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1. Introduction

() C R? bounded simply connected Lipschitz domain, Q¢ = R? \ €.

Brinkman in €2 :
(A =)V —vpP =0,V .vP=0;

Navier—-Stokes in €° :

AV - VNS = ey uvY Vv =0 v (00) =1, p™(00) = 0;
Oseen in (2° :

AvO —Vp? =i Vv? | V-v?=0,v(c) =0, pc0) =0;
Stokes in €2° :

AV —vp T =0, V-v7T =0, v?T(co)=1, p°T(c0) :O.%

Reynolds number paUy /= ¢ — 0, x* = a*/kq fixed.
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Solid (2 :
NS — O: Finn & Smith 1967, Sazonov 2003

S — O: Pearson & Proudman 1957, Hsiao-McCamy 1973
NS — O — ST: Hsiao 1982, Hsiao-McCamy 1982

Transmission conditions on I

vV =B and TvV® =TvP:
vl =B and Tv°T =TvP:
v =vB—i and TVv' =Tv5.

ST — B: Kohr & Raja Sekhar & Wendland 2009, Math. Meth. Appl. Sci.
ST — B — O: * submitted
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2. Boundary integral equations for the Stokes—Brinkman flow

v’ = _-W¢+ Vh+ ﬁw in Q°, vP = —W 20+ V 2h in ().
vl =—2¢-Ko+Vh+ tw, vP=3¢p-—Ko¢p+Voh:
TvT =D¢ —th+ K, TvP =Dp¢+5h+K'oh onl.

Stokes potentials:

V() = % [ {0t ey + CREE ey ()
Wi (x) = — f e W W () (y )T (y)

[1;h;(x = on f S bhi(y)dl(y)

Axy(x) = f{ iy + 2L b () ()T (y)
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Stokes and Brinkman operators:
W2 =W + x°’In xPSDO(-3;R*) , WPSDO(—1;R?)
V2=V —(cg+1i+hd) Ff. dl' + x*In xPSDO(—4;R?) , VPSDO(—2;R?)

A=A+ x*PSDO(-2;R*) , APSDO(0;R?)
II> =11+ x"InxPSDO(-3;R*) , IIPSDO(—1;R?)
D,.=D+x’InxPSDO(-2;R*), DPSDO(0;R?)

¢—Kopp+Veosh+iw=0, [hidl =A;
I

h+K,h+D,op=0

he H ), hxope H'W(Qp)
V2 o(h % 0r) € H¥(Qyp) , %V, 20(h x 0r) € HY(T) — HZP(), 0< 6 <L
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Theorem 1: This is a system of Fredholm integral equations of the second kind

0] 0

Aln | =10 for (¢, h,w) € (H%M(F) X H_%M(F) xR%), 0<6 <3,
w A

where

K.y : H*P() — H2(T), Vo - H3H() — H3H(D)
K',, : H (1) — H (), Doy : HW(I) — H (D)

X?,0
all are linear compact. It has only the trivial kernel and, hence, it is uniquely
solvable for every given A € R?.
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3. The Stokes expansions

vl ~ ZVST(X, A)(lne)™", vP ~ ZVB(X, A(lne) ™, Ay, wi, @, hy
k=1 k=1

1 1 1 A-x x
Far field: ; h(x) ~ —Al -
ar field: x — oo Vh(x) o n|x|+47r | ‘X‘JrO(\X\ )
1 1 1 1 A-¢ ¢
x=§&/e: Vh(/e)~—Anhe+—Aln— + + O(el€
o3 VB~ qpAine AN o T jeg T O
1 1 A-€ &

€ i 1el e
Oseen in Qf:={£ eR*NE/e € QY. Fore — 0, Q° — R*\ {0}.
Q&) =v7(&fe) —i, P&)=p(&/e)/e

AgQ—VgP:a%lQ, Ve-Q=0,Q=—i foré >0, Q(oo)=0.

1 1
v~ —A +(In 5)_1—{A1 In
4 4

+ w1 + AQ} + O((ln 8)_2)
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Explicit solutions of Oseen’s equation in £2°

Q*(&) = —2¢42K, (%\EI)H2V5{€§1/2Ko(%\€|) + In([€]) } P*(¢) = —26 (€]
£/5 NH_ZQk J(ne)™ ZPk J(Ine)™

Ang—Vgpkza—&QkJrRk for € 40, Vf.Qk:
Q.—0, P.—0 for‘€|—>oo,

Rlzoa Rk:Zvaka—ma k22

Then Qi(€) = a1{i[ln €] + cp — In4] — % %}’

vO(€&/e) =i+ ar{i[ln[€] +cp — 1n4 +O0((Ine)%) + O(|&| In |¢])

(Ing)™
il
cp = 0,5772... Euler’s constant
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Matching:
vol(¢)e) ~vO(Efe), e =0 A= E:A;C(lne)_l‘C LW = Zwk(lng)_k
k>1 E>1
A ) A+ 4 § o] £ O((ne)

N1—|—G1 1Tl€ 1{11n|€|‘|‘CE 1n4 |5| ‘€|}+O ‘€|1n|£|>

= A =4ri=iln+ + & |+w1+A2 al{l—lnEJrcE—lnél]—l%%}

el T 1el e
= a1 = —1ANAy=(In4d — cp)dni — w;

k=1 ¢ — K0P, +V,20h + ﬁwl =0,
h; + K;Q’Ohl +D,20¢, =0, !hldF = A = 47i;

k=2 ¢y — K 200y +V 20hy+ £ws =0,
h2‘|—K/ h2—|—D 20¢2 0 thdF AQ = 47T(1I14— CE>1—C4J1
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Stokes approximation:

P, = ¢ (Ine) ' +@y(lne)?, w.:=wi(lne) !t + wy(lne)?
H. = h;(Ine) ' + hy(Ine)?
vi = W®_+ VH. + Lw., p2" = A®. + [TH.

g
Vf = WXQ(I)g + VXQHg : pf = /\qu)g + HX2H5
Question:
S S S
||VN — V5T||H1+5(Q§R) + ||VN . V§||H1+5(

NSB

€2)
+ ||PNS —pr\\Hé(QgR) +lp _p§||H5(Q) < c(R,9)| 1n5‘—3

Q= {x € Q| |x| < 2R)
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4. Stokes approximation of Oseen flow

||VO — VfTHHHé(QgR) T HVOB - VfHHHé(Q)

Theorem: I' Lipschitz. There exists g > 0 such that for all 0 < e < ¢

+ 107 = 2 s,y + 1077 = P2\l ooy < (R, )| e~

Proof: Follow [Hsiao 1982 and Hsiao & MacCamy 1982].

vl = —“W¢p. + V°h, in €2°,
vl = —W,2¢.+ V,2 h, in €,

O vl —1 and Tv® =TvP onT.

<
I
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Lemma [Sazonov 2003]
Veh = Vh+ L(lnel — J) [ hdl + elneVFh,

I
W5¢:Wq§+5ln5Wfq§, J = (“140—% » OC 1),
e

VEPSDO(-2: R*) , WEPSDO(—1; R?) ; Jc

Ve e 0,1) ¢ VB Ly < el o - 1W< clél,

1
az2tm’ HIH () H?

()

Boundary integral equations
®. — K 2 ®P. + V2 oh. + (elne){KI'®. + Vih.}
+Ine(I—(lne)™'J) [hdl +i=0,
T
h. + K/, h. + D2 ®. + clne(DI®. — K"h.) =0
Perturbation of Stokes—Brinkman with

Lw.=L(e)(I-(Ine)'J) [hdl +1i

A7 €
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P, U
Ae lp. [=]1 0 | s A=A+ (he)B., w.= Lne)(I—(Ine) 'J)A. +i
W A,

20, is a regular perturbation of 2. Hence, there exists €9 > 0 such that
A = (T—(elne)2A'B.) A = 3% (e Ine)k(—2A 1B, )k
= A 4 (Ine) A7 - HYT) — HOT)

1

exixts for 0 < & < gy where H°(T') := H2(I") x H_%M(F) xR*and 0 < § < 3.

A. = [hdl = (Ine)™ (I +3°% (In g)—ka) (4r(ind — cp)i— w.) (A)

1AE = AO + (ln 8)_1A1 + (ln 8)_2A2 + (ln <€>_3AR

w: =wy+ (Ine) twy + (Ine) ws + (Ine)’wp
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Assumption: [A.| < oo for0<e<1.

= [ ®ell 15, o el

(A):>A0:O:>(]50—O, hQ—O, wy = 0
(A):>A1:47Ti:>¢17 h17 Wi
(A):>A2:47T(1H4—CE>i—W1:>(]52, hQ, )

. |w:| uniformly bounded

(A) = Ap =4r i(m g) R IR — f:(ln e) " IHHI+ (Ine) ') b
—{T+ (Ine) "I T+ (Ine) 'J) pws
+ (Ine) I - Z(ln e) "I (I + (Ine) 'J) hwr

= |Ag| < e+ |Inel epjwrp|
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(®p hp,wr) =A AR+ (Ine) €A (Ine) "Ay + (Ine) Ay}
= \wR\ < 03|AR| + ¢y < (0163 + 64) + 0263| 1118‘_1‘(.03‘
= Ex.¢; ande; >0, g1 < ¢y such that for all e € 0,&4]

wr| <c; and [[®g[ 1 <cs, [[hell 1 <.

(T) (T)

®. L4 L e [ @
h | (o)™ | | —me)? | by | =ne)™ | b,
We w1 W2 WR
HVO - V§T||H1+5(Q§R) + ||VOB - V§||H1+5(Q)
< [ el el ) {1@all g + 0]y + rl}
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5. Boundary elments on I':
I smooth: ® € H*T') , h € HYT)

A periodic partition , knots ¢, , j=1,...,N, 7, . =t;+ h;/2
D~ P, 51<Ah) ., h~h),e SO(Ah)

Spline collocation: Equations in H%(T")

1
(I)h<tj> T (KXQ,O(I)h)(tj) + <VX2,Ohh> <tj) + Ew — 07

hy(t;) + (K2 ohn) (7)) + (Dy2 o ®4)(7) =0, [ hydl'= A
r

Profidorf & Schmidt 1981, 1984

12— ®ull g5 )+ = hall s ) < ch?2 (1@ |2y + [l 1)

()
Ip = pulls + v = Vall s < 270 (19] oy + [l 1)
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I' Lipschitz: ® € HY(T") , h € H(I)

Spline — GGalerkin:

1_
@ = @il s+ B = Ball o < RE (@) + o)

) —

1
1P = pull s + IV — vl 1o < ch? 5(”(1)”}[1(1“) + ”hHHO(F))
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Conclusions:

e Existence of the weak solution to the transmission problem with
v in HT(Q5,) N Ly, 0, (%) and vV9P in H17(Q)) is not yet known.

e The Finn—Smith—Sazonov approximation v"° —v?  v¥°B _y0B jg

an open problem.

Thank you for your attention
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