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|
Problem formulation/1

et +div(ev) +divq(,e,Ve)=f >0 in Q:=(0,T)xQ
e(0,x) =ey(x)>c>0 in Q (*)
a(t, x, e(t, x), Ve(t, x)) - n(x) = 0 (0, T) x 00

for all (e,u) € R x RY: q(-, e, u) is measurable,

for almost all (t,x) € Q: q(t,x, -, -) is continuous in R x RY,
there are Cy, G, > 0 such that for all (e,u) € R x RY

A e,u)-u > Cilul? and [a(-, e,u)| < Golu[7,
for all e € R and for all ug,u; € RY, uy # up

(a(-,e,u1) —q(-, e,u2)) - (u1 —uz) > 0.
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Problem formulation/2

e+ div(ev) + divq(-,e,Ve) =f >0 inQ:=(0,T)xQ
e(0,x) = ey(x) >0 inQ (P)
q(t’Xv e(t,x),Ve(t,x)) ’ n(X) =0 (07 T) x 0Q

Data: Q C R? with Lipschitz boundary, T € (0, 00)

e()ELl(Q)
Feld(Q) o M(Q):=(CQ)
vel(0,T;L5(Q)) (1<r,s <o)

dive=0in Q, v-n=0on(0,T)x0Q

Task: Large data mathematical theory (notion of solution, its existence,
uniqueness, ...) to Problem P, for any set of data and for largest class of

constitutive relations
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.
Approximations and apriori estimates/1

e +div(e"Hn(v)) + divq(,e",Ve") = f" >0
e"(0,)=¢e} >0 lic]  (Pn)
q(-,e",Ve") - n(x) =0 [be]
where
Hn(v) :== (xnV) *wp — Vn, = divH,(v) =0 and Hp(v)-n=0
— H,(v) € L°(0, T; LX(Q)) Vk € [1,00)
= Hy(v) = v e L (0, T;L(Q))
f1e L>®(Q) f" — fin M(Q) or in L}(Q)
0< el €L°(Q) el — e in L1(Q)
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.
Approximations and apriori estimates/?2

e +div(e"Hn(v)) +divq(,e",Ve") = f" >0

e"(0,-)=¢ >0 lic]  (Pn)
q(-e",Ve") -n(x) =0 [be]
Truncation operators

z if |z| <k,

T(z) =<2 . . o
sign(z)k if |z| > k,

Tes(2) z if |z| < k,
z) =
o sign(z)(k +6/2) if |z] > k+06

such that Ty s € C3(R), 0 < Tps <1

Ouls) = /0 Te(t) dt,  Opsls) = /O Tes(t) dt.
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.
Approximations and apriori estimates/3

e +div(e"Hn(v)) + divq(,e",Ve") = f" >0
e"(0,-)=¢ >0 ic]  (Pn)
q(-,e",Ve")-n(x) =0 [be]
For any A >0

qg—1—X\

£:= {e >0; ecl®(0,T;LY(Q)), V(l+e) « €L9(0,T, L"(Q)d)}

2d +1
d+1

le"le < C = l1e"|" [l < € ifg>
IVTi(eM)ls(q) < C-
| Tk(e") el 10, 75wr2)y < €, for sufficiently large z.

Consequently,

e" — e almost everywhere in Q
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]
Weak Solution

Let ¢ > 29tl and v € L7(0, T; L5(Q)) with

d+1
r' q(d+1)—2d d(g—1)
L A S Y e d S S Y
s d R CES Y

We say that:
e € £ is a weak solution to Problem (P) if for all ¢ € D(—o0, T;C>®(Q))

_(e7 So,t)Q + (q(v €, Ve), V(,O)Q = <f7 90> + (ev7 VQP)Q + (eO7 W(O))Q

Theorem (Bulitek, Consiglieri, Malek)
There exists a weak solution to Problem (P). J
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Entropy solution

Let g > 1 and v € L}(0, T;LY(Q)) and f € L}(Q).
We say that:

e € £ is an entropy solution to Problem (P) if for a.a. t € (0, T)
(b6, Ti(e —¢)o + /Q Ox(e(t) — ¢(t)) + (a(-, e, Ve), VTi(e — ¥))a.

< (Tule — oW, Vo)a + (F, Tule — ¢))a, + /Q 0,(e(0) — (0)) d

for all p € L=(0, T; W(Q)) with ¢ € L9(0, T; W™19(Q))

Theorem (Bulitek, Consiglieri, Malek)

There exists an entropy solution to Problem (P). This solution is unique
in the class of entropy solutions provided that v € Lq/(Q) and q does not
explicitly depends on e.
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N —
Results and their relation to earlier studies

et +div(ev) +divq(-,e,Ve) =f >0 v given with divv =0

Theorem W /a. (Bocardo, Murat '92)

div(vf) € L1, f non-negative measure = existence of weak solution.
Theorem W /b. (Diening, Razitka, Wolf '08)

vhell fe LqI(O, T: W_l’q/) — existence of weak solution.
Theorem W /c. (Bulitek, Consiglieri, Malek '08)

vl € L1, f non-negative measure = existence of weak solution.
Theorem E/a. (Prignet '97)

v=0, f € Ll}(Q) = existence and uniqueness of entropy solution.
Theorem E/b. (Bulitek, Consiglieri, M3lek '08)

velLYQ), fell(Q) = existence of entropy solution.
vel?(Q), q=q(,Ve)and f € L'(Q) = uniqueness.
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Key step: almost everywhere convergence of {e"}

Theorem
Let given q fulfil the assumptions with g > 1 and v € [1(Q). Assume that
{|e"[}52, is bounded in £, {f"}°, is bounded in L}(0, T; L}(Q)), and
(Tho(e).e, ) + (al- e", Ve"), V(T 5(e")¢))q
= (f"Ti5(e"), ¥)a + (e"Hn(v), V(T 5(e"))) e
for all ¢ € L=(0, T; Wy™(Q)) and all k,6 € R,

Then there exists a subsequence e" and e:

le] € £ and Ve" — Ve a.e. in Q
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Key tool: Lipschitz approximations of Bochner functions/1
Lemma. Let for 1 < g < o0

ue L=, T; L2(Q)NLI0, T, WH9(Q)) felyQ) qel9(0,T;LY
fulfil
ur=divq+f inD(Q).
Moreover, let E CC Q be an open set such that
MY(|Vu]) + aM(|q]) + aM*(|f]) < C < 400, ae in Q\E. (1)
Then there holds
VLEu € L0, T; L(Q))
O (LEu) (LEu— u) € Lie (Q)
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.
Key tool: Lipschitz approximations of Bochner functions/2
and for all ¢1 € C3°(2) and all ¢ € C3°(0, T)
T
| (0 Tczu)on)on de = - [ ©(L2u)6x(002) o
0 Q
- [ (0= £y o0 (T(c20) r2 e

/ (u— LEu) To(L2u)by (Depa) o dt

Proof is a minor (important) generalization (due to BCM) of the assertion
due to Diening, Riazicka and Wolf (2008).
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Ads: Lipschitz approximations of Sobolev function/1

Theorem. (Diening, Mélek, Steinhauer '08 inspired by Frehse, Malek,
Steinhauer '03)
Let 1 < g < oo and Q € C%1. Let

u’ e Wol’q(Q)d and u” — 0 weakly in Wol’q(Q)d.
Set
K o= suplul g < oc,
Yn = [u"], — 0 (n — o0).
Let 6, > 0 be such that (e.g. 0, := \/7n)

Yn

6,— 0 and 7

—0 (n — o0).

V)
Let Wi = 2°.
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.
Ads: Lipschitz approximations of Sobolev function /2

Then there exists a sequence A, ; > 0 with
i < Anj < g,
and a sequence u™ € W, ()9 such that for all j,n € N
“u"*jHOo <6,—0 (n — o0),
[Vuri] < €Any < s
and
{u™ £u"} cQn ({Mu">0,} U {M(Vu") >2)\,;}),

and for all j € N and n — oo

u™ — 0 strongly in L5(Q)¢ for all s € [1,00],

u™ — 0 weakly in Wol’s(Q)d for all s € [1, 00),

Vu™ 50 weakly- % in L%°(Q)94*9,
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.
Ads: Lipschitz approximations of Sobolev function/3

Furthermore, for all n,j € N
; cllu”l{ 7\ 7
Hu™ #£u"}qg < T.’q +c <9,,>
n.j

and

i Y
HVU'M X{u”»f;éu”}Hq <c H)‘HJX{U"J;EU"}HC] <c ein Hj+1 + CE€j,
n

where ¢; := K 27/9 vanishes as j — co. The constant ¢ depends on Q.
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.
Ads: Lipschitz approximations of Sobolev function/4

The gradient of any function ¢ € Wli’Cl(Q), that is constant on some
measurable subset of €2, vanishes on this set. Consequently for ¢ := u"/

Vu™ = V(u™ —u") + Vu" = (Vu™ — Vu") X qurizury + V"
= VU”’jX{un,jygun} + vunX{un,j:un} .

In particular this implies that

if divu” = 0 then divu™ = divu™ y yni sy
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Relation to analysis of unsteady flows of heat-conducting
incompressible fluids/1

divv =0 (2)
v:+div(vev) —divS = -Vp (3)
(e + [v[?/2) ¢ + div((e + |v|*/2 + p)v) + div q = div (Sv) (4)

. velocity

. internal energy total energy E := e + |v|?/2

ov

e e

@ p... pressure
@ S... a part of the Cauchy stress T = —pl + S, S=ST
@ (... heat flux

Nonlinear system of PDEs
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.
Constitutive equations

dive =10
v;+div(vev) —divS = -Vp
(e +|v|?/2).+ + div((e + |[v[*/2 4 p)v) + div q = div (Sv)

Constitutive equations 2D(v) := Vv + (Vv)T

S = v(p, e, |D(v)[*)D(v) (5)
a=—#(p,e, Ve, |D(v)]*)Ve (6)

o Linear (Navier-Stokes and Fourier) relations

@ Non-Linear constitutive equations (power-law, etc.)

Malek (Charles University in Prague) On nonlinear convection-diffusion equation June 19, 2008 19 /29



.
Constitutive Equations - examples

o (|D(v)|?) = vo|D(v)|"2 Power-law fluids r € [1, c0)
o v(|D(v)|?) = vo + v1|D(v)| 2 Generalized NS fluids r € [1, 00)
e v(p) = vyexp(ap) Barus (1893)
e v(0) = vyexp (m) Vogel (1922)
e v(p,0) = Aexp (BP+D) Andrade’s (1929), Bridgman (1931)
o v(p,|D(V)[?) = \D(v)\ Schaeffer (1987)
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IBVP

divv =10
v;+div(vev) —divS = -Vp
(e +[v[?/2) ¢ + div((e + |v|*/2 + p)v) + div q = div (Sv)
Data

@ Q C R3 bounded open connected container, T € (0,00) length of time
interval

o v(0,) =vgp, e(0,:) =¢ in Q

@ « that appears in boundary conditions (thermally and mechanically or
energetically isolated body)

Task Mathematical Consistency of a Model - for any set of data to find uniquely
defined, smooth, solution (notion of solution, its existence, uniqueness, regularity)

Weak solution - solution dealing with averages
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Boundary conditions

(e +|v|?/2).+ + div((e + [v[*/2 + p)v) + div q — div (Sv) = 0

jt</§2E(t,x)dx>—|—/aﬂ[(E+p)v-n+q-n—Sv'n] dS=0

Mechanically and thermally isolated body, Navier's slip on [0, T] x Q:
oev-n=0 qg-n=20
@ A(Sn)r + (1 —X)v =0 for A € (0,1) ur :=u—(u-n)n
@ A=0 = no-slip A=1 = slip

Energetically isolated body, Navier's slip on [0, T] x Q:
ev-n=0 q-n=—alv,|?

@ (Sn); +av, =0 a:=(1-X)/A
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"Equivalent” formulation of the balance of energy/1

dive =10
v:+div(vev) —divS = -Vp
(e + |v|?/2).+ + div((e + [v[?/2 4 p)v) + div q = div (Sv)

is equivalent (if v is admissible test function in BM) to

divv=0
vi+divivev) —divS =-Vp
e; +div(ev) + divq =S -D(v)

Helmholtz decomposition u = ug;y + Vg¥
Leray’'s projector P : u — ugjy
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"Equivalent” formulation of the balance of energy/2

dive =0
v;+div(vev) —divS = -Vp
(e +|v|?/2).+ + div((e + [v[*/2 4 p)v) + div q = div (Sv)
is equivalent (if v is admissible test function in BM) to
divv=20
v+ Pdiv(vev) —PdivS =0
et +div(ev) +divq =S -D(v)
Advantages/Disadvantages
@ + pressure is not included into the 2nd formulation
@ -+ minimum principle for e if S-D(v) >0
@ — S-D(v) € L! while Sv € L9 with g > 1
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N
Assumptions on S = v(e, |D(v)|?)D(v) and
q = x(e,Ve)Ve

(Cl) given | r > 1| there are (; > 0 and G, > 0 such that for all symmetric
matrices B, D and e ¢ R

G(1+[D]?) 7 B

r—2

(B@B) < G(1+|Df?) = B

0 [v(e,|D|*)D]
- oD

A

(C2) given there are G3 > 0 and C; > 0 such that for all vectors u, w
and e e R"
G(1+|u)= w2 < Olrk(e,u)u]

S (w e w) < G(L+ [uP)* |wf?
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N —
Result

Theorem 4. (M. Bulitek, L. Consiglieri, J. Mélek '07)
Let (C1)—(C2) hold and r and g fulfil

9 7
r>—and qg> -

5 4
Assume that
e 0N e CH
ovoe L], ande el eg>C*>0aa. inQ

Then for all T > 0 (and any « € (0,1]) and any (vg, ep) there exists at
least one suitable weak solution (v, p, €) of the system relevant system
completed by Navier's slip boundary conditions (mechanically and
thermally isolated domain).
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Concluding remarks/1

General mathematical theory for internal unsteady flows of
incompressible heat conducting fluids - mathematical self-consistency
of IBVP

Implicit constitutive theory

"Equivalent” forms of the balance of energy

@ The role of boundary conditions at tangent directions to the boundary
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Concluding remarks/2

Methods to take the limit in nonlinearities (three groups)

@ Convective terms: products of weakly and strongly converging
sequences, Aubin-Lions compactness lemma for v and e

@ Material nonlinearities: monotone operator theory, L°-truncation and
Lipschitz truncation method, perturbations of strictly monotone
operators

e Term representing the dissipation energy: energy equality method (if
v is admissible test function in BLM), otherwise use a primary form of
energy balance

@ Entropy, renormalized, suitable, dissipative solutions: use maximum
information that is in place
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Concluding remarks/3

Open problems
e v(p,e) or v(p)
@ BC's: no-slip, inflow, outflow
@ Qualitative theory: uniqueness, regularity
°

More complicated constitutive relations (stress relaxation, normal
stress differences, nonlinear creep), discontinuous (fully implicit)
relationships
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