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PROBLEMS TO CHAPTER V

PROBLEMS TO SECTION V.1 — LINEAR TOPOLOGIES AND THEIR GENERATION

Problem 1. Let X be a vector space and let A C X be a nonempty set. Show that A is
convex if and only if (o + 8)A = aA + BA for each «, 5 > 0.

Problem 2. Let X be a vector space and let 7 be a topology on X.

(1) Show that T is translation invariant if and only if the addition on X is separately
continuous (i.e. x — x + y is continuous for each y € X).

(2) Find X and T such that the addition is continuous (in both variables simultane-
ously, as a mapping X x X — X)) but the multiplication is not continuous.

(3) Let T be translation invariant and let there exist a base of neighborhoods of zero
consisting of convex sets. Show that the addition is continuous (in both variables).

(4) Find a topology on R? in which the addition is separately continuous but not
continuous.

Hint: (2) Consider the discrete topology. (4) Consider, for example, a neighborhood base of
zero made by sets {(0,0)} U {(x,y);|y| < |z| <7}, r > 0.

Problem 3. Let X be a vector space and let p be a translation invariant metric on X.
Show that p generates a linear topology on X if and only if
lim sup p(Az,0) =0.

T=0 \eF,|\<1

Find a translation invariant metric failing this condition.

Problem 4. Let X be a vector space. Let U be the family of all the absolutely convex
absorbing subsets of X.

(1) Show that U is a base of neighborhoods of zero in a Hausdorff locally convex
topology 7 on X.

(2) Show that this topology 7 is the strongest locally convex topology on X.

(3) Show that any convergent sequence in (X, 7T ) is contained in a finite-dimensional
subspace.

Hint: (3) Suppose it is not the case. Then there exists a linearly independent sequence ()
which converges to zero. Complete this sequence to an algebraic basis of X . Describe an absolutely
conver absorbing set, not containing any of the vectors y.

Problem 5. (1) Let A C R? be balanced and absorbing. Show that A + A is a nei-
ghborhood of zero (in the standard topology).
(2) Find a balanced absorbing A C R?, which is not a neighborhood of zero.
(3) Using the previous two points deduce that the family of all the balanced absorbing
subsets of R? is not the base of neighborhoods of zero in any linear topology on
R2.
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Hint: (1) Show that A+ A contains a rectangle of the form [—a,a] x [—b, b].

Problem 6. (1) Show that the convex hull of a balanced subset of a vector space is
again balanced, and hence absolutely convex.
(2) Show that the balanced hull of a convex set need not be convex.

Hint: (2) Consider a suitable segment in R?.

Problem 7. Let X be the space of all the Lebesgue measurable functions on [0, 1] (with
values in IF; we identify the functions, which are equal almost everywhere). For f, g € X
set

o(f,g) = / min{1, |f — gl}.

(1) Show that p is a metric generating a linear topology on X.

(2) Show that the convergence of sequences in the metric p coincide with the conver-
gence in measure.

(3) Is the resulting topology locally convex?

Hint: (1) Show that the operations are continuous using the convergence of sequences. (3)
Show that for each r > 0 the convexr hull of the set {f € X;p(f,0) < r} is the whole X.

Problem 8. Let X be a TVS and let A C X be a balanced set with nonemptu interior.

(1) Show that int A is balanced if and only if 0 € int A.
(2) Show on a counterexample that int A need not be balanced.

Problem 9. Let (X,7) be a TVS and let A C X be nonempty. Show that
A=(WA+U;U€T(0)}.

Problem 10. Let (X, 7) be a non-Hausdorff TVS.

e Denote Z = {0} = () 7(0). Show that Z is a vector subspace of X.

e Let Y = X/Z be the quotient vector space and let ¢ : X — Y be the cano-
nical quotient mapping. Let R be the quotient topology on Y (i.e., R = {U C
Y;:q Y (U) € T}). Show that (Y, R) is a HTVS.

e Show that (Y, R) is locally convex if and only if (X, 7) is locally convex.

PROBLEMS TO SECTION V.2 — BOUNDED SETS, CONTINUOUS LINEAR MAPPINGS

Problem 11. Let X be a TVS and let A C X. Show that A is bounded if and only if
each countable subset of A is bounded.

Problem 12. Let X be a TVS and let A, B C X be bounded sets. Show that the sets
AUB, A+ B, A, b(A) are bounded as well.

Problem 13. Let X be a LCS and let A C X be a bounded set. Show that the sets co A
and aco A are bounded as well.

Problem 14. Let X = L?([0,1]) where p € (0,1). Show that A = {f € X; | f||, < 1} is
a bounded set whose convex hull is not bounded.

Hint: Show that coA = X.

Problem 15. Let X be a normed linear space and A C X. Show that A is bounded as a
subspace of the TVS X if and only if it is bounded in the metric generated by the norm.



Problem 16. Let X be a TVS whose topology is generated by a translation invariant
metric p.
(1) Show that any set A C X bounded in X is bounded in the metric p as well.
(2) Show that a set A C X bounded in the metric p need not be bounded in the TVS
X.

Hint: (2) The metric p itself may be bounded.

Problem 17. Consider the space of test functions Z(2) with the topology from Example
V.5(2). Let A : 2(Q2) — F be a linear functional. Show that A € 27(Q) if and only if A

1S continuous.

Problem 18. Consider the space (X, 7) from Problem 4. Show that any linear functional
L : X — F is continuous.

Problem 19. Let X = F' and let A C X. Show that A is bounded in X if and only if it
is ,pointwise bounded“, i.e., if and only if the set {z(v);z € A} is bounded in F for each
vel.

Problem 20. Let X = C([0,1]) equipped with the topology of pointwise convergence, let
Y = C([0,1]) equipped with the topology generated by the metric p from Problem 7 and
let L: X — Y be the identity mapping.
(1) Show that L maps bounded sets to bounded sets.
(2) Show that L is sequentially continuous (i.e., f, — f in X implies Lf, — Lf in
Y).
(3) Show that L is not continuous.

Hint: (1) Let A C X be bounded. For n € N set F,, = {x € [0,1;Vf € A:|f(x)| < n}. Show
that F,, are closed subsets of [0,1], whose union is the whole interval [0,1]. For ¢ > 0 choose
n € N such that \([0,1] \ Fy,) < 5; and m > n such that > < 5. Show that then L(A) C m{g €
Y;p(9,0) < e}. Deduce the boundedness of L(A) in'Y . (2) Use Lebesgue dominated convergence
theorem. (3) Let U = {f € Y;p(f,0) < 3}. Then U is a neighborhood of zero in'Y. Show that
L~Y(U) is not a neighborhood of zero in X. (For any finite F C [0,1] find f € C([0,1]) such that
flr =0 but f =1 on a set of measure at least %)

Problem 21. Let X be a TVS and let (x,,) be a sequence of elements of X. Show that the
sequence (x,) is bounded in X if and only if for any sequence (A,) in F one has A, — 0
= A\Tp — O.

Problem 22. Let X be a metrizable TVS and let (z,,) be a sequence of elements of X.
Show that there exists a sequence of strictly positive numbers (\,) such that \,z,, — o.

Hint: Let p be a metric generating the topology on X. Show and then use that tlil(])aJr plo,tx) =0
—
for each x € X.

Problem 23. Is the assertion from Problem 22 true also for non-metrizable TVS?

Hint: Consider the space from Problem 4.

Problem 24. Let X be a TVS, whose topology is generated by a translation invariant
metric p. Let (z,,) be a sequence of elements X converging to zero. Show that there exists
a sequence of positive numbers ()\,) such that A, — oo and \,z, — o.

Hint: By the translation invariance of p it follows p(o,nz) < np(o,x) for x € X andn € N.



Problem 25. Is the assertion from the previous problem valid for a general TVS?

Hint: Consider, e.g., X = cg or X = P for p € (1,00) with the weak topology (see Section
VI.1), let (xy,) be the sequence of canonical unit vectors.

PROBLEMS TO SECTION V.3 — FINITE-DIMENSIONAL AND INFINITE-DIMENSIONAL
SPACES

Problem 26. Show that any finite-dimensional TVS is locally convex.

Hint: For a Hausdorff space use Proposition V.9. For the general case use Problem 10.

Problem 27. Let X be a vector space of infinite dimension. Show that on X there exists
a Hausdorff linear topology, which is not locally convex.

Hint: Let (ej)jcs be an algebraic basis of X. Choose p € (0,1) and define a metric on X by

p(X-ajej, Y bje;) = > |a; — b;fP.

Problem 28. Let X be a metrizable TVS of infinite dimension. Show that there exists
a discontinuous linear functional on X.

Hint: Use an algebraic basis of X and Problem 22.

Problem 29. Is there a a discontinuous linear functional on each infinite-dimensional
HTVS (or HLCS)?

Hint: Use Problem 18.

PROBLEMS TO SECTION V.4 — METRIZABILITY OF TVS
Problem 30. Let X be a vector space over F and let p : X — [0,00) be an F-norm on
X.

(1) Show that the formula p(x,y) = p(z — y) defines a translation invariant metric on
X, which generates a linear topology na X.

(2) Show that the family {{x € X;p(x) < thne N} is a base of neighborhoods of
zero in this topology.
Problem 31. Let X be a vector space over F and let ¢ : X — [0,00) be a quasinorm
on X, i.e., a mapping with the following properties:
eVre X :q(z)=0< x=o;
o Vz e XVAeF:qg(\x)=|Aq(z);
e IC > 1Vr,y e X : q(z +y) < Clq(x) + q(y)).
(1) Show that the family {{x € X;q(x) <r}re (0, oo)} is a base of neighborhoods

of zero in a linear topology on X.
(2) Show that this topology is metrizable.
(3) Show that x,, — x in this topology if and only if ¢(z, — z) — 0.

Hint: (2) Show that there exists a countable base of neighborhoods of zero.

Problem 32. Let X be a vector space over F, let ¢ : X — [0,00) be an F-norm on X
and let p € (0,1). We say thate ¢ is a p-norm, if g(Ax) = |M\|" ¢(z) for each x € X and
AeF.

(1) Show that the function f — ||f||, is a p-norm on LP(u).



(2) Show that the function f (Hpr)l/p is a quasinorm on LP(u).
(3) Let ¢ be a p-norm on X. Show that ¢'/? is a quasinorm on X and estimate C'.

Hint: (2) is a special case of (3). Set o = %. By analysing monotonicity of a suitabale function
show that a® + b* < (a + b)® < 24 1(a® + b%) whenever a,b > 0.

Problem 33. Let X be a TVS and let p be an F-seminorm on X. Show that p is
continuous if and only if it is continous at zero.

Problem 34. Let X be a TVS and let U be a neigborhood of zero. Show that there
exists a continuous F-seminorm p on X such that {z € X;p(z) <1} C U.

Hint: Let (V,) be sequence of balanced neighborhoods of zero satisfying Vi + Vi C U and
Vot1 + Vg1 CVy, forn € N. Apply the construction from the proof of Proposition V.14 to this
sequence.

Problem 35. Using the previous problem show that any TVS is completely regular.

PROBLEMS TO SECTION V.5 — SEMINORMS, MINKOWSKI FUNCTIONALS,
F-SEMINORMS

Problem 36. On a counterexample show that the Minkowski functional of a balanced
neighborhood of zero need not be continuous.

Hint: It may happen that there is x € X and numbers 0 < a < b such that the segment {tz;t €
[a,b]} is contained in the boundary of a given balanced neighborhood of zero. A counterezample
may be constructed already in R?.

Problem 37. Let X be a TVS, let A C X be a balanced neighborhood of zero and py4
its Minkowski functional. Show that the following three conditions are equivalent:

(i) pa is continuous on X;
(ii) For each z € A one has {tx;t € [0,1)} C int 4;
(iii) int A = {z € X;pa(z) <1} & A= {x € X;pa(x) < 1}.
Problem 38. Let X be a TVS, let A C X be a subset containing the origin and let
p € (0,1). We say that the set A is p-convex if
Ve,y € AVs,t €[0,1]: "+t =1= sz +ty € A.

(1) Let A be p-convex, let x1,...,x, € Aandlet t1,...,t, € [0, 1] satisfy t{4---+tF =
1. Show that t;z1 +--- + t,z, € A.
(2) Let 0 < p < ¢ < 1. Show that
A convex = A g-convex = A p-convex.

(3) On an example demonstrate that a p-convex set need not be convex.
(4) Let A be a p-convex neighborhood of zero. Show that its Minkowski functional is
continuous.

Hint: (1) Use the mathematical induction. (2) Use that 0 € A. (3) Consider for example the
set {f € LP([0,1]);[|f|l, < 1}. (4) Use the characterization from the previous problem.

Problem 39. Show that the topology from Problem 4 is generated by the family of all
the seminorms on X.

Problem 40. Let X be a vector space and let P be a family of F-seminorms na X.



(1) Show that the family

{{x 6 X7pl<x) < cl?"‘7pk<x) < Ck};pl?"'7pk 6 P,Cl,---,ck > O}

forms a base of neighborhoods of zero in a linear topology on X.

(2) Show that the F-seminorms from P are continuous in this topology.

(3) Show that this topology is Hausdorff if and only if for each z € X \ {0} there
exists p € P such that p(z) > 0.

Problem 41. Let (X, T) be a TVS. Let P be the family of all the continuous F-seminorms
on X. Show that the topology generated by the family P in the sense of Problem 40 equals
T.

Hint: Use Problem 34.

Problem 42. Let X be a vector space. Show that on X there exists the strongest linear
topology and that this topology is Hausdorft.

Hint: Apply the construction from Problem 40 to the family of all the F-seminorms on X.

Problem 43. Let X be a vector space of countable algebraic dimension. Show that the
strongest linear topology on X is locally convex.

Hint: Let T be the topology from Problem 4. Show that each F-seminorm on X is continuous
in T : Let p be an F-seminorm on X and let (e,) be an algebraic basis. For each € > 0 show that
there is (t,,), a sequence of strictly positive numbers such that aco {tne,;n € N} C {x;p(x) < €}.

Problem 44. Let X be vector space of uncountable algebraic dimension. Show that the
strongest linear topology on X is not locally convex.

Hint: Show that the F-seminorm defined as in the Problem 27 is not continuous in the topology
from Problem 4.

PROBLEMS TO SECTION V.6 - F-SPACES, FRECHET SPACES, TOTALLY BOUNDED SETS

Problem 45. Let X be a TVS and let A, B C X be totally bounded subsets. Show that
the sets AU B, A+ B, A, b(A) are totally bounded as well.

Problem 46. Let X be a TVS, whose topology is generated by a translation invariant
metric p. Show that a set A C X is totally bounded in the TVS X if and only if it is
totally bounded in the metric p.

Problem 47. On a counterexample show that in an F-space which is not locally convex,
the closed convex hull of a compact set need not be compact.

Hint: A counterexzample may be constructed for example in LP([0,1]) for p € (0,1): Choose

strictly positive numbers €, n and 0 such that p < ﬁ, g < p, 6 < e and 526 < p. For

n € N set x, = nl%n; Jo = 1" X (1) and = ﬁ Show that f, — 0 in LP([0,1]), and

so {0, f1, f2, f3,...} is a compact set. Further show, using the elements %, that the

convex hull of the mentioned compact set is an ubbounded set in LP([0, 1]).



PROBLEMS TO SECTION V.7 — SEPARATION THEOREMS
Problem 48. Let X = L?([0, 1]) where p € (0,1). Show that X* = {0}.

Hint: Show that the only two convex open sets in X are O and X.

Problem 49. Let X = 7 where p € (0,1). Show that for each sequence x = (x,,) € (*°
the formula

Spm(y> = Zmnym Yy = (yn> €,
n=1

defines a continuous linear fuctional on . Show that the mapping  — ¢, is a linear
bijection of /> onto X*.

Problem 50. Let p € (0,1). Show that ¢? is isomorphic (even linearly isometric) to a
subspace of LP(]0,1]). Using the two previous problems demonstrate on a counterexample
that a continous linear functional on a subspace of a TVS need not admit a continous
linear extension to the whole space.

Problem 51. Let X be a normed linear space of infinite dimension. Show that in X there
exist two disjoint convex sets which are dense in X (and hence they cannot be separated
by a nonzero element of X*).

Hint: Use the existence of a discontinuous linear functional.

1/2
Problem 52. Let X = C([0, 1]) be equipped with the L*norm (ie., || f] = ( I f|2> ).

For a € R define Y,, = {f € X; f(0) = a}. Show that (Y,;« € R) is a pairwise disjoint
family if dense convex sets. Show that for a # 3 the sets Y, and Y3 cannot be separated
by a nonzero element of X*.

Problem 53. Let X = ¢g or X = (? for some p € [1,00) (consider the real version of
these spaces). Let @ = (x,) € X be an element with all the coordinates strictly positive
and let y = (%) € X. Set

A={z=(z,) € X;VneN:z, >0}, B ={—x +ty;t € R}.

Show that A and B are disjoint closed subsets of X, which cannot be separated by a
nonzero element of X*.

Hint: Proceed by contradiction: Let f € X*\ {0} satisfy sup f(B) < inf f(A). Show that
necessarily f >0 on A and inf f(A) = 0. The funkcional f can be represented by an appropriate
sequence (by an element of {1 or £ where % + % = 1), show that all the entries of this sequence
have to be non-negative. By the assumption inf f(B) < 0 deduce f(y) = 0, hence f = 0, a
contradiction.



