HOMEWORK: PART 1

Rules: This is the first set of problems you must solve in order to pass the tutorial. Below
you find five Problems that should be solved. Solution to each Problem is supposed to be
uploaded into SIS. Deadline for upload is emphasized after each Problem formulation and
the deadline is sharp.

Problem 1: a) Show that for any Lipschitz domain Q C R? with d > 2 the
embedding W4(Q) — L*°() does not hold.

b) Show that if u € W14(Q) then it has bounded mean oscillations, i.e., for any
q € [1,00), there exists a constant C' such that for all balls Br(zo) C €2, we have

1 q
" Baao) </BRW ) dy)

dz < C(g, d)||Vull
It is important to emphasize that C' is independent of o and R! The space of
functions having bounded mean oscillation is denoted by BMO, or sometimes John—
Nirenberg spaces.

1

|Br(20)| J Br(x0)

q
L4(Q)”

Hint: a) Let 2y € Q. Consider a function u(z) := f(|z—x¢|). Find proper function
f (it should satisfy f(s) — oo as s — 04), for which one can prove the counterex-
ample, i.e., for which u € Whe,

b) Fix ¢ € [1,00). Mimic the proof of the Poincaré inequality and show the state-
ment for a fixed ball By(0) - trace the constant C! Re-scale the result to a general
ball BR(I()).

DEADLINE: November 6

Solution: a) Let us assume that o € Q. We consider the function u(x) :=
Inln(1 + |z — 29| ~1). This function is smooth except the point ¢ and in addition,
we see that u ¢ L>(Q2). On the other hand we show that u € W14(Q). For
simplicity, we consider zo = 0. For z # 0, we also have
x
Vu(x) = — .
= Rl D Rl

Next, we need to show that Vu is really a weak derivative (gradient), that |Vu| € L2
and that also u € L?. For the integrability claim, we may compute - note that since
) is Lipschitz, we surely know that Q C Br(0), where By is a ball in R?

1
d d —1yd
u|® + |Vu de/ Inln(1 + |z + dx
Jype 9t do < [ b4 e+
i d—1 1\|d 1
<C(d " Inln(1 - — - d .
7(}()/0 P nin(L 4 ()OI 4 ey dr < oo

Thus, it remains to show that Vu is the weak derivative. To show that let us

consider gy > 0 such that B.,(0) C Q. Then for all € € (0,&q), we have B.(0) C

as well. Then for any ¢ € C3°(€2), we may compute (considering only sufficiently
1



2 HOMEWORK: PART 1

small € and by using the Lebesgue dominated convergence theprem and the fact
that w and |Vul| are integrable and the classical integration by parts formula for
smooth functions on Q\ Bjyarepsiion)

. 3@ . ou / Z; ou
u = lim = — lim — g = — —,
q Oz; e=04 Jor B, ;" e=0+ Jo\B. oz; " oB. || 7 Q 0a;”

where the last equality follows from the fact that

/ xX;
7'&%0
OB. |x‘

as € = 04. Hence, Vu is really the weak derivative.

< C(p,d)e?Hnegld =0

b) Let us assume that the following inequality holds true for all v € W4(B;(0))

1
" o) </Bl<o> " dy)
< C(q,d) ( /B . |Vv(x)ddx>

Next, assume that u € W19(Q) and that Br(zo) C Q. We define
v(x) := uw(Rx + xg).

q

1
dx

|B1(0)] /35,0

(1.1)

q
d

Then v € W14(B;(0)) and we may use (1.1). In details, we use the substitution
theorem to observe

1 1
m Br(zo) U(x) - m <~/BR(IO) U(y) dy)
o ; ! _a i
0] </Bl(o> (y)dy> dr < Clad) </Bl<0>'v (@)l )

= C(q,d) </B o |Vu(x)|ddx>

d
Thus, it remains to prove (1.1). Let us define

1
w(l‘) = rU(x) |Bl( )| B1(0)

q
dz

d

1
~ Bi(0)] Bl(O)

= C(q,d) ( / RY|Vu(Rzx + xo>ddx>
B1(0)

v(y) dy

then (1.1) is equivalent to

aq
d

1.2 w4 der 9 w(z)|%dz
(1.2) /]31(0)| (@)'d sc*(q,d)(/&(o)w <>|d> ,

where w € W4(Q) and J5,(0) w(x) dz = 0.
We show two possibilities. In the first case, we may use the standard Poincaré
inequality to get (recall that w has zero mean value)

lwllwras, o) < CA)|VwlLas, o)
Next, we can use the embedding W1?(B;(0)) — L%(B;(0)) to get

|| (B, (0y) < C(d, @) |wllwracs, oy < Cd, q)|Vwl Lacs, o)),



HOMEWORK: PART 1 3

where the second inequality is just the Poincaré inequality. Hence, we see that
(1.22) holds true.

Another option is to prove (1.22) by contradiction. Hence, let us assume that
for all n € N there exists w™ € W14(B;(0)) fulfilling fBl(O) w™ = 0 such that

[w™ || La(B, 0)) > VW™ ([ Lacs, (0))-

Surely, w™ #= 0, hence we may define

n

no.__ w

Thus, we have ||w"|1,4 =1 and
[w™{[La(B1(0)) > 1l VW™ || La(B, (0))-
Using the embedding W14 — L7 we also have |w"||, < C|lw"||1.4 < C, and thus
n||Vw™ HLd(Bl y < C.
Using the compact embedding W% << L4 we deduce that for a subsequence
w" — w strongly in L4(By(0)).
Moreover, from the above inequality, we have
Vw"™ — 0 strongly in L%(B;(0); RY).
Furthermore,
ool = T [l — [V = lim 1~ Ve = 1.

Since, Vw = 0 we know w # 0 is constant. On the other hand [w = 0 which is a
contradiction.

Problem 2: Consider the following problem:

0%u Pu  0\/1—|z]

_ AN 07/ N PN 2 S R VA b B

(221 — o) — 4 + (21 + 322) =— Ou =0 on 052,
8 X1 a T2

where 0 C R? is a unit ball centered at zero. Write down the weak formulation of
the above problem. Show that if the weak solution is smooth then it satisfies the
above problem.

Hint: Follow the example given during the lecture.

Solution: First, we want to rewrite the problem into the form
— div(AVu) + bu + &- Vu + div(du) = f.
Applying the derivatives, we get the identity

aA” au = B
Z zjaxam] Z + (b+divd)u+ (E+d)-Vu=f

Ox; O
i,j
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Comparing it with the setting of the Problem 2, we see that the parameters must
be set in the following way

Api(z) =1+ [z, Agp(z)=(4— |15\2) Au( )+ Agi(z) =0,

b+divd=0, &= Z 833 =

Next, we evaluate the Neumann (or Newton) condition on the boundary. We use
the explicit for of the normal vector 7 = (z1, z2), and we have for all z € 02 that
(note that || = 1 on the boundary)

(—A@)Vu(z) + d(z)u(@)) - @

(1.3)

0 0 0 ou -
= —$1A1167;1 - $1A1287;2 — 22A9; 8;1 — 220 3 ( )(dl( )331 + d2(£)$2)
0 0
——(2x1+x2A21)8—::1—(3x2+x1A12)6—;+u 2)(dy(2)z1 + do(@)22)

Hence, to make it compatible with the boundary condition, we see that we have to
set
Agl(.’t) = —1, Alg(.’t) =1
and then going back to (1.3), we deduce that
- 0+/1—
d=0, b=0, éx) = (2zq, —2x9), fz) = Tm
T

Thus, we can define the notion of weak solution: we look for u € WhH2(Q)
fulfilling for all p € W12(Q)

(1.4) /AVu-Vgo—l—(pE-Vudx:/f(p
Q Q

For sure, all terms on the right hand side are well defined, but we need to justify
the term on the right hand side. Since

[l = ()

L c L
20a|y/1 = |z|
for all p € [1,2). Consequently, using the Holder inequality, we have for some

€ (1,2)
/Q o < 1 llel-

Therefore, we need to consider ¢ € L¥" for some p < 2. Because (2 is a two
dimensional domain, we have W12(Q) < L9(Q) for all ¢ € [1,00) and therefore we
see that [, f is well defined for all ¢ € Wh2(Q).

Alternatively, denoting F := /1 — |z|, we see that FF = 0 on 99 and we may

write
/f@—*/F 9 4o,

which is also well defined for all ¢ € W 2(Q) The second part, i.e., the part
showing that if u € C?(Q) then it is a classical solution, follows line by line the
proof given at the lecture.

DEADLINE: November 6
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Problem 3: The goal is to show that the maximal regularity! cannot hold in
Lipschitz domains or when changing the type of boundary conditions. Let ¢y €
(0,27) be arbitrary and consider Q C R? given by?

Qi={(r,¢): 7€(0,1), ¢ € (0,00)}-
Denote I'; C 99 in the following way (in polar coordinates (r,¢): 'y := {(r,0);7 €
(0’ 1)}’ FQ = {(’I", 500);7” € (07 1)}7 FS = {(1590)7<)0 € (05900)}

Consider two functions
ui(r, @) = r® sin (W) ,
¥o

s o P
us(r, ) == r*?sin ()
(@) 2¢0

e Find the condition on a; so that u; € WH2(Q) - find an explicit formula
for Vu; - and prove that it is really the weak derivative!
e Find the proper condition on «a; so that u; solves the problem

—Au; =0in 2, w3 =0o0onI; Uy, ulsin(m) on I';s

—Aus =0in Q, wus =0o0nTI}, UQ:SiH<W> on I's,
20

Vus-n=0onTIy

Check in details that for such «;’s the weak formulation of the above
elliptic equations hold!

e Find all p’s for which u; € W2P?(Q). What is the criterium on «a; so that
u; € W2’2(Q)?

e With the help of the above computation, find f; € L?*(f) such that the
problems with homogeneous boundary conditions, i.e.,

—A’Ulzfl in Q, U1:OOH 897
—Avg=foinQ, v=00nT7UTIl3,Vuy-n=0o0nT5

posses unique weak solutions v; € W2(Q) but vy ¢ W2(Q) if o > 7 and
vy & W22(Q) for g > Z.

¢ REMEMBER: On domains with corner - the W22 regularity statement
does not hold for Dirichlet problem for angels greater than 7 and does
not hold when changing Dirrichlet to Neumann problems on corners with
angle greater than /2. In general W22 regularity for Dirichlet problems
holds in any dimension either for convex domains or for domains with C*:!
boundary.

DEADLINE: November 27

IMaximal regularity statement means that if
Au=f

then f € LP(Q) = u € W2P(Q). The goal of the homework is to show that this is not true on
domains with corners.
2We use polar coordinates, i.e. 1 = rcosp, r2 = rsiny
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Solution: First of all, one should be able to derive the formula for derivatives in
polar coordinates. Since our change of coordinates is given by

T1 = TCOS P, ZTo = rSin g,
Then for any C* function f(r, ), we have (for r € (0,1) and ¢ € (0,27))
of(r,e) _ Of(r,p) sinpdf(r,¢)
drq o5 or r dy
of(r,e) . Of(r,p)  cospdf(r,¢)
O0xo me or + r dp
Consequently, we can also deduce that
82 2
o°f s o°f
822 " Ox?
( of(r,¢) _Sinwaf(r,w)) 3( of(r, w)+coswaf(r,<p))

OB o r de + 0xo STy r dp

Af(r,p) =

8%1

cos

= cos0? (cos 2l (re) singdf(r.p) sing 9 Of(r,p)  sinpdf(r,e)

N Yor Y or r dy r Oy ar r dp

—l—simpg Slmpaf(r QD)_’_cosapr(r,go) +cosgo£ 1ng06f(r ,P) +cos<p8f(r,<p)
or or r O r Op ar r Op

Hence, evaluating the right hand side, we get that
Pf(r,p) | singdf(r,p) singdf(r,¢)
COS ¢ + —
8 2 r? Oy r  Opor

,¢) ,32f(7",<p)_cow<9f( p)  sinp 3*f(r,p)
n<p 8 + cos ordp , , 9,02

Af = Ccos

sm sin ¢

Fsing <s1n " or 2 r2 Oy T 83087“

4 s (Cowaf(r, 0) +sm¢82f(r’ @) singp df(r,p) | cospd*f(r, <p))
r

or ordyp r Op r Op?
92 .2 N
O f(r,p) | sin®p0f(r,p) | sin” o d°f(r,¢)
= cos’ or? + r or + r2 Op?
52 2 2.2
O f(r,p) | cos”@0f(r,p)  cos®pd*f(r,¢)
+sin’ o or? r or + r2 Op?
_ 0%f(r,9) L1oftne) 1 2f(re)
or? r or r2  Qp?
Next, we use the hint an check for which A, B € R, we have that
A(r?sin(By)) = 0 in Q.

Note that such function is smooth outside of the origin. Consequently, using the
above computation, we see that for uap := 74 sin(By)

Auyp = A(A —1)r~2sin(Byp) + Ard~2sin(Byp) — rA~2B%sin(By)
= (A% — B?) r* ?sin(By).

(r,p)  cosp df(r,¢) +cosg082 )
+

Hence, we require A2 = B? in what follows. Next, we also check for which A, B we
have uap € W12(Q). Since, the classical derivatives exist in , we know that the
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weak derivative also exists and we just need to specify the conditions on A, B so
that

/ |VUAB|2 < 00.
Q

Using the transformation into the polar coordinates and the substitution theorem,
we have

2 2
/ \Vuap|? dx = / Quap )™ | (Quas )" 4
Q a \ O 0xs
1 reo : 2 2
:/ / COS(p8UAB _ singp Ouap . Sin<p8UAB . cos Quap v dip dr
o Jo or r Oy or r Oy
1 wo 6UAB 2 1 6UAB 2
L) s ) ) e
Lo 2 1 2
:/ / ((ATA_lsin(Bgo)) + — (Br* cos(By)) )r de dr
0o Jo r

1 $o
= / / r2A-l (A% sin®(Byp) + B? cos?(By)) dy dr
o Jo

1 @Yo 1
= / / A2p2A-l dp dr = A2<p0/ r2A-1 dr,
o Jo 0

where we used the fact that A2 = B2. Consequently, if we want to have the above
integral finite, we must impose the condition A > 0. Since the regularity of the
solution does not depend on the sign of B, we assume in what follows only the case
A=B>0.

Next, we show for which p’s the function uap € W2P(Q). For that reasons, we
compute the second derivatives (in term of variables (r, ¢))

0%uap ~ cos? O%uusp  2cospsing Ouap B 2 cos psin ¢ O%uup
0z? 14 or? r2 Ay r OpOor
sin? p duap n sin? 0 O®uup
r or 2 Q2

= A(A — 1)r* 2 cos? @ sin(Ayp) + 4Ar472 cos psin ¢ cos(Ap)
+ ArA=2sin? psin(Ag) — A%rA72 sin? psin(Ap)

In the same manner we shall estimate other second derivatives to finally conclude

that
1
/ |V2uap|P dxw/ A= g
Q 0

and wee that the integral is finite if and only if (for 0 < A < 2, since for A > 2 it
is always finite)
2
p < m

Finally, we apply everything to the functions u; and us, which are thus given as

Uy = %0 sin <907T> , Uy = 70 sin (W>
©o 2¢0
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and due to the above computations we get that ui,us € WH2(Q) and

W2P(Q)  for p < 5= and g > g
= ~ po — u; € W2’2(Q) if Yo <,

W2%°(Q)  for ¢y < g

2
W2P(Q)  forp< 5 = and ¢¢ > % -
Uy € 200 — uy € W22(Q) if gy < 5

W2%°(Q)  for ¢y < %

Finally, we check that u; and us are the solutions of the corresponding problem.
Since, u; is continuous in Q and also u; € W2(Q), then evidently? the trace of u;
is zero on I'y and I's. Next, for any smooth compactly supported function v we get
by integration by parts (we ca apply that because u is smooth in the interior of

Q)
/Vul-Vv:—/Aulv:O,
Q Q

where we used the fact that u; is harmonic. Finally since the space C§°(2) is dense
in W,(€2) we can generalize the above relation also for any v € Wy'*(2). Indeed,
for any v € W, %(Q), we can find a sequence (by density) {v™} C C5°(2) such that
v"™ — v in WH2(Q) and then

(1.5) / Vup - Vo= lim | Vuy- Vo™ =0.

Q n—oo Q
Finally, let w be a smooth function on R? fulfilling w = 1 in B 1 (0) and w = 0 on
R? \B% (0) and define v1 := uyw. Then evidently v; € W12(Q) N W?2P(Q) with p

specified above, v; = 0 on A9 and we have for any z € Wy*(2)

/Vvl-Vz:/qul-Vz—l—ule-Vz
Q

Q
= [ Vuy-V(wz) —/ zVuy - Vw —u;Vw - Vz
Q Q
—_—
(1.5)

= —/ (Vu1 -Vw + div(u1Vw))z,
Q
which is the weak formulation of
—Avy = —Vuy - Vw — div(u; Vw) =: fi

Note that thanks to the presence of w, the function f; is smooth since u; is regular
outside of 0 but w is constant near zero.

For v we could use exactly the same arguments to get the result, but we did
not formulate any result concerning the density of functions vanishing only near I';.
Thus, we proceed differently. Let @ : [0, 00) — [0,00) be smooth function fulfilling
Q =1on[0,1/4] and @ = 0 on [1,00) and let R : [0,00) — [0,00) be smooth

3The trace operator just assign the values of the function on the boundary whenever the
function is continuous.
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nondecreasing function fulfilling R = 0 on [0,1/2] and R = 1 on [1,00). Next, we
define
va(r, ) = ua(r, 9)Q(r?)

Then it is easy to check that vo = 0 on I'y UT'3. Next we check what kind of problem
vo satisfies. We use also the function R to cut everything near zero in order to be
able to use integration by parts. In addition, it is also a direct consequence of the
definition that Vvy - n = 0 on T'y. Hence, let z € WH2(Q)be arbitrary fulfilling (in
sense of traces) z=0onI'1 UT;

Vuy-Vz = lim [ Vuy-VzR(r?*/e?)

Q e=0+ Jo
= — lim div(R(r?/e*)Vvg)z — lim Vo -n  zR(r?/e?
e—0, ( ( / ) 2) =04 J, 1 ( / )

=0onT2 =0onI;Nl3

=— lim [ (VR(r?*/e?) - Vg + R(r?/?)div(Vvy))z

E—>0+ Ie)
A(u2Q)

=— / (U2 AQ + Vuy - VQ)z — lim 2572/ R (r?/e*)x - Vvoz
Q B.(0)NQ

e—=04

Thus, if we show that the last limit is equal to zero, we see that vs is a weak solution
to the desired problem with fo := —(us AQ + Vus-VQ) which is a smooth function.

To estimate the limit, we recall the Poincaré inequality and for all Z € W2(Q)
being equal to zero on I'; there holds [|Z]|2 < C||VZ|l2. Hence, if we define the
particular Z as

Z(x) = z(ex)

and use the substitution and Poincaré inequality on €2 we have
(1.6)

/ |z(x)|2dX:/ 15(2 /)2 dx = 52/ (@) dx < 062/ V()2 dx
QNB.(0) QNB.(0) Q Q
= 054/ |Vz(ex)|? dx = 052/ |V2(x)]? dx
Q QN B.(0)

Hence, by the Holder inequality and the above proven re-scaled Poincaréinequality,

we have
|2(2)|? dx
< 1R (f““w / Vs 2
QNB:(0)

2

Nl

5_2/ R'(r?/e)z - Vugz
B.(0)NQ

2
< ORIV 22 (/ |w2|2> g
QNB.(0)

where the last limit holds since vy € WH2(Q).

Problem 4: Fredholm alternative vs Lax—Milgram lemma vs minimum principle.
Consider Q C R? a Lipschitz domain. Let A : © — R? be an elliptic matrix.
Assume that ¢ € L>(Q;R?) and b > 0. Consider the problem

—div(AVu) +bu+¢é-Vu=f inQ,

u=uqg on Of.

(M)

N
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a) Consider the case b = 0, € = 0 and f € L?(Q) fulfilling f > 0. Let
up € WH2(Q) and denote m := ess inf,cpnuo(z). Show that the unique
weak solution v to (M) satisfies u(x) > m almost everywhere in .

b) Consider b > 0 and ¢ arbitrary. Prove that for any ug € WH2(Q) and any
f € L?(Q) there exists a weak solution to (M).

Hint: a) Define ¢(x) := (u(z)—m)_ = min{0, (u(x)—m)}. Show that ¢ € WOI’Q(Q)
and that

Use ¢ as a test function in the weak formulation of (M) and show that Vi = 0,
which implies the rest.
b1) Justify that to conclude it is enough to show that if u € W, () solves

(My) —div(AVu) +bu+¢-Vu=0 in Q

then u = 0.

b2) Consider the test function ¢ := (u — M) = max{0,u — M}. By using the
Holder inequality and the embedding theorem, show that there exists M such that
u < M a.e. in Q. Similarly also show u > —M and consequently u € L>(Q)

b3) Based on b2) show that ¢ := u¥ € W, *(2) is a correct test function. By using
the Young inequality and the embedding theorem, one can prove that by choosing
k sufficiently large one gets ¢ == 0.

Remark: Here it is the case, when the Lax-Milgram theorem cannot be used if
[€lloe > 1.

DEADLINE: November 27

Solution: a) the fact that ¢ € W12(Q2) and that Vo = Vux {u<ky Was proven at
the lecture. We repeat it also here. For sake of simplicity we set m = 0. Due to
the density argument, we can find a sequence {u"}22; C C* such that ™ — u in
whl Finally, we set

loc *

(min{0, u"})? oF e (min{0, u})*
e + (min{0,u"})?’ " e+ (min{0,u})?

n,e . _

14

Next, we set arbitrary ¢ € C§°(£2). Then using the Lebesgue dominated convergence
theorem and the fact that u™ — u strongly in L}, .(2), we observe

(1.7) —81/}90: lim _% ©° = lim (lim / _% Lp"’s).
Q

Q 8$,L e—=04 Q axl e—=04 \n—oo 8$z

On the other hand, we can use the fact that ¢ € C}(Q) and that

dp™ 3 (minf{0,u"})? + (min{0,u"})* Ou™
oxr; (e + (min{0,u"})?2)2 Or;

Then we can use the integration by parts for smooth function to get

o / 1/}35 mln{O u™})? + (min{0, u"})* du
(e + (min{0,u"})2)? Ox;

Q axz
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Therefore, using the strong convergence Vu™ — Vu in L}, , the strong convergence
u™ — u in L' and also the Lebesgue dominated convergence theorem, we have

. 3¢ (min{0, u"})? + (min{0, u"})* du™ B 3¢ (min{0, u})? 4 (min{0, u})*
lim /Q'L/) = /Q

n—oo (e + (min{0,u"})?)? Ox; (e + (min{0,u})2)? Oz,
3eu® +ut Ou eu? — g2\ Ou
e e
onfu<o}  (E+u?)? 0z Jon(u<oy (e +u?)? ) Ou;
Since | cu e’ | <1 and since

(cFu?)?
eu? — g2 e204
we can use the Lebesgue dominated convergence theorem to observe

lim ¢<L+HL6)3u_hu i
=04 Jon(u<o) (e + u2)? or; n{u<o}¥ o

Consequently, comparing the result with (1. 7) we have

/Q 8.%‘1 / l/fax X{u<m}>

which is the desired claim.
Next, we continue. Since u > m on 9 then we even get that ¢ € W, ().
Using ¢ in the weak formulation of the problem (M), we have

/AVWV¢=/f¢s&
Q Q

where the last inequality follows from the fact that f > 0 ¢ <0 a.e. in Q. Using
also the identification of the gradient of ¢, it follows from the ellipticity of A and
the above inequality that

ellipticit
cl/ Vo2 < y/AV<p~w:/AvU.V<px{u<k} :/Aw.wgo.
Q Q Q Q

Then, since ¢ has zero trace, we can use the Poincaré inequality and conclude that
@ =01in Q. Therefore u — m > 0 and consequently u > m a.e. in Q.

0 almost everywhere on {z € ; u(z) < 0},

bl) Let us define i := u — ug. Then u € WH2(Q) is a weak solution to (M) if and
only if & € W, %(Q) solves for all ¢ € Wy 2(2)
(1.8)

/AV@-V@—I—I)&@—I—E-V@@:/fw—AVuo-Vgo—buogo—E'-Vuonp =: <F,<p>W1,2(Q).
Q Q 0

The important change to the proof in the lecture is that F' € (W, *(2))* but we do
not know that whether F' € L%(Q). In case the second claim is true, we could use
the Fredholm alternative from the lecture. Here, we need to improve it, i.e., we need
to show that if the only weak solution to (M) is u = 0 then for all F e (W, *(Q))*
there exists a unique solution to (1.8). We prove this claim in two steps. First,
start with proving that there exists a constant C' > 0 such that for any f € L?(2)
and ug = 0 there exists unique weak solution u € Wy*(€2) to the problem (M)
fulfilling

(1.9) lulli2 < ClIFll w220y = sup C/ Fo.
EWS 2 (Q); el <t /9
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Clearly, since we assume that the only solution to (M) is zero, we have that for
any f € L?() there is unique weak solution. We only need to show the inequality
(1.9). Let us assume a contradiction, i.e., we have F™ € L?({2) and a weak solution
u™ € Wy* () to (M) such that (we can rescale to problem and assume that the
left hand side is equal to one thanks to the linearity of the equation)

(1.10)

Due to the reflexivity, and thanks to the compact embedding, we can find subse-
quence, that we do not relabel, such that

u" —u  weakly in W) (),

Vu" — Vu weakly in L?(Q;R?),
F™ -0  strongly in (W,*(Q))",
u™ —u  strongly in L*(Q).

Recalling the definition of a weak solution: for all ¢ € W, (Q)
(1.11) / AVu" -V(p—l—bu"(p—l—é’-Vu"go:/ F'p =: (F", ),
Q Q

we see that we can use the above convergence results and let n — oo in the above
identity to deduce

(1.12) / AVu-Vo+bup+c-Vup =0

Q
and consequently, using our assumption, we see that « = 0. On the other hand, we
shall show that |lul|1,2 = 1, which is the desired contradiction. To do so, we use the

ellipticity of the matrix A and set ¢ := u™ —w in (1.11) to deduce (again with the
help of the weak convergence results)

lim C1[[Va" — Va2 < lim / AV — ) - V(u" — u)
n—oo n— 00 Q

= lim [ AVu" -V(u" —u)— / AVuy - V(u" —u)
Q7 Y——

—0 in L?
M n n (1 11) = n n n n
= lim [ AVu" -V(u" - =" lim [ —bu"(u" —u)+¢ Vu"(u" —u)+ (F*,u" —u)
n—oo Q n— oo

< (blloe + 1Zlc) lim_ [ 1 »(ffu” sy + I ) = 0.

Therefore, we got that u” — w strongly in W,*(Q) and consequently [ul;2 =
lim,, o0 [|u™|l1,2 = 1 and therefore v™ cannot be equal to zero. Hence, (1.9) holds
true whenever F € L%(Q).

Next, we show that for any F € (W;'?(€))* there exists a unique solution to
(1.8) fulfilling the estimate (1.9), provided that the only solution to (Mj) is u = 0.
To do so, we use theLax-Milgram theorem and find v € I/VO1 2 such that

(1.13) / Vo -Vo+uvp = (F,¢) forall ¢ € W} 2(Q).
Q
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Due to the density, we can find a sequence {v"}52; C C§° such that v — v in
Wy 2(£2). For such v we can define

(F™, p) = / Vo™ - Ve +o"p = / (—Av" 4+ v) @,
Q Q

where we used integration by parts since v™ is smooth compactly supported func-
tion. Consequently we see that F™ = —Av"+v" € L*(Q) and therefore there exists
unique u" solving

(1.14) / AVu" -Vo+bu"p+c-Vu'p = / F'o = (F" ¢) = / Vo™ -Ve+o™e.
Q Q Q
Thus using (1.9), we see that
lu™ 1,2 < CIE™ | pa2y. < Cllo"fhe < € < oo
Therefore, we have for a subsequence that
u™ — u weakly in Wy?(Q).

Hence, we can let n — oo in (1.14) to get we see that we can use the above
convergence results and let n — oo in the above identity to deduce

(1.15) /AVU'V(P+bUQO+E‘VUQO:/V’U'VQD+’UQO:<F,Q0>
Q Q

In addition, using the weak lower semicontinuity of norms, we have that (1.9) is
valid also for the limiting v and F'.

b2) First we show that u € L>(Q). Let m > 0 be fixed and consider the test
function ¢ := (v — m);. Then we have from (M) that

/AVU-V(u—m)++bu(u—m)+ = —/ ¢ -Vu(u—m)y
Q Q
We estimate all terms. Trivially, we have bu(u — m)y > 0 a.e. in Q. Also

lw=m)ff2 < C [ 1V@—m) < [ AVu-Va—m),

Finally, using the Holder inequality and the embedding theorem (we define p :=
d/(d—2)if d > 2 and p=4if d =2) we have

—/Qc*- Vu(u - m), < HEHOO/ 9t — m).||(u— m) |

{u>m}

< CIV(u=m)yll2f(u—m)yllzpl{u > m}[z

< C|(u— 2 [uly =
< Cltu—ms it [

C(cQ,u)
< =5 |l(u—m)+|75
m2v’
Thus, comparing all inequalities, we have

[(w—m)1[[f 5 < ——[l(u—m)+|] 2,
m2»’
where K is a constant depending on the data but independent of m. Thus, setting

m sufficiently large, we see that (v — m); = 0 and consequently v < m a.e. in Q.
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Similarly, we proceed also with the negative part of u and we have u € L*°.
b3) Due to the above estimate, we have for arbitrary m € N

V™ (l2 < [Im] Vullu™ [z < mllull™ V]l < .

Hence u?#+1 ¢ WO1 2(Q) is a possible test function and we have the identity
L +1,:= / AVu - Va2 4 byt = —/ ¢ Vuutt = [,.
Q Q
Again, we estimate all terms. First, using the elipticity, we have

11:(2k:+1)/

u?*AVu - Vu > Cy(2k + 1)/ u?* | Vul?.
o

Q

Similarly, defining the positive m > 0 by the formula m := ess inf,cqb(z), we have

12 Z m/ U2k+2.
Q

Finally, using the Young inequality, and denoting M := ||¢]|oc, we have

m k
< [ (VO TVl <M|>

2C; (2k + 1)

M2
< C1(2k+1) | v |Vul? 7/ k2

Putting everything together, we deduce

2k+2 M? 2k+2
m U < — U .
/Q - 401(2k+1) /Q

M2 1

T AmC, 2

Setting

it follows
m/u2k+2<0 — u=0
2 Ja -

and the proof is complete.

b2) + b3) Alternative approach: In previous two steps, we needed to justify
to use of u?**1 as a test function and we used the fact that u is bounded. However,
we can overcome the proof of boundedness by the following approach. Let n € N
and s > 0 be arbitrary. We denote the truncation function 7,, as

T, (s) := min{n, |s|}sign s.
Then the function ¢ := u|T}, (u)|? belongs to W, (), which can be proven similarly
as the case in Step a). Thus, using such ¢ in (1.12), we obtain

(1.16) /QAVu -V (u|Ty (w)|P) 4+ buu| Ty, (w)|P + &+ Vuu|T, (u)]P = 0.

Our goal is to let n — oo in the above identity and then to use the procedure
described above. Thus, it only remains to justify rigorously the limit passage n —
00.
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Using the ellipticity of the matrix A and the Holder inequality, we deduce (sim-
ilarly as above)

(1.17)
o ran 2]t < AR w)| = W)=
M/ﬂ\WTn(u)l < e /QAV\TH( W55 V| T (w)

:(p+1)/QAW'VuITn(u)lpxuuKn} S/QAW-Vu(ITn(u)lp+p\Tn(u)l”X{|u|<n})
g/AVu-V(u\Tn(u)P’)+buu|Tn(u)|p (1.18) _/5.vuu|Tn(u)\P
Q Q

SC/ |Vu||u|1+p,
Q

whenever the last term on the right hand side is well defined and finite. Finally,
we show, that the last term is well defined for any p > 0. To do so, we continue
inductively. We know that in any dimension we have W12 < L2+% with some
a > 0. Next, we define pg := 0 and pgy1 := pr + a/2. Evidently,

/ |Vu||u'TPo < oo.
Q
Next we show that

(1.18) / |Vaul[u ' TPF < 0o = / |Vu||u TP+t < oo
Q Q

Consequently, we can choose p arbitrarily large in (1.17) and the proof is complete.
To show (1.18), we use (1.17) with p := p;, and since the right hand side is finite,
we can let n — oo to deduce that

+2 (2
(1.19) / ‘V|u|pk2 ‘ < oo = / |u|P* | Vu|* < oo
Q Q
but we can also use the embedding theorem and the Pincaré inequality to get

(PR +2)(2+a)
2 < 00.

+2 |2 +2
120 [ 91" <00 = ™ <o = [
Q Q
To show (1.18) we use the Young inequality and (1.19)—(1.20) as follows
/|Vu|\u|1+p’““ S/ |vu|2|u‘pk+|u|2+2pk+rm :/ ‘Vu‘2|u|pk+‘u|2+pk+a
Q Q Q

(P +2)(2+a) (1.19),(1.20)
S e e
Q

Therefore (1.18) holds true.

Problem 5: Lax-Milgram lemma vs Fredholm alternative II. Coniider 0 c R?
a Lipschitz domain. Let a,b € R Consider the problem: For given f = (f1, f2) €
L2(Q) x L2(Q), find @ = (uy,uz) € Wy 2(Q) x Wy 2(Q) solving
—Auy —alAus +uy = f1 in Q,
(S) —Aus — bAuy +us = fo in Q,
up =ugy =0 on 0.
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Under which conditions on a, b the system (S) has for any f a weak solution? Under
which condition on f, the system (S) has a solution?

Hint: a) First, try to use the Lax-Milgram lemma. Consider the space V :=
Wy2(€2) x Wy*(Q) and proper bilinear form (follow the lecture).

b) Use the spectral theory or the Fredholm alternative and/or be creative:)

DEADLINE: November 27

Solution: Method a): Let us denote V := Wy'?(€2). The weak solution is defined
as u = (u1,u2) € V x V solving for all (,p € V

/QV’LH VC‘FG/VU/Q VC+U1<: <f1)<>a

Vug - Vip + bVuy - Vb + ugth = (fa, 7).
Q

Next we try to use the Lax—Milgram theorem. The first attempt is as follows.
Let A, B > 0 be arbitrary. We define (here u := (u1,u2) and ¢ := (¢1,¢2))

B(u, ¢) :=A/QVurV(pl—l—aVuz-V(pl—l—ul(pl—l—B/QVuQ~Vg02+qu1~Vg02+u2g02

and

(F,¢) = A(f1,91) + B(f2, p2).
Then to find weak solutions to (S) is equivalent to find u = (u1,u2) € V x V such
that for all ¢ = (p1,¢92) € V x V there holds

(S1) B(u, ) = (F, p)vxv-

Next, we try to solve (S1) by using the Lax—Milgram theorem and proper choice
of A, B. We define the Hilbert space

H: =V xV.

We check whether the assumptions of the Lax—Milgram lemma are satisfied. First,
H is evidently a Hilbert space that can be endowed (by using also the Poincaré
inequality) by the scalar product

d
(u, ) = /QZVUZ - V.
i=1

The Holder inequality and the linearity of the integral also implies that F' € H*.
Similarly, we can directly deduce that B is bilinear and H-bounded. It remains to
check whether it is also H-elliptic. Using the definition of B we see that

B(u,u) = /Q A|Vup|* + Au? + B|Vus|? + Bu3 + (Aa + Bb)Vu; - Vusy

> Allur|| + Blluzlli, — |Aa + Bb|us|lv [[uz]lv

~ |Aa+ Bb|?

> Al + Bluzl[f = AQ = &)l = 7

luzlf5

|Aa + Bb|?
Aelall + (8- BN ol > ol



HOMEWORK: PART 1 17

where the last inequality is true if we can find positive €, A, B such that
~ |Aa+ Bb|?

4A(1 —¢)

and since € can be arbitrarily small, it is equivalent to

4AB > (Aa + Bb)? <= (2V AB + Aa + Bb)(2V AB — Aa — Bb) > 0.

First, in case ab < 0, we can simply set A := |b| and B := |a| and we see that the
above inequality holds true. Next we assume ab > 0. Without loss of generality we
may assume that a > 0 and b > 0. The case a = 0 or b = 0 is solved trivially, so
assume that ab > 0. Then the above inequality reduces to

>0

0>Aa—|—Bb—2\/ABZBb—B/a:E(ab—l).
a

Next, we try to use the Lax—Milgram theorem again but we modify the bilinear
form such that the case when ab > 1 will be handled. Without loss of generality
we assume that a > 0 and b > 0 (the opposite case is treated similarly). We define
new bilinear form as

B(u, ) ::A/QVul-VgoQ—i—aVug-VgoQ—i—uupg—i—B/ﬂVu2~Vg01+qu1-V301+u2g01

Hence, we see that we need

and
(F, @) := A(f1,02) + B(fa, 01).

Hence we just switched the role of u; and us. Clearly, F' belongs again to H*, B
is bilinear and bounded. We just need to check the coercivity. Using the Holder
inequality, we have

B(u,u) := A/QVul - Vus + aVus - Vug + ujus + B/QVuz - Vui + bVug - Vug + uguq

> Aa|[Vus|[3 + Bb||Vur |3 + (A + B)l[Vurl2[|Vuzll2 + (A + B) [Juall2 + [|uz]|2

Next, we recall Poincaré inequality. Since we shall use it also later, we recall that
for all v € W,*(Q), we have

IVoll3 = X floll3,
where A > 0 is the smallest eigenvalue of the Laplace operator. Consequently, we
deduce with the help of the Young inequality

Blu,u) = Aal|Vuz|3 + Bb|[Vus 3 + (A+ B)(1+ 1/A) | Ve /| Va2
(A+ B)*(1+ A1)
N24Aa(1 —¢)

> Aac|[Vus 3 + (Bb— ) IVwl2 > allul,

provided we have
(A+B)*(1+M\1)* (A+B)*(1+M\)?
N24Aa >0 ab> 505

Doing the optimal choice A = B, we deduce that the sufficient condition is

1\2
b 1+— .
a><+)\1>

Bb—
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Thus, we see that for any fi, fo € V* we have the existence of a unique solution
(u1,us) € H, provided

ab ¢ [1, (1+ 1//\1)2] .
We discuss also the case ab = 1. We multiply the first equation by b to have

/qul-VC+VU2'VC+bU1C: bif1.C),
Q

/QVUQ -V + bVuy - Vi 4+ ugt) = (fa, ).

Denoting wy := buj + us and ws := ugy — buy, we see that we may write

(1.21) / 2Vw; - Vo +wip = (bfi + fa2, 0),
Q

(1.22) /ngw = (f2 = bf1,9).

Thus we see that the first equation is uniquely solvable whenever f1, fo € V* but
to obtain wqy € WO1 2 we require more smoothness for the right hand sides, i.e., we
must have

ab=1 and fo—bfi € W, ().

Method b): Here, we simply set A = B = 1 and consider the basis of W, *(2) of
the form {w* }22 1, which consists of eigen functions of the Laplace operator, i.e.,
they fulfill

—Aw"® = Mw"® in Q and wy, = 0 on AN.

Here {)\}72, are eigen-values, which are positive,nondecreasing and tend to infin-
ity. We know from the lecture, that such basis exists, can be made orthogonal in
Wy2(2) and orthonormal in L?(Q).

We look for solution in the form of Fourier series in VVO1 2 of the form

o0
— my
Uu; = U W; .
Jj=1

Due to orthonormality, we can also write f; in terms of Fourier series as follows
[ee]
_ J
Ji= E fiw;
Jj=1

where fl] are given as ff = [, fiw? = (fi,w?). In addition, setting ¢, := w; with
j=1,...,00, we see that the weak solution satisfy for all j =1,..., 00

/ Vuy - ij + aVus - ij +uw; = <f1,w]‘>7
Q

/ Vus - ij + bVuy - ij + ugw; = <f2,wj>.
Q

which is reduced (by using the properties of the basis) to
(Aj + D +adjuy = f],
bAjul + (A1 +1)ub = f3.
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Hence, defining for each j € N

(AL ad = _(H
ae= (it oy) B4

we see that to solve the original problem, it is equivalent to solve for each j € N

a(")=F
U3
Since det A = (A 4 1)% — abA? we can deduce that if for each j there holds
ab# (1+1/X;)?
then we can find uniquely defined u. In case ab = (14 1/);)? then we require
DX = (a + 1) ff = bff = Vabf3.

It remains to check that (we use the properties of the eigen vectors)
(o]
IVuill3 = A (ul)? < o
j=1

Since

A-_l — 1 >‘j + 1 7a>\j
J ()\] + 1)2 — )\JQGJ) —b>\j )\j +1
and then we can also show that if ab # 1 then there exists a constant such that
lul] < A1+ 1£DA-
Consequently,
DN < CY (AP + 1B/ = ClAl

In case ab = 1, we however see that

i _ et A 1 N+l —ah ) (A
uy) ) 1420 \-bA A +1)\f)

Ve + 1 flR-).

19

and we see that |u!| < (|f{|+|f]). Hence we require that fi, f» belong to the better

space. This was already discussed in the first part.




