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Introduction

Functional

The aim of this paper is to study the interior everywhere regularity
of functions minimizing variational integrals

A(u; Q) = / Agf’g(x, u)Dou' Dpid dx (1)
Q
where u: Q >RV N>1, QCR"” n>3isa bounded open set,

x=(x1,-, %) € Q, u(x) = (v}(x),...,u"(x)), Du= {Dyu'},
Dy =0/0%, a=1,....,n,i=1,... N.
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Introduction

Minimizer

We call a function
u e WH2(Q,RN)

a minimizer of the functional A(u; ) if and only if
A(u; Q) < A(v; Q)

for every v € W1H2(Q,RN) with u — v € W01’2(Q,]RN).
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Morrey space

Let p>1, A € [0,n] and Q2 C R” be a bounded domain of type A.
A space of functions u € LP(Q) such that

- 1
6llip = {stupreq >0 o~ / Ju(y) Py } /P < 4o

QP(X)
is said to be LPA(Q).

LPA(RQ) is a Banach space with the norm ||ul| ..

If ue W22(Q) and Du € L22(Q), n—2 < XA < n, then

loc loc

= CO,(A+2—n)/2(Q)_
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Introduction

Basic assumptions

On the functional A we assume the following conditions:

(i) A;B = Aﬁa, A‘j‘ﬂ are continuous functions in u € RV for every

x € 2 and there exists M > 0 such that

AS (x,u)] < MV x € QY u e RV

(i) (ellipticity) There exists v > 0 such that

AP (x u)Ehel > vle?, YxeQ YueRN veeR™. (2
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Basic assumptions

(iii) (oscillation of coefficients) There exists a real function w
continuous on [0, 00), which is bounded, nondecreasing, concave,
w(0) = 0 and such that for all x € Q and u, v € RV

Azfﬁ(x, u)—AIC-}B(X, v)| <w (Ju—v|). (3)

We set weo = limy—yoo w(t) < 2M.

(iv) For all u € RV, A?}ﬂ(-, u) € VMO(R) (uniformly with respect
to u € RV).
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BMO and VMO - spaces

We set for f € [1(Q), 0 < a < 0

My(F.Q) = sup ][ F(y) = £ur] d.

x€Q,r<a

Q(x)
A function f € L1(Q) is said to belong to BMO(RQ) if
Maiam(f,£2) < oo.
A function f € L1(Q) is said to belong to VMO(RQ) if
;!inoMa(f’Q) =0.

Since C is a proper subset of VMO, the continuity of coefficients

A,-j with respect to x is not supposed.
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Partial regularity

1) M.Giaquinta; E.Giusti, Acta Math. (1982)

A?fﬁ are bounded, uniformly continuous functions in Q x RV and
(i) is satisfied for the functional (1). Then for the minimizer
ue W (Q,RN) it holds:

loc

There exists an open set Qg C , such that u € C%*(Qq, RV) for
every a < 1 and H"9(Q\ Qp) = 0 for some g > 2.

Here Q\Qq = {x € Q : liminfg_,o+ R>™" fBR(X) |Du(y)|? dy > e},
€p > 0 does not depend on w.
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Partial regularity

2)P.Di Gironimo; L.Esposito; L.Sgambati, Manusc. Math. (2004)

It is supposed that (i), (i), (iii) and (iv) are fulfilled for the
functional (1).Then for the minimizer u € W,})’Cz(Q,RN) it holds:

There exists an open set g C Q, such that Du € Lfo’i‘(Qo,R”N),
VA < n and the Hausdorff dimension dimy(Q2\ Qo) < n — 2 (this
fact implies Holder continuity of minimizer u on Q).

Here Q\ Qo = {x € Q: liminfg_o+ RZ™" fBR(X) |Du(y)|? dy > 0}.
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Regularity results

Theorem 1 A.) ( D-V, NoDEA 2009.)

Let § € [n—2,n), P>1and Qy C Q with dist(Q0, Q) > 2d > 0.
Let u be a minimizer of (1) and g € W'?(Q,R") such that
u—ge Wy3(Q,RY).

A.) Let assumptions (i), (ii), (iii), (iv) be satisfied with the
constants M, v such that M/v < P and suppose that

Sy = sup i(wp/)(t) < 0o
te(0,00)

for p’ = p/(p—1), (2p > 2 is an exponent of integrability of Du).
Then there exists a constant

vo = vo(n, 6, P, Spr, d, | Dgl|2(rewy) > 0 such that if v > v then
Du € [?9(Qq, R™).

J. Danecek and E. Viszus University of South Bohemia, Ceské Budéjovice; Comenius University, Bratislava

On the interior regularity for minimizers of quasilinear functionals



Regularity results

Theorem 1 B.) ( D-V, NoDEA 2009.)

B.) Let assumptions (i), (ii), (iii), (iv) be satisfied with the
constants M, v such that M/v < P and suppose that

d
So = sup —w(t) < 0
0 tigdt (&)

where to = infw™(525¢€), K = K(n, p, N, P) and

—L (L= L(n,P)), then there exists a constant
4(2n+3[_) n—94

vy = I/()(n7 p,0,N,P,Sq,d, HDg”LZ(Q,]R"N)) > 0 such that if v > 1

then Du € [29(Qq, R"™N).

€0 —
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Consequence

Let assumptions of Theorem 1 be satisfied and 6 € [n —2,n). Then

CO(0=n+2)/2(Qg RN) ifn—2<éd<n
BMO(Qq,RY) if 6 =n—2.
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Remark

As a typical example of modulus of continuity which satisfies the
assumptions of Theorem 1 A.) we can consider

w(t) = ct* for 0<t<t,
T | we for t> 1

where ¢ > 0, a € (0,1), t; = (weo/c)'/®. Such a function satisfies
the assumptions of Theorem 1 A.) for p’ =1/a.
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Regularity results

Remark

A typical modulus of continuity which satisfies the assumptions of
Theorem 1 B.) and does not satisfy the assumptions of
Theorem 1 A.) is the modulus of continuity

C1

f <
(1+In(2))” o Ot

w(t) =

w(t) for t>2

where 0 < ¢; < woo, @, B> 0, @(c2/e’) = c1/(1+ B)? and @ is
such that w satisfies the assumption (iii).
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SEN ] IE

In Q = B;(0) C R we consider quasilinear variational integral
A Q) = / A () Dot Dy d
Q

where

AL (u) = adj60p + b (dia arctan(u|u’[*) + &5 arctan(u|u/|))

fori, j=1,2,3, a, $=1,2,3, u—g € W,*(B,(0),R3),
g € WH2(B1(0),R3),0<s<1,a b>0,a>97h, u>0.
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SEN ] IE

In this case we have
M=a+7wb, v=a—91bh, wy =7b
and the modulus of continuity is
dbuts, for 0<t< (ﬁ)”s,

o) for t> <ﬁ)1/s.

w(t) =

Let B,(0) be a ball with 0 < r < 1 then for suitable x> 0 the
above functional satisfies the assumptions of Theorem 1 and so the
minimizer u is Holder continuous (in the case 6 > n — 2) in B,(0).
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Regularity results

Theorem 2

Let u € W12(Q,RN) be a minimizer of the functional (1) such
that Du € L>"~2(Q, R™V) and the hypotheses (i), (ii), (iii), (iv) be
satisfied.

Assume that there exists p > 1 such that

T 4 (wP/(P-1)) (¢
Qp:=min{ sup d(wp/@—l))(t),/df(“ J®) gl -,
te(0,00) dt ) t

and let v € (0,1).
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Theorem 2

Then the inequality
(QP’|DUHL2’"*2(Q’RnN))1_1/p < vC

implies that u € C%7(Q,RN).

Here
2

" 3¢(n, N, p, M/v)(2n+3L) 20w

where L is a given constant.

C
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Remarks to proofs

We set ¢(xp,r) = fB,(xo) |Du(y)? dy, for B/(xo) C . Now let xo
be any fixed point of Qo C Q, dist(Qo, Q) > 2d > 0,
Bygr(x0) C Q and v be a minimizer of the frozen functional

A%(v; Br(x0)) = / AZfﬁ(uR)RDavingj dx
Br(x0)

among all the functions in W12(Bg(x0), R") taking the values u
on 9Bgr(xp) where

AP ()R = ][ A20(y, 2) dy.
Br(xo)

J. Danecek and E. Viszus University of South Bohemia, Ceské Budéjovice; Comenius University, Bratislava

On the interior regularity for minimizers of quasilinear functionals



Regularity results

Remarks to proofs

Campanato’s estimate for v:
/ IDv[? dx < L(i)" / IDvPdx, Y0<o<R
- R 9y =
Bo(x0) Br(x0)

Put w = u —v. Itis clear that w € W()l’z(BR(xo),RN).
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Regularity results

Remarks to proofs

/ |DW’2 dx < = { UR R — AZfﬁ(X, UR)) DauiDguj dx
Br(xo) BR(xo)
+ (Azfﬂ(xy UR) — Agfﬁ(x, u)) DauiDﬁuf dx
Br(xo)
+ / (Agﬁ(x, UR) — Agfﬁ (”R)R) DaviDﬂvj dx
Br(xo)
+ <A3ﬁ(xa v) — Agfﬁ(xy UR)) DaViD,gvj dx}
Br(x0)

2
= (I + 1+ 1+ 1V).
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Remarks to proofs - 1 A.)

\m</‘wmﬁmWW&

Br(x0)
1/p 1/p
< /cﬂm—wpa /\mﬁ&
Br(xo) Br(xo)
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Regularity results

Remarks to proofs - 1 A.)

1/p
/ WP (Ju — ug|) dx
Br(xo0)
1/p’
d/ /v
s(ii%dt(wp(t))) [ 100~ el o
r(x0)
1/2p
< c(n)SY/P Rn2/20 / IDul? dx
Br(x0)
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Regularity results

Remarks to proofs - 1 B.)

| < / w(|u — ugl) |Dul? dx

Br(x0)
< / & (|Duf?) dx + / W (iw(]u—uRD) d = b+ b,
BR(X()) BR(XO)

Here ®, W are complementary Young functions
g for 0<t<1,
®(t) =tiny(at) for t>0, V(t) = o
£ t>1

where a > 0 is a constant,
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Remarks to proofs - 1 B.)

h=ce / |Dul? Iny (22| Dul?) dx

Br(xo)
1/p 1-1/p
<e / |Du|P dx / Ini/(p_l) (ae|Dul?) dx
BR(X()) BR(XO)
1-1/p
C(p7 M/V)S(i_ ac f’DU|2 dX ¢(2R)
Br(x0)
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Remarks to proofs - 1 B.)

1 eWee /e
h<=|kraR"+ So / |u—uR|dx
a ec
Br(xo)
1 n oo/ 14+n/2 (1/2
S ; K'/,,R + C(n)?SOR ¢) (2R)

where So = sup,~,, W' (t) (w(ty) = €).
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Remarks to proofs - 1 B.)

Last two estimates lead to
1-1/p
| < c(p, M/v)e | 2 ][|Du|2 dx 6(2R)

Bgr(xo)

+ % (Han + Ci’oeww/esoR1+n/2¢l/2(2R)> )
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Concluding remark

Let § € [n—2,n) and Qg C Q with dist(Qp, Q) >2d >0

(d <1). Let u be a minimizer of (1), where Agfﬁ = Agfﬁ(u) and

g € W12(Q,RV) such that u — g € W01’2(Q,RN). Let assumptions
(i), (i), (iii) be satisfied with the constants M, v and suppose that

[1 + 20 (Uag(x)) M]© (Ura(x)) _ |
o \* -
K (e(p—1)>

Ur(x) = 27" [ |Dul® dy, M =min{P,R}

V x €Q
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Concluding remark

T for

J. Danécek and E. Viszus

Regularity results

O0<t<e

t>e
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Concluding remark

Then u € CO00=+2)/2(Qy, RV) in the case § > n — 2 and
u € BMO(Q,RN) for 6 = n — 2. Here K = K(n), u > 2,
€ = W (L is the Campanato's constant ),

£=min 1 a = N, M
min ’24CKch1,/2(e(5f1))”M , C=C(p,n,N,M/v)

(2p > 2 is the exponent of integrability, cp is the constant from
Poincare inequality), w(ty) = E weo, tg > 0.

v
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Concluding remark

1) For the constant K we have of the following estimates

K < 10e", n=3,
K < 20e", n=24

2) It is clear that for u and g from the above theorem the following
estimate holds

[Dull 2@ reny < ep(n, N, M/v)|| Dgll 2 raw)
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Concluding remark

3) We can replace the term © (Uyy4(x)) with
© (||Dull2, (2, R"™)/(2d)™2) or in the case of Dirichlet problem

for (1) with © (CDHDg||L2(Q7RnN)/(2d)n_2> where ¢cp is from 2).
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Thank you for your attention.
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