NMSA409, topic 4: spectral decomposition

Theorem 4.1: A complex function R(t), t € Z, is an autocovariance function of a weakly stationary
random sequence if and only if

™

R(t) = / NAF(N), tez,
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where F' is a bounded right-continuous non-decreasing function on [—, 7] such that F(—m) = 0.
The function F is determined uniquely and it is called the spectral distribution function of a random

sequence. If F' is absolutely continuous w.r.t. the Lebesgue measure on R we call its density f the spectral

density. Tt follows that F'(\) = f:\ﬂ f(z)dz, f = F" and

R(t) = /W P fF(N) AN, teZ.

—T

If F is piecewise constant with jumps at points \; € (—m, 7] of the magnitudes a; > 0 then

R(t) = E:aieit’\"7 teZ.

Theorem 4.2: A complex function R(t), t € R, is an autocovariance function of a centered weakly
stationary Ls-continuous stochastic process if and only if

R(t) = / NAF()), teR,
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where F' is a right-continuous non-decreasing function such that lim, ,_ ., F(z) = 0 and lim,_, o, F(z) =
R(0) < o0.

The function F' is determined uniquely and it is called the spectral distribution function of a Ls-
continuous stochastic process. If F is absolutely continuous w.r.t. the Lebesgue measure on R we call its
density f the spectral density. It follows that F'(A\) = f:\w f(z)dz, f = F" and

oo

R(t) = / e F(N) N, teR.
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If F' is piecewise constant with jumps at points A; € R of the magnitudes a; > 0 then

R(t) = Zaieiw‘f’, teR.
i

Theorem 4.3: Let {X;,t € Z} be a weakly stationary sequence with the autocovariance function R(t)
such that Y., _ |R(t)] < co. Then the spectral density of the sequence {X;,¢ € Z} exists and is given
by

—00

oo

1 .
=5 e R(t), Ne[-m, 7).

t=—o00

)

Theorem 4.4: Let {X;,t € R} be a centered weakly stationary Lo-continuous process with the autoco-
variance function R(t) such that [*_|R(t)|dt < oo. Then the spectral density of the process {X¢,t € R}
exists and is given by

fon) ! /oo e AR(t)dt, AER.

:ﬂ .

Exercise 4.1: Let {X;,t € Z} be a sequence of uncorrelated centered random variables with finite positive
variance o2. Determine the spectral density of the sequence.

Exercise 4.2: Consider a real-valued centered random variable Y with finite positive variance ¢ and
a random sequence defined as X; = (—1)'Y, ¢t € Z. Decide whether the spectral density of this sequence
exists. If it does, find a formula for it.

Exercise 4.3: The elementary process {X;,t € R} is defined as X; = Yel“! t € R, where w € R is
a constant and Y is a (complex) random variable such that EY = 0 and E|Y|? = 62 < co. Discuss the
stationarity of the process {X;,t € R} and determine its spectral density.



Exercise 4.4: Determine the spectral distribution function and the spectral density (if it exists) of the
Ornstein-Uhlenbeck process {U;, ¢ > 0} defined by the formula

Ut = eiat/2Wexp{at}7 t > 07

where « > 0 is a parameter and {IW;,t > 0} is a Wiener process.

Exercise 4.5: Let {N;,t > 0} be a Poisson process with the intensity A > 0 and let A be a real-
valued random variable with zero mean and variance 1, independent of the process {Ny,t > 0}. Define
X; = A(=1)Mt, t > 0. Determine the spectral distribution function and the spectral density (if it exists)
of the process {X;,t > 0}.

Exercise 4.6: Let {X;,t € R} be a centered weakly stationary process with the autocovariance function
R(t) = cost, teR.

Determine the spectral distribution function of the process.

Exercise 4.7: Let {X;,t € R} be a centered weakly stationary process with the autocovariance function
R(t) = exp{\(e'' = 1)}, teR,

where A > 0. Determine the spectral distribution function of the process.

Exercise 4.8: Let {X;,t € R} be a centered weakly stationary process with the autocovariance function

1

R(t) = -

teR.

Determine the spectral density of the process.

Exercise 4.9: Let {X;,t € R} be a centered weakly stationary process with the autocovariance function
R(t) = cexp{—at®}, teR,

where a and ¢ are positive constants. Determine the spectral density of the process.

Exercise 4.10: Determine the autocovariance function of a weakly stationary sequence with the spectral
density

A
f(\) = acos 3 A€ [—m, 7,
where a > 0 is a constant.

Exercise 4.11: The centered weakly stationary process {X;,¢ € R} has the spectral density
fO) =c1{ < |A| <2X}, AER,

where ¢ and )y are positive constants. Determine the autocovariance function of the process.

Exercise 4.12: Determine the autocovariance function of the centered weakly stationary process {X;,t €
R} with the spectral distribution function

0, A< b,
FO) =S (A+ba, —b<A<b,
2ab, A >,

where a > 0 and b > 0 are constants. Discuss the Lo-properties of the process.

Exercise 4.13: Determine the spectral density of the weakly stationary sequence {X;,¢t € Z} with the
autocovariance function
R(t) = % . ﬁ for even values of t,
0 for odd values of t.
Exercise 4.14: Let {X,,t € Z} and {Y},¢t € Z} be independent weakly stationary sequences with the
spectral densities fx and fy. Consider the sequence Z; = X; + Y;, t € Z. Show that the sequence
{Z;,t € Z} has the spectral density of the form fz = fx + fy.



