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Existence and convergence result

I X , ‖ · ‖:= Banach space, ψ : [0,+∞)→ [0,+∞) C 1 strictly convex and
superlinear, ψ(0) = 0, Ψ(ξ) := ψ(‖ξ‖)

I φ : X → (−∞,+∞] l.s.c., proper, coercive (compact sublevels),
chain rule.

Theorem

For every u0 with φ(u0) < +∞ every family of discrete solutions Uτ admits a
subsequence Uτn uniformly converging to an absolutely continuous function
u : [0,+∞)→ X which solves the metric formulation

d

dt
φ(u) = −‖u̇‖ ‖∂`φ‖∗(u) = −ψ

`
‖u̇‖
´
− ψ∗

`
‖∂`φ‖(u)

´
.

If X has the Radon-Nikodym property (e.g. if it is reflexive), then u is a
solution of the doubly nonlinear evolution equation

∂Ψ(u̇(t)) + ∂`φ(u(t)) = 0
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Time dependent functionals

φ(u) φt(u) = φ(u)−〈f(t), u〉, f ∈ C 1(0,+∞; X ′)

∂`φ(u) ∂`φt(u) = ∂`φ(u)−f(t)

∂tφt(u) = −〈f′(t), u〉

Chain rule

d

dt
φ(u(t)) = 〈∂`φt(u), u̇〉+∂tφt(u) = 〈∂`φt(u), u̇〉−〈f′(t), u〉.

Equation: ∂Ψ(u̇(t)) + ∂`φ(u(t)) = f(t)

Metric formulation:

8<:
d

dt
φ(u) ≤ −‖u̇‖ ‖∂`φt‖∗(u)−〈f′, u〉

≤ −ψ
`
‖u̇‖
´
− ψ∗

`
‖∂`φt‖∗(u)

´
−〈f′, u〉

Integral formulation: φT(u(T )) +

Z T

0

“
ψ
`
‖u̇‖
´

+ ψ∗
`
‖∂`φt‖∗(u)

´”
dt ≤ φ0(u0)

−
Z T

0

〈f′(t), u(t)〉 dt

Variational scheme: Un → min
U
τΨ
“U − Un−1

τ

”
+ φ(U)−〈f(tn),U〉
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