR(x0)

−|Du|2 dx


1−1/p

ϕ(2R)

+
1

a

(
κnR

n +
c(n)

ε
e
ω∞/εS0R

1+n/2ϕ1/2(2R)

)
.
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Concluding remark

Let δ ∈ [n − 2, n) and Ω0 ⊂ Ω with dist(Ω0, ∂Ω) ≥ 2d > 0

(d ≤ 1). Let u be a minimizer of (1), where Aαβ
ij = A

αβ
ij (u) and

g ∈ W 1,2(Ω,RN) such that u− g ∈ W
1,2
0 (Ω,RN). Let assumptions

(i), (ii), (iii) be satis�ed with the constants M, ν and suppose that

[1+ 2θ (U2d (x))M] Θ (U2d (x))

K
(

pµ
e(p−1)

)µ ≤ 1, ∀ x ∈ Ω0

Ur (x) = r2−n
∫
Br (x)

|Du|2 dy , M = min {P,R}
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Concluding remark

P = sup
t0<t<∞

ω(t)
Eω∞

e

(
ω(t)

µEω∞

)1/(µ−1)

− e

(
1
µ

)1/(µ−1)

t − t0

R =

∞∫
t0

1

t

d

dt

(
ω(t)

Eω∞
e

(
ω(t)

µEω∞

)1/(µ−1)
)

dt

θ(t) =


√

t
e

1

Θ(t) =


1√
ne

for 0 < t ≤ e

(ln t1/n)
ln

√
t

√
t

for t > e
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Concluding remark

Then u ∈ C 0,(δ−n+2)/2(Ω0,RN) in the case δ > n − 2 and

u ∈ BMO(Ω0,RN) for δ = n − 2. Here K = K (n), µ ≥ 2,

ϵ0 =
1

4(2n+3L)δ/(n−δ) (L is the Campanato's constant ),

E = min

{
1, ϵ0

24CKµc
1/2
P

(
pµ

e(p−1)

)µ
ω∞
ν

}
, C = C (p, n,N,M/ν)

(2p > 2 is the exponent of integrability, cP is the constant from

Poincare inequality), ω(t0) = E ω∞, t0 > 0.
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Concluding remark

1) For the constant K we have of the following estimates

K ≤ 10en, n = 3,

K ≤ 20en, n = 4.

2) It is clear that for u and g from the above theorem the following

estimate holds

∥Du∥L2(Ω,RnN) ≤ cD(n,N,M/ν)∥Dg∥L2(Ω,RnN)
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Concluding remark

3) We can replace the term Θ(U2d (x)) with
Θ
(
∥Du∥2

L2
(Ω,RnN)/(2d)n−2

)
or in the case of Dirichlet problem

for (1) with Θ
(
cD∥Dg∥L2(Ω,RnN)/(2d)

n−2
)
where cD is from 2).
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Thank you for your attention.
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