SOBOLEV EMBEDDING THEOREM FOR IRREGULAR DOMAINS
AND DISCONTINUITY OF p — p*(p,n)

TOMAS ROSKOVEC

ABSTRACT. For a domain 2 C R™ we denote
go(p) ==sup {r € [1,00]; forall f: Q@ —>R: (f € W'P(Q) = feL(Q))}.

Let pg € [2,00). We construct a domain  C R? such that go(p) is discontinuous
at po.

1. INTRODUCTION

We study the Sobolev embedding theorem on domains with non-Lipschitz bound-
ary. The Sobolev embedding theorem on a domain 2 C R™ with Lipschitz boundary
claims

feWYP(Q), p#n= fecLFP(Q), where

S for1<p<n
1.1 “(p) = n=p’ - ’
(1.1) P(p) { 00, forn < p < oo.

Inspired by this theorem, we can define the function of the optimal embedding for
a domain 2 C R" as

(1.2) ga(p) :=sup{r € [l,o0]; forall f: Q—R:(f€W"P(Q)= feL(Q))}

There are a lot of results on the field of characterization of gq(p) for classes of domains.
For a Lipschitz domain 2 the function p*(p) = ga(p) is continuous and even smooth,
(see (1.1)), this was proven by Sobolev in 1938 [12]. Later, the embedding was
examined on some more problematic classes of domains by V. G. Maz’ya [9, 10], O.
V. Besov and V. P. Il'in [3], T. Kilpeldinen and J. Maly [5], D. A. Labutin [6, 7],
B. V. Trushin [13, 14] and others. For further results and motivation we recommend
the introduction by O. V. Besov [2]. Even considering somehow irregular domains,
examined classes of domains have always ¢q(p) somehow nice and continuous. We
construct a domain € such that the function of the optimal embedding gqo(p) is
continuous up to some point, has a leap at this point and then it is continuous again.
The point of discontinuity py € [n,00) and the size of the leap can be chosen as
desired.

Our work is inspired by the construction of a domain in [4], but our proof is
completely different. The original article shows the construction of such a domain
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only in case pg = n = 2 and the proof is based on change of variables. We prove the
same result by chaining Poincaré inequalities and we generalize the construction for
the point of discontinuity anywhere in [n,00). This result can be generalized to any
dimension too, but for simplicity we show the calculations only in case n = 2.

It would be nice to see explicit example of domain with a point of discontinuity
under the point of dimension, i.e. py € (1,n).

First of all, we suggest the shape of a domain {2 in dependence on parameters
such that gqo(p) is not continuous at point pg > 2 = n. We prove this statement by
verifying the embedding W'?(Q) c L) (Q) and by constructing the counterexamples
that show the optimality of go(p).

1.1. Construction of (), 3 and embedding theorem. Firstly, we construct a do-
main ), 5 C R? for parameters @ > 1,3 > . The point of discontinuity of qa,.5(p)
is po = a + 1, parameter 3 determinates the size of the leap lim; 4 qa, ,(t) —
limy - qo, 4 (1)

Let us denote by T; the family of domains in R?
Tpo= [z, ) €R?: @y (— 27001 (=277 4 2707 Y),

(1.3) c ) |
Tg € (2—1+1’2—1+1 T (1’1 4 9t i_l)az_l(ﬁ—a)i_1+a)}.

T; | 2781

-7 ;-1 . .
27V (2—1 _ 2—12)Z'—1

Figure 1. The domain T;

The shape of T is the sub-graph of y(z) = 2® function on some right neighbourhood
of 0. Let us denote open square S C R? by S := (—4,0) x (—2,2). Now we define

Qa,,@ = U T; us.
ieN
We define qq, ,(p) : [1,00) — [1,00) by
forl1<p<a-+1,

p
49, (p) = B+D
s {BH—Z fora+1<p<pg+1.

The function gq, ,(p) has a leap at po = o+ 1 of size

(a+1)?
f—a

limt—’p0+ 4o, s (t> - hmt—’Po— 40, 5 (t) =



SOBOLEV EMBEDDING THEOREM FOR IRREGULAR DOMAINS 3

° _4 !

4 T2
— 13

Figure 2. The domain ,

From (1.1) it is easy to see that qq_ ,(p) < p*(p) for p # n,p # o + 1. This property
holds for any gq(p) from (1.2), the nicer domain 2 is, the lower function gq(p) is. If
the domain 2 has Lipschitz boundary then the function ¢qo(p) = p*(p) is the lowest
possible.

Theorem 1 (Optimal Sobolev embedding Theorem for Q, 3). Let a > 0, > o and
1<p<1+p3. Then
WP (Qy,5) C L1 (Qq5).

Moreover, for every e > 0 there exists a function g : 0, 3 — R satisfying
g € WW(Qup) and g ¢ LIPHE(Q, ).

We prove the first part of Theorem 1 in Section 3. The optimality part of Theorem
1 is proven in Section 4.

We would like to thank to author’s supervisor Stanislav Hencl for introducing this
field, pointing out this problem and supporting and useful advices during work itself.

2. PRELIMINARIES

For simplicity we use notation 2 = Q3 and ¢(p) = qq, ,(p). By C we denote the
generic positive constant whose exact value may change at each occurrence. We write
for example C(a, b, ¢) if C' may depend on parameters a, b and c.

Definition 1. We define Lebesque norm || f||r() for measurable function f : Q C
R" - R,p € [1,00] as

U lm)7 forp e [1,00),
21) 17l { eSSZUPQ |f| for p = oco.

We define Lebesgue space LP(Q2) as a set of all functions with finite norm || f||rr(q)-
Definition 2. Let A C R" be an open set and v € L _(A) be a function. We call the

loc

function u : A — R™ weak derivative of v, if for all ¢ € C§°(A) we have

/A Vovdr = — /A ugdz.
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We use the notation u = Dv, u; = D;v.

Definition 3. We define Sobolev norm || f|lwieq) for function f:Q CR" = R,p €
[1,00] as

(22) |mmwm:{ (I Vooqey + it I1Dif p(ey)” Jor v € [1, 00)
max{|| fllzr); [ D1f ey, - - - |1 Dnfllo} for p = oo.

We define Sobolev space W'P(QQ) as a set of all functions with finite norm || f||wie)-

We use notation a; >~ b;, if there exists a constant K > 0 such that

1 a;

K<bi<Kforeveryi€N.

We denote the integral average by
1
o= fi=op [ r
A" 1AlJa

The following Poincaré-type inequality will be essential.

Lemma 1. Let b be a bi-Lipschitz mapping b : B(0,r) C R" — R"™ with a bi-Lipschitz
constant L > 0, and set A :=b(B(0,7)). Let 1 <p < oo, p#mn and 1 <m < p*(p).
Then there exists a constant C(n,p, m, L) such that for f € W'P(A) we have

_1 _1
|A77 || f = fallpmeay < Cln,p,m, L)r|A|77 || D fl| o).

We use the convention |A| = = 1.
Letp=mn and 1 < m < co. Then there exists a constant C(n,m, L), such that for
f e WYP(A) it holds

A7 || f — fa

Proof. In case b is identity and p = ¢ we get classical result. The more difficult case
1 < g < p*(p) can be found in [8] as Theorem 12.23 and Exercise 12.24 and with
the help of Holder’s inequality. The general case for b not being identity follows by a
simple change of variables. O

may < Clnym, Lyr| Al ||Df

Ln(A) .

3. THE PROOF OF SOBOLEV EMBEDDING THEOREM FOR (1, g

In this section we prove Theorem 1 for the case « > 1. We give the details for
a > 1 and the case a = 1 is only sketched.

Let us suppose that « > 1. Then for every i € N we define the covering of T; \ S
by domains bi-Lipschitz equivalent to balls. The proof of W'  LI®) for p < a4 1
is elementary from the Definition 3, as every function in W'? belongs to L”. Further
we suppose that p > a + 1.
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3.1. Covering of T;. We define k, = E(i)ﬁ,

a—1
B 1.1
Sij =hka2la=Ti i a1,

(3.1)

1 B=a | . _a
Tij ::§k§2’a712 Lima-.

For fixed ¢« € N we define the sequence of domains @);;, j € N
(3.2)
Qi,j = {[Z’l,.fl?z] € Tl ] - (SZ'J' — Ti,j, Si,j + TZ'J') N (—2_i2i_1, (—2_i2 =+ 2_Z)Z_1)}

|

|

|

|

|

' |

Siyj = Tij ;5 Sid T Tig

Figure 3. The covering of T;

Lemma 2 (Covering lemma). Let i € N, T; be given by (1.3) and the sequence of
domains Q; ; by (3.2). Then

(1) Qi ; are bi-Lipschitz equivalent to balls with radius r; j with the same bi-Lipschitz
constant L independent on i and j.
(1t) For fized jo there exists only a finite number of domains Q;; with non-empty
intersection with Q; j,. This number is bounded by some constant C(c, 3).
(111) For fized jo let A; ;o = Qijo N Qijo+1. There exists some constant C(a, ) > 0
[4i5| |4ij|
such that C(a, ) < @] < Gl
(iv) There exists j; o, the smallest index satisfying Q;;, .. C S, and there exists j;p,
the biggest index satisfying S;j, o + Tiji, = (=277 +270)i~1 = “height of T;”.
Estimated values are

ioo ™ 2i(ﬁfa)+i2(a71)’

(3.3) 3,

The proof is rather technical but straightforward and can be done by basic calculus,
therefore we only outline it.
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Sketch of the proof of Lemma 2. We define two bi-Lipschitz mappings:
biij :B(0,7i5) = (=rig,rig) x (0,755),
baij :(=rij, 1) x (0,755) — Qm'v
—i+1 (:c1+3” + 9 i2 71)a2 i(8—a) —1+a>

ba,ij (21, T2) = (1 + 515, 2

7]
The mapping by ; ; maps a ball to the half of a square and has bi-Lipschitz constant
L, independent on ¢ and j, its exact formula can be found easily. Let us consider

Jacobi matrices of both by ; ; and by} i

0 71} (my+ 85y + 27 i) iBa)j—1ta

1 alzy + s; +2—z j—a—19—i (—)—1+a
DbQ,i’j(;pth) — ( T4, ( 1 2J )

(1 —x2a(x1+s”+2 #y-
Db— (b21,3(1‘17I2>)— ( 0 ri(z1 + 55+ 27 - agi(f-a) j1-a

By a direct computation it is not difficult to check that all partial derivatives are
bounded by constant, i.e. the second mapping bs; ; has bi-Lipschitz constant L ;
depended on 7 and 7, and it can be estimated by L, common for all i and j. The key
observation is, that Lo ; ; is monotone sequence in both ¢ and j. We found bi-Lipschitz
mapping by ;; 0 by, : B(0,7;;) — Q;; with constant L = Ly L, and the first part is
proven.

Second part can be proven by verifying statement lim; ., s;; — ;41 = 15, for
every ¢ € N.

To prove third part we define P, ; C A; j, P j := (Sij41,8i;) X (271,27 4y 0g).
We estimate I‘Q”‘ and we easily find C(«, ) such that C(«, §) < ||gi_’3]'_|‘.

The fourth part is important for further calculations. We estimate the indexes Jio
and j; o, by definition of 7; ; (3.1). From diam(Q;, ) ~ "width of 7;\ S on left edge”
and diam(Q;j, ) ~ rij, . for ji o and diam(Q;;, ,) ~ "width of T; \ S on right edge”
and dlam(Q%]m) ~ 75, for jio we get

98,1 T —ka2za Ti ]ZTOE,
(3.4)

o

(2—i2i_1)a2—i(,@—a)i—l+a oy _kQQZﬁz ljZ g —1
which implies (3.3). O
3.2. Proof of Theorem 1 for p >a+ 1, a > 1.

Proof. We estimate the power of norm
1 1oy < U NEasy + I N Eaqu, vy < I MEags) + D 1AM amnsy-
1€EN

The part || f[|7(g) is bounded for any g € [1, 00) thanks to Sobolev embedding theorem
for Lipschitz domains W?(S) C L*®(S),p > n = 2. Therefore we have || f||7, y < C.
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For every xz € T; \ S we find j;, such that z € Qij,.- We estimate

Ji,00
HfH%q <Hf” +CZ/ |f fQi,ji’I + Z |sz‘,j _fQi,jﬂ‘)qu
J=Jix
[e’e) Ji,oo
(3.5) <C+0 / o)

q
) dzx.
By (1.3), Lemma 1 for m = oo, Lemma 2 (i) and 7, ; < 1 we have
Z [ (@4 Z R R )’
’L]ZI Qla]zz Lee L@
s Qi ™ , (Qigys o)
q
(36) <y [ (eriinsivea, )
i=1

<C Z\THIDfHWlp <C

=1

+CZ/ — fau,

By Lemma 1 and Lemma 2 (iii) we have an estimate
(3.7)

o~ fal < (f
<C({f Vo - fwldy+ Vo, - Fldy)

i j Qij-1
< C(r](/Q |Df(y)|pdy>1 +rfj21(/Qi’j_l |Df<y)|pdy>;)'

By this estimate and Hélder inequality for sums and Lemma 2 (ii) we get

fous = £y + 4 fou, = 1))

i,j—1

Ji, o0 Ji, 00

L. (3 Vo, = fal) < / (3 w7 ([ 1Dswra))
T(p . q(p 1) Ji,00 p %
(3.8) <c/ ) ng / Df(w)Pdy) ) da

Ji,o0 p—2 q(p—1)
p—1

sclﬂ!(z )

J=Ji,0
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From (3.1), (3.5), (3.6), (3.8) and (1.3) we have

o ji,oo p—2 q(p—1)
q -—20—i(8+1) p—1 P
78 < O+ O3 227 (3 45)
i=1 J=Ji,0
ad Jiroo a(p=1)
B—a 2 al(p—2 apP=2)
<C+Cy i st g (U~ o) (X j %) '
=1 J=7Ji,0
We estimate the sum over j as an integral and we get
Ji,o0
a2 _atlop g i (=D (a+1-p)
(3.9) E J @G < C[x(a o= 1)} < 02" @D |
10
] ]'LO

where the integral can be estimated by smaller index (that is j;o by (3.3)) since
p > «a + 1. Finally we put the estimates together and we get

a(p—1)

o0
2g+2 (B—o)a(p—2) (B—1)(at+1—p)
00y < €+ C 3o (oo (istt) o
=1

<oy iy o)

i=1

(B+L)p
B+1-p°

Let us consider the case v = 1. We have to change the definition (3.1) of s; ; and
r; ; and the definition (3.2) of Q;; as

The proof is done, because the sum is finite if ¢ <

j—1
(3.10) P o= rio(1+ 2—1’(5—1)—1)j7 for 7, = 9—i?=i(B-1)-1;-1 411 Sij = Zrm-
k=0
We define @); ; as trapezoids with average of basis equal to height and half of this
height we denote by r; ;, that is
Qi,j = E N {.77 c RQ Xy € (81'7]' — 7'1'73', Si,j + 7'1'7]')}.

Let us denote, that the sequences r; ; and s; ; are strictly decreasing with respect to

|

' |

: |
Qi I
z,g |

: |

|

1

=1 . J—1 J
k=0 Tik = Tij Zk:ori,k Do Tik

Figure 4. The domain @); ;
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index 7 in case o > 1, but these sequences are strictly increasing in case o = 1.
The Lemma 2 holds and it is proven in the same way as for a > 1, only the indexes
of border @); ; are
ji,oo =-1
and by analogy of (3.4)

271 ~ Tijio = (1 + Q_i(ﬁ—l)—l)ji,oz—iQ—i(ﬁ—l)—li—l

we get

In(2) (3% —4)
In(1 + 2-A-D-1)
The idea of chaining Poinceré inequality is analogous, and after easy modification we
get our result. We can copy all arguments and calculations from (3.5), (3.6), (3.8),
then we use (1.3) for a = 1, new definition of r; ; and estimates for j; o, ji o and we
get

ji,O =

Ji,0 p—2, =1
-—20—i(8+1 p—1 P
11 <C+OZ e DI
=1 J=Ji,00
<C+C Z Z“W2—1‘(1+ﬂ)+(—z‘2—¢(5_1))%

i=1

( In(2) (7, —1) )

In(1+2~ i(B—1)— 1y 1 a(p—1)

I

<(1 +2—z(6 1)— l)p 1
(14 2-16-D-1)5=1 _1
where the final term comes from the sum of geometric series. The right hand side

can be estimated and after easy calculation we have

2p+q(p—2) .q(B+1-p)—(B+1)p
||f||Lq(m<C+CZz 20 Y

=1

The right hand side is finite if ¢ < -2 ((B; Q and the proof is done.

The complete proof for a =1 Wlth all details can be found in [11]. O

4. OPTIMALITY OF ¢(p) FOR Q3

Proof of the optimality. We construct the function g by the choice of the proper func-
tions g; : T; — R and the sequence d; of positive numbers. We denote ¢ := ¢(p) + .

We define
0 for (xq,x9) € S,
9(x1,72) = .
digi(z1,22) for (x1,22) € T;\ S,Vi € N.
Clearly
(4.1) gl o = > ENGillone, and gl =D dillgill e,
i=1 i=1

The choice of g; and d; depends on p and « + 1, so we split the proof into two parts.
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4.1. The case p < a + 1. Let us consider p € [1,a + 1). We define
(4.2) gi(x1,22) = <x1 + 271’22"1)_ — (277 for (z1,22) € T3\ S,

i(B+1) 2

dy = (2772 0 g

For fixed 7 € N we estimate the norm in space L4(T;). By (1.3) the width of T; for
x € (—i'2” P2 2—2*1'2)) is

and we get
(4.4)
2 Z—_Q*ZQ .
Hgi”%q(Ti) = / ’(a:l + 2—1%’—1)—04 . (2—1'2@'—1)—04 [(xl)d$1
0

(g + 277N im0 gy

0
9-i_g-i

We can see that the important part is only some left neighbourhood of =—=—,
which determine the size of integral. We estimate

g—i_g—i’

(4.5) Hgi”%q(Ti) ~ / (Q_izi_l)_o‘q (;pl + 2—i22~—1> gia—ifjo=1 g,
0

R S
~ 9 222 ag—i zﬁ‘

By (4.2) we get
”g”%q(g) = Zd’?ugiH%Q(Ti) Z CZiOZO = OQ.
i=1 i=1

We need to prove the convergence of ||g||}1.q v(.- First of all we estimate

il < 2max{lgl1% e 1Dl -

The estimate of the norm of g; in LP(T;) is analoglcal to (4.5), by interchanging the
role of p and ¢ we get
‘ap—26i2ap—i—i
||gz‘||1£p(Ti) SEE AP

We use ¢ = ¢(p) + ¢ = p+ ¢ and estimate the norm of g in LP()

N 1 P <CZ 2(27-19) 5 < o,
=1

Let us express the norm of g; by derivative

I1DaiCer. sy = |

T;

891'(951,332) P
8:161
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The estimate is similar to (4.4). The proof splits in two cases, firstly, we consider
p > 1 and we get

A

g—i_g—i?

< / ' (xl+2422-71)a+p(—a—1)2i(fﬁ+a)ia71d$1

) -~ a (2 2 2~ z )
<C2z(*ﬂ+0¢)ia71 |:(.CL' 2~ i2 71) (1=p)( +1):|
0

We can see analogously to (4.5), that the important part is only some right neigh-
bourhood of 0, so we estimate

1P < (plat)gi(=f+a)—i*(1-p)(a+1)
1Dgill o,y < Cli 2 '
It follows that

> - : B+L)py .
1PNz 0 = de Dgill5 g,y < Y Citta ettt TP < o

=1

The proof of finiteness of the norm in case p = 1 is similar, except the estimate in
(4.6) involves [(z1 + C)~' =log|z; + C|. It is easy to finish the proof in this case
too.

4.2. The case p > o+ 1. We define

gi(x1,12) = (:cl + 27122_1)& — (277 Y for (z1,35) € T} \ S,

(4.7)
d; =2 (ﬁHJ“a)zaJr%.
We use (4.1), (4.3) and we estimate the norms of g; as in previous case. Analogously
to (4.4) and (4.5) we have
g—i_g—i2
q ' N —i2.~1yal|?
ooy = [ Jre i) - et i),
0
(4.8) a=i_p—i’

7 (¢+1)a . .
~ / (x1 19 *1) gia—ifja=l .
0

~ j-a—29—i(ga+1+0)

We estimate [|g||7, . by

gl = quugznw >0) 2" = oo
=1

Now we need to prove the convergence of norm of g and Dg in LP(£2). Analogously
o (4.8), by interchanging the role of p and ¢ we get

Hgin ~ jmap—29—i(pati+f)
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We use ¢ = q(p) + € > p+ € and we estimate the norm of g in LP({2)

—25—i—if\ =L
HgHI[?,P(QQ) = Zdﬂlgiuip(n) < CZ(Z 2277 < oo
i=1 i=1

Let us express the norm of g; by derivative and we estimate

—i_g—i?

< / ! (5191 + 2—i2i—1)(a_l)p+a2i(—ﬁ+a)ia—1dl,1
0

[152] <

9g—i_o—i’

<C2'(=Hreljo- [(a:1+2—i2r1)"”‘7’+"““]

< OP(-atl)=29i(—ap+p—pF-1)

0

It follows that

p—29—P 4 1)p=¢
||D9||22p(ga) = deHDgiHip(Ti) < ZCZP .2 (p+(ﬁ+ ) ) < o9,
i=1 i=1

where the finiteness follows from ¢ = (fff)ﬁ +e. O
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