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Notations

Notations
e Nondimensional form of the Boltzmann equation
1
Maatf +v- fo = ﬁQ(f, f)
e Fluctuations around a global equilibrium M

f = M(1 + Mag)

controlled by the relative entropy
f
H(f|M) = // <f|og ot M) dvdx < CMa?

e Perturbative form of the Boltzmann equation

1 Ma
Mad:g +v- Vg = —ﬁﬁg + HQ(g,g)
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L The entropy inequality

Physical a priori estimates

» The entropy inequality

Starting from
o the local conservation of mass, momentum and energy
e the local entropy inequality

and integrating by parts using
e Maxwell’s boundary condition with accomodation coefficient «

we get formally the entropy inequality

a t
+ Ma/ / (s x)dsdx—kﬁ/0 /BQ E(fIM)(s,x)dods

< H(fi))M) < CMa?

H(fIM)(t)

(which will be actually satisfied even for very weak solutions of the
Boltzmann equation)
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The entropy inequality

The three controlled quantities are
e the relative entropy

H(FIM) = / Mh(Mag)dvdx  with h(z) = (1 + 2) log(1 + 2) —
e the entropy dissipation

D(f) =— | Q(f,f)log fdv

1 f'f] ,
=1 ff.r 7 1) bdvdv,dw  with r(z) = zlog(1 + z)

e the Darrozeés-Guiraud information

E(fIM) = (h(Mag) —h({Mag)an))an

with (G)aq d—eff GM\/E (v-n(x))ydv

1
V2
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The relative entropy

» The relative entropy

The relative entropy bound
/ Mh(Mag)dvdx < CMa?

controls the size of the fluctuation.
e By Young's inequality

(1+v)g = O(1) o (12 (a2 (Mav)))-

loc

e Heuristically
1
h(Z) ~z 0 =

so that we expect g to be almost in L‘;o(Lz(ddev)).
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The relative entropy

o We therefore define the renormalized fluctuation

2
g’:m‘(\/l‘i‘Mag—l)

The functional inequality
1
() > (Vi+z-1)?2, Vz>-1
implies that
& = O(1)1ee (12(dxMdv))-
That refined a priori estimate will be used together with the identity

1
g=8+ ZMa§2~
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L The entropy dissipation

» The entropy dissipation
The bound on the entropy dissipation

1 gl
/ / / ff.r (f i 1) bdvdv, dwdxds < CMa3Kn

controls some renormalized collision integral.

The functional inequality
X
(x=y)log 7 > 4(Vx =y xy>0
coupled with the Cauchy-Schwarz inequality, implies indeed

N 1
N A

= 0(1)p2

loc

(dt,L2(Mv—1dvdx)

Remark : In order to control the relaxation process, we will further need
estimates on the nonlinearity based on the continuity properties of @ and
bounds on g.



Mathematical tools for hydrodynamic limits
Physical a priori estimates

L The Darrozes Guiraud information

» The Darrozes-Guiraud information
The bound on the boundary term

ot 3
/ / (h(Mag) — h({Mag)aq))oadoxds < CMi
0 JoQ o

controls the variation of the trace in v.

By Taylor's formula (with cancellation of the first order), one indeed has

il _2@(\/1+Mag— \/<1+Mag>aﬂ>

= 0(1),

loc

(dt, L2(M(v-n(x))+ doydv))

Remark : In order to control the trace gsq, we will further need
estimates coming from the inside, on g and on v - V,g.
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L Control of the relaxation

Additional integrability in v coming from the relaxation
» Control of the relaxation

The fundamental identity
From the bilinearity of @ and the definition of g, we have obviously

2 1
g =—Q(&,8)— —— Mf v Mf
LE 1\%ang) N QY ME,V MF)
Q(g,8) —2vMaKng
For simplicity, we assume that v is bounded from up and below.
Else we would have to use some truncated b, £ and Q

Control of the quadratic term
By the continuity of Q : L2(Mdv) x L?2(Mvdv) — L2(Mv~1dv)
and the L? bound on g, we get

—-9(&,8) = O(Ma) e (11 (12(Mdv))
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Control of the relaxation

Control coming from the entropy dissipation
By the entropy dissipation bound,

2vMaKng = O(VMaKn) 2 (g,12(dxmdv))

The relaxation estimate
From the coercivity inequality for £

/ gLug(VIM(v)dv > Cllg — NglZ e -
we then deduce

g —N& = O(Ma) e (11 (12(Mav)) + O(VMaKn) 2 (dr,12(dbenidv))
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Control of large velocities

» Control of large velocities

By Young's inequality

2 v
(L4 vPRIER < 5%2|Ma Pl s
v 2
< 2 (onagy e (L))

Therefore, for any § >0, p< 1, g < 400

Cé,q

(L+[vIP)I&] = O(6) e (12(Mavar)) + O <M )
&/ 120 (La(Mdv))

Remark : for p = 1 one can actually obtain a bound.
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Moments and equiintegrability in v

» Moments and equiintegrability in v

From the decomposition

~

g=(&—-Ng)+ng
we deduce that for r < 2, g < 400, p<1
(L+ Pyl = (1+|v*P)gNg + (1 + |v|**)(& - N&)g
= O(1) oo (r(Lr(mdvy) + (1 + [v[P)[& — MEO(6) Lze (12(Mdvaix))

C
+(1+|v[P)[g — Nglo (ﬂ)
Ma L3, (L9(Mdv))

By the relaxation estimate, choosing § sufficiently small, we get

(1 +[vIP)?[gl* = O(1).

loc

(dtd,L1(Mdv)) uniformly integrable in v.
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Additional integrability in x coming from the free transport

In viscous regime, we further use properties of the free-transport equation

Maoig +v-Vg =5 (1)
e The free transport is the prototype of hyperbolic operators

t
g(t,x,v) = gin(x — Matv, v) + / S(x — Masv, v, t — s)ds
0

No regularizing effect on g. Propagation of singularities at finite speed.

o Ellipticity of the symbol outside from a small subset of R3

a(r,&,v) =i(Mar +v-§)
Regularity in x of the averages [ g¢(v)dv (moments).
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Additional integrability in x coming from the free transport
Averaging properties
» Averaging properties
A
V2
IStT+v.El < a IStt+v.El > a
Ellipticity of
the symbol
Vi
ISt t+v.El > a
Ellipticity of Small contributi
the symbol o the average

N
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L Averaging properties

Theorem [L? averaging lemma] (Golse, Lions, Perthame, Sentis) :
Let g € L2, be the solution of the transport equation (1).

t,x,v

Then, for all ¢ € L*(R3)

H [ eetvran

Sketch of the proof

e Take Fourier transform

1/2 1/2
< Colglys® I1SI1H

2 2 .
Lr,x,v Lt,x,v

L2(R,,HY'?)

e Split the integral into two contributions
o Estimate each contribution with the Cauchy-Schwarz inequality

e Optimize with respect to «

Can be extended to LP spaces with 1 < p < co.
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L Averaging properties

Remark 1 : Because of concentration phenomena, velocity averaging
fails in L' and L>° (as proved by the following counterexample).

Consider (S,) bounded in L},  such that

t,x,v

Sn — Stxl(t)éfoailw)t & 5v—v0

Let (f,) be the corresponding solutions to (1). Then,
/ fap(v)dv — pin M, 4,
R3

support(p) CR x Rivp.

Remark 2 : It is actually sufficient to control the concentration effects in
v (non concentration in x will follow automatically).
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Additional integrability in x coming from the free transport
Mixing properties

» Mixing properties

A set of “small measure in x” becomes a set of “small measure in v"

[m]

=

N
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L Mixing properties

Theorem [dispersion lemma] (Castella, Perthame) :
Let x be the solution to

Osx + Madsx + v - Vyex =0.
Then, for all (p, q) € [1,+cc] with p < g,

_3(1_1
Vs € RY, ()i qureey < 151 3G7 ) [xjacoll oo quecesy)-

Sketch of the proof
e Start from the formula of characteristics
e Use the change of variables v — x — vs
e Conclude by interpolation with the conservation of mass

Coupled with Green's formula, and with a suitable choice of the
parameter s, that gives the expected mixing property.

Combined with classical averaging results, it provides some criterion
(equiintegrability in v) to get strong compactness of the moments.in L1.
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Control of the free transport

» Control of the free transport

In viscous regime Ma ~ Kn, we can prove that

Vf/M+Ma® —1
(Maat +2V . V ) Ma
= O(Ma®*"?) ;1 geamaay) + O(1) 12(dtabr—1 M) + O(Ma)iz (dedx, 2(v—1 Mdv))

As the squareroot is not an admissible renormalization, we start from

f/M+Ma? —1
(Mad; + v - Vy) / + a

1 2
anMamf // (VAT = V) (v = va,)dod

1 vV
RN T / \/f’f*’—\/f_f*) VEb(V — v, 0)dodv,
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Control of the free transport

The L2 bound on § (coming from the entropy dissipation) gives

1 _
||Q1||L1(dtddev) < EC;nMa2 a/2,
The weighted L2 bound on g implies

2 _of M D
@=0 Kn + 0| Ma Kn

L2(dtdxv—*Mdv) L}, (dtdx,[2(v—1Mdv))

Remark : In inviscid regime Kn << Ma, there is no bound on the
transport, and consequently no a priori regularity estimate on the
moments.
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Control of the free transport

Combined with the comparison estimate

2
(w/f/M+Ma —1> P oY),

Ma

(dtdx, L2((1+|v|P)Mdv))

loc

+O(Ma™?) 12 (e, 13((1+1v17) Mev))-

it will provide the convenient control to get

e the equiintegrability with respect to x of
Mg*(1+ |v[P)

e the spatial regularity of the moments

/Méf(p(v)dv
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