
Nonlinear PDE’s, Prague 2009
1

On boundary integral equations for two–dimensional

slow viscous flow past a porous obstacle

M. Kohr, G.P. Raja Sekhar, W.L. Wendland

! Universität Stuttgart, Inst. f. Angewandte Analysis u. Numerische Simulation Prof.em. Dr. Dr.h.c. W.L. Wendland



Nonlinear PDE’s, Prague 2009
2

1. Introduction

Ω ⊂ R
2 bounded simply connected Lipschitz domain, Ωe = R

2 \ Ω .

Brinkman in Ω :

(∆ − χ2)vB −∇pB = 0 , ∇ · vB = 0 ;

Navier–Stokes in Ωe :

∆vNS −∇pNS = εvNS · ∇vNS , ∇ · vNS = 0 , vNS(∞) = i , pNS(∞) = 0 ;

Oseen in Ωe :

∆vO −∇pO = εi · ∇vO , ∇ · vO = 0 , v(∞) = 0 , pO(∞) = 0 ;

Stokes in Ωe :

∆vST −∇pST = 0 , ∇ · vST = 0 , vST (∞) = i , pST (∞) = 0 . �

Reynolds number ̺ aU∞/µ = ε → 0 , χ2 = a2/k0 fixed.
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Solid Ω :

NS − O: Finn & Smith 1967, Sazonov 2003

S − O: Pearson & Proudman 1957, Hsiao–McCamy 1973

NS − O − ST : Hsiao 1982, Hsiao–McCamy 1982

Transmission conditions on Γ:

vNS = vB and TvNS = TvB ;

vST = vB and TvST = TvB ;

v0 = vB − i and Tv0 = TvB .

ST − B: Kohr & Raja Sekhar & Wendland 2009, Math. Meth. Appl. Sci.

ST − B − O: “ submitted
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2. Boundary integral equations for the Stokes–Brinkman flow

vST = −Wφ + Vh + 1
4π

ω in Ωe , vB = −Wχ2φ + Vχ2h in Ω .

vST = −1
2φ − Kφ + Vh + 1

4πω , vB = 1
2φ − Kχ2φ + Vχ2h ;

TvST = Dφ − 1
2h + K′h , TvB = Dχ2φ + 1

2h + K′
χ2h on Γ .

Stokes potentials:

Vjkhk(x) =
1

4π

∫

Γ

{

δjk ln 1
|x−y| +

(xk−yj)(xk−yk)

|x−y|

}

hk(y)dΓ(y)

WjkΦk(x) =
1

π

∫

Γ

(xk−yk)(xj−yj)(xℓ−yℓ)

|x−y|4
nℓ(y)Φk(y)dΓ(y)

Πjhj(x) =
1

2π

∫

Γ

xj−yj

|x−y|2
hj(y)dΓ(y)

ΛkΦk(x) =
1

π

∫

Γ

{

−
δjk

|x−y|2
+ 2

(xj−yj)(xk−yk)

|x−y|4

}

nj(y)Φk(y)dΓ(y)
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Stokes and Brinkman operators:

Wχ2 = W + χ2 ln χPSDO(−3; R2) , WPSDO(−1; R2)

Vχ2 = V −
(

cE + 1
2 + ln χ

2

) ∫

Γ

• dΓ + χ2 ln χPSDO(−4; R2) , VPSDO(−2; R2)

Λχ2 = Λ + χ2PSDO(−2; R2) , ΛPSDO(0; R2)

Πχ2 = Π + χ2 ln χPSDO(−3; R2) , ΠPSDO(−1; R2)

Dχ2 = D + χ2 ln χPSDO(−2; R2) , DPSDO(0; R2)

φ − Kχ2,0φ + Vχ2,0h + 1
4π

ω = 0 ,
∫

Γ

hdΓ = A ;

h + K′
χ2,0h + Dχ2,0φ = 0

h ∈ H−1
2+δ(Γ) , h × δΓ ∈ H−1+δ(Ω2R) ,

Vχ2,0(h × δΓ) ∈ H3+δ(Ω2R) , γ0Vχ2,0(h × δΓ) ∈ H1(Γ) →֒ H
1
2+δ(Γ) , 0 ≤ δ < 1

2.
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Theorem 1: This is a system of Fredholm integral equations of the second kind

A







φ

h
ω






=







0
0
A






for (φ,h,ω) ∈ (H

1
2+δ(Γ) × H−1

2+δ(Γ) × R
2) , 0 ≤ δ < 1

2 ,

where

Kχ2,0 : H
1
2+δ(Γ) → H

1
2+δ(Γ) , Vχ2,0 : H−1

2+δ(Γ) → H
1
2+δ(Γ) ,

K′
χ2,0

: H−1
2+δ(Γ) → H−1

2+δ(Γ) , Dχ2,0 : H
1
2+δ(Γ) → H−1

2+δ(Γ)

all are linear compact. It has only the trivial kernel and, hence, it is uniquely

solvable for every given A ∈ R
2.
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3. The Stokes expansions

vST ∼

∞
∑

k=1

vST (x,Ak)(ln ε)−k , vB ∼

∞
∑

k=1

vB(x,Ak)(ln ε)−k ; Ak,ωk, φk,hk .

Far field: x → ∞ : Vh(x) ∼
1

4π
A ln

1

|x|
+

1

4π

A · x

|x|

x

|x|
+ O(|x|−1)

x = ξ/ε : Vh(ξ/ε) ∼
1

4π
A ln ε +

1

4π
A ln

1

|ξ|
+

1

4π

A · ξ

|ξ|

ξ

|ξ|
+ O(ε|ξ|)

vST ∼
1

4π
A1 + (ln ε)−1 1

4π

{

A1 ln
1

|ξ|
+

1

4π

A · ξ

|ξ|

ξ

|ξ|
+ ω1 + A2

}

+ O
(

(ln ε)−2
)

Oseen in Ωe
ε := {ξ ∈ R

2 ∧ ξ/ε ∈ Ωe}. For ε → 0 , Ωe
ε → R

2 \ {0}.

Q(ξ) := vO(ξ/ε) − i , P (ξ) = pO(ξ/ε)/ε

∆ξQ −∇ξP =
∂

∂ξ1
Q , ∇ξ · Q = 0 , Q = −i for ξ → 0 , Q(∞) = 0 .
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Explicit solutions of Oseen’s equation in Ωe

Q∗(ξ) = −2eξ1/2K0

(

1
2|ξ|

)

i + 2∇ξ

{

eξ1/2K0

(

1
2|ξ|

)

+ ln(|ξ|)
}

, P∗(ξ) = −2ξ1|ξ|
−2

vO(ξ/ε) ∼ i +
∞

∑

k=1

Qk(ξ)(ln ε)−k , PO(ξ) ∼
∞

∑

k=1

Pk(ξ)(ln ε)−k

∆ξQk −∇ξPk = ∂
∂ξ1

Qk + Rk for ξ 6= 0 , ∇ξ · Qk = 0 ,

Qk → 0 , Pk → 0 for |ξ| → ∞ ,

R1 = 0 , Rk =
k−1
∑

m−1

Qm · ∇ξQk−m , k ≥ 2 .

Then Q1(ξ) = a1

{

i[ln |ξ| + cE − ln 4] − ξ1
|ξ|

ξ

|ξ|

}

,

vO(ξ/ε) = i + a1

{

i[ln |ξ|+ cE − ln 4]
ξ1

|ξ|

ξ

|ξ|

}

(ln ε)−1 + O
(

(ln ε)−2
)

+ O(|ξ| ln |ξ|)

cE = 0, 5772 . . . Euler’s constant! Universität Stuttgart, Inst. f. Angewandte Analysis u. Numerische Simulation Prof.em. Dr. Dr.h.c. W.L. Wendland
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Matching:

vST (ξ/ε) ∼ vO(ξ/ε) , ε → 0 : A =
∑

k≥1

Ak(ln ε)−k , ω =
∑

k≥1

ωk(ln ε)−k

1
4πA1 + 1

4π(ln ε)−1
{

A1 ln 1
|ξ| + A1·ξ

|ξ|
ξ

|ξ| + ω1 + A2

}

+ O
(

(ln ε)−2
)

∼ i + a1(ln ε)−1
{

i[ln 1
|ξ| + cE − ln 4] − ξ1

|ξ|
ξ

|ξ|

}

+ O(|ξ| ln |ξ|)

⇒ A1 = 4πi ⇒ i ln 1
|ξ|

+ ξ1
|ξ|

ξ

|ξ|
+ ω1 + A2 = a1

{

i[− ln 1
|ξ|

+ cE − ln 4] − ξ1
|ξ|

ξ

|ξ|

}

⇒ a1 = −1 ∧ A2 = (ln 4 − cE)4πi − ω1

k = 1: φ1 − Kχ2,0φ1 + Vχ2,0h1 + 1
4π

ω1 = 0,

h1 + K′
χ2,0

h1 + Dχ2,0φ1 = 0 ,
∫

Γ

h1dΓ = A1 = 4πi;

k = 2: φ2 − Kχ2,0φ2 + Vχ2,0h2 + 1
4π

ω2 = 0,

h2 + K′
χ2,0

h2 + Dχ2,0φ2 = 0 ,
∫

Γ

h2dΓ = A2 = 4π(ln 4 − cE)i − ω1
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Stokes approximation:

Φε := φ1(ln ε)−1 + φ2(ln ε)−2 , ωε := ω1(ln ε)−1 + ω2(ln ε)−2

Hε := h1(ln ε)−1 + h2(ln ε)−2

vST
ε := WΦε + VHε + 1

4πωε , pST
ε = ΛΦε + ΠHε

vB
ε := Wχ2Φε + Vχ2Hε , pB

ε = Λχ2Φε + Πχ2Hε

Question:

‖vNS − vST
ε ‖H1+δ(Ωe

2R) + ‖vNSB − vB
ε ‖H1+δ(Ω)

+ ‖pNS − pST
ε ‖Hδ(Ωe

2R) + ‖pNSB − pB
ε ‖Hδ(Ω) ≤ c(R, δ)| ln ε|−3

Ωe
2R := {x ∈ Ωe | |x| ≤ 2R}
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4. Stokes approximation of Oseen flow

Theorem: Γ Lipschitz. There exists ε0 > 0 such that for all 0 ≤ ε ≤ ε0:

‖vO − vST
ε ‖H1+δ(Ωe

2R) + ‖vOB − vB
ε ‖H1+δ(Ω)

+ ‖pO − pST
ε ‖Hδ(Ωe

2R) + ‖pOB − pB
ε ‖Hδ(Ω) ≤ c(R, δ)| ln ε|−3

Proof: Follow [Hsiao 1982 and Hsiao & MacCamy 1982].

vO = −Wεφε + Vεhε in Ωe ,

vB = −Wχ2φε + Vχ2 hε in Ω ,

vO = vB − i and TvO = TvB on Γ .
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Lemma [Sazonov 2003]

Vεh = Vh + 1
4π

(ln εI − J)
∫

Γ

hdΓ + ε ln εVR
ε h ,

Wεφ = Wφ + ε ln εWR
ε φ , J =

(

ln 4 − cE 0
0 ln 4 − cE − 1

)

,

VR
ε PSDO(−2 ; R

2) , WR
ε PSDO(−1 ; R

2) ; ∃c :

∀ε ∈ [0, 1] : ‖VR
ε h‖

H
1
2+δ(Γ)

≤ c‖h‖
H−1

2+δ(Γ)
, ‖WR

ε φ‖
H

1
2+δ(Γ)

≤ c‖φ‖
H

1
2+δ(Γ)

.

Boundary integral equations

Φε − Kχ2,0Φε + Vχ2,0hε + (ε ln ε){KR
ε Φε + VR

ε hε}

+ 1
4π

ln ε
(

I − (ln ε)−1J
) ∫

Γ

hεdΓ + i = 0 ,

hε + K′
χ2,0hε + Dχ2,0Φε + ε ln ε(DR

ε Φε − KR′
ε hε) = 0 .

Perturbation of Stokes–Brinkman with
1
4π

ωε = 1
4π

(ln ε)
(

I − (ln ε)−1J
) ∫

Γ

hεdΓ + i! Universität Stuttgart, Inst. f. Angewandte Analysis u. Numerische Simulation Prof.em. Dr. Dr.h.c. W.L. Wendland
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Aε







Φε

hε
ωε






=







0
0
Aε






, Aε = A + (ε ln ε)Bε , ωε = 1

4π(ln ε)
(

I − (ln ε)−1J
)

Aε + i

Aε is a regular perturbation of A. Hence, there exists ε0 > 0 such that

A
−1
ε =

(

I − (ε ln ε)A−1
Bε

)−1
A

−1 =
∑∞

k=0(ε ln ε)k(−A−1Bε)
kA−1

= A
−1 + (ln ε)−5

CεA
−1 : Hδ(Γ) → Hδ(Γ)

exixts for 0 ≤ ε ≤ ε0 where Hδ(Γ) := H
1
2+δ(Γ)×H−1

2+δ(Γ)×R
2 and 0 ≤ δ < 1

2
.

Aε =
∫

Γ

hεdΓ = (ln ε)−1
(

I +
∑∞

k=1(ln ε)−kJk
)

(4π(ln 4 − cE)i − ωε) (A)

Aε = A0 + (ln ε)−1A1 + (ln ε)−2A2 + (ln ε)−3AR

ωε = ω0 + (ln ε)−1ω1 + (ln ε)−2ω2 + (ln ε)3ωR
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Assumption: |Aε| < ∞ for 0 ≤ ε ≤ 1 .

⇒ ‖Φε‖
H

1
2+δ(Γ)

, ‖hε‖
H−1

2+δ(Γ)
, |ωε| uniformly bounded

(A) ⇒ A0 = 0 ⇒ φ0 = 0 , h0 = 0 , ω0 = 0

(A) ⇒ A1 = 4πi ⇒ φ1 , h1 , ω1

(A) ⇒ A2 = 4π(ln 4 − cE)i − ω1 ⇒ φ2 , h2 , ω2

(A) ⇒ AR = 4π
∞

∑

k=0

(ln ε)−kJk+2i −
∞

∑

k=0

(ln ε)−kJk+1
(

I + (ln ε)−1J
)}

ω1

−
{

I +
∞

∑

k=0

(ln ε)−kJk
(

I + (ln ε)−1J
)}

ω2

+ (ln ε)−1
{

I −

∞
∑

k=0

(ln ε)−kJk
(

I + (ln ε)−1J
)}

ωR

⇒ |AR| ≤ c1 + | ln ε|−1c2|ωR|! Universität Stuttgart, Inst. f. Angewandte Analysis u. Numerische Simulation Prof.em. Dr. Dr.h.c. W.L. Wendland



Nonlinear PDE’s, Prague 2009
15

(ΦR,hR, ωR)⊤ = A
−1
ε AR + (ln ε)−2

CεA
−1

{

(ln ε)−1A1 + (ln ε)−2A2

}

⇒ |ωR| ≤ c3|AR| + c4 ≤ (c1c3 + c4) + c2c3| ln ε|−1|ωR|

⇒ Ex. c5 and ε1 > 0 , ε1 ≤ ε0 such that for all ε ∈ [0, ε1] :

|ωR| ≤ c5 and ‖ΦR‖
H

1
2+δ(Γ)

≤ c5 , ‖hR‖
H−1

2+δ(Γ)
≤ c5 .







Φε

hε
ωε






− (ln ε)−1







φ1

h1
ω1






− (ln ε)−2







φ2

h2
ω2






= (ln ε)−3







φR

hR
ωR







‖vO − vST
ε ‖H1+δ(Ωe

2R) + ‖vOB − vB
ε ‖H1+δ(Ω)

≤ | ln ε|−3c(R, δ)
{

‖ΦR‖
H

1
2+δ(Γ)

+ ‖hR‖
H−1

2+δ(Γ)
+ |ωR|

}
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5. Boundary elments on Γ:

Γ smooth: Φ ∈ H2(Γ) , h ∈ H1(Γ)

∆ periodic partition , knots tj , j = 1, . . . , N , τj := tj + hj/2

Φ ∼ Φh ∈ S1(∆h) , h ∼ hh ∈ S0(∆h)

Spline collocation: Equations in H0(Γ)

Φh(tj) − (Kχ2,0Φh)(tj) + (Vχ2,0hh)(tj) +
1

4π
ω = 0 ,

hh(tj) + (K′
χ2,0hh)(τj) + (Dχ2,0Φh)(τj) = 0 ,

∫

Γ

hhdΓ = A

Prößdorf & Schmidt 1981, 1984

‖Φ − Φh‖
H

1
2+δ(Γ)

+ ‖h − hh‖
H−1

2+δ(Γ)
≤ ch3/2−δ

(

‖Φ‖H2(Γ) + ‖h‖H1(Γ)

)

‖p − ph‖Hδ + ‖v − vh‖H1+δ ≤ ch3/2−δ
(

‖Φ‖H2(Γ) + ‖h‖H1(Γ)

)
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Γ Lipschitz: Φ ∈ H1(Γ) , h ∈ H0(Γ)

Spline – Galerkin:

‖Φ − Φh‖
H

1
2+δ(Γ)

+ ‖h − hh‖
H−1

2+δ(Γ)
≤ ch

1
2−δ

(

‖Φ‖H1(Γ) + ‖h‖H0(Γ)

)

‖p − ph‖Hδ + ‖v − vh‖H1+δ ≤ ch
1
2−δ

(

‖Φ‖H1(Γ) + ‖h‖H0(Γ)

)
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Conclusions:

• Existence of the weak solution to the transmission problem with

vNS in H1+δ(Ωe
2R) ∩ Lq1q2(Ω

c
R) and vNSB in H1+δ(Ω) is not yet known.

• The Finn–Smith–Sazonov approximation vNS − vO , vNSB − vOB is

an open problem.

Thank you for your attention
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