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Model

Vit = oz—i—X,-’t—ﬂ—{— Ujt

@ /... panels (firms, countries, individual parameters)
@ t... time

@ «... scalar

@ ... regressors dim K + 1

° X;{: ... observation for i-th panel and time t
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One way error component model

Ujp = [bj + Vit
o Lj...

unobservable individual effects
@ Vit...

reminder disturbance
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Vector notation

y=olyr +XB+u=7%6+u (2)
oy...(NT x1)
o X...(NT x K)
e Z = (].NT,X)
0 07 =(a,87)
@ 1,7 vector of ones of dimension NT
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Vector notation of error |

Then (1) is possible rewrite

u="2Zyup+v
o u’ = (u1,...,u1T, o1, ..., UaTy ..., UNT, ..
) ZM=HN®JT
@ Iy ... identity matrix of dimension N
@ A® B... Kronecker product
o ul = (p1,...,pn); v = (vi1,. ., 01T -

— ZMZZ = l]IN,]]T
@ J1 ... matrix of ones of dimension T
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Vector notation of error Il

Let's define
o P= %ZM(ZZZM)_:lZZ ... projection matrix of Z,
@ Q=1pn7 —P... deviation form individual means
= P, Q are idempotent matrices
o PT =P
e P2=P
o rank(P) =tr(P) = N; rank(Q) =tr(Q) = N(T — 1)

= P,Q are orthogonal i.e. PQ=0= P+ Q=1InT

J. Dufek (MFF UK) Panel data 14.10.2015

7/28



The fixed effects models |

From (1) and (2)
y=alyr +X8+Z,pu+v (4)

@ u; is fixed parameter for estimate

e vy iid; Eviy = 0, varvjy = o2

e Vi, t Xj, vjr are mutually independent
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The fixed effects models Il

From (4) we can easily obtain
Y =70+ Zup+v

~> run the OLS for estimation of parameters «, 3, i1
e Zis NT x (K+1)
@ Z,is NT x N

= for N huge the OLS needs to invert matrix of dimension (N + K) !l
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The fixed effects models Il - Trick

We are interested in parameters «, 5
~> LSDV (least squares dummy variables)
pre-multiplying (5) by matrix Q

Qy = QX5+ Qv

— typical regression § = Qy with typical representants (y;: — ¥i.) on

X = QX with typical representants (Xj; x — )_<,-.7k) for k-th regressor where
k=1,2,...,K

~> inversion of matrix of type (K x K)

Estimation by the OLS method
o f=(XTQX)'X"Qy
o varf = o2(XTQX) ! = o2(XTX) !
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The fixed effects models IV - Remark
@ Simple regression

Yie = a + BXie + pi + Vi (*)

@ Averaging _

Vii=a+ X +pi+ v (xx)
o (¥) = (xx) _

Yie = ¥i. = B(Xie — Xi.) + (vie — Ui.)
@ Averaging again

V. =a+pX. + 1.

N
subject to > pj =0... preventing from dummy trap
i=1

@ it is possible to estimate only parameters 3 and (o + p;)

@ impossible of separation of parameters o and p;
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The fixed effects models V - Significance

Testing of significance of fixed effects

@ Ho: p1=p2=---=pn-1=0
@ testing statistics under Hy

(RRSS — URSS)/(N — 1)

Fo= o F
O~ TURSS/(NT — N — K) N=1.N(T-1)-K

@ RRSS resticted residual sum of squares

@ URSS unresticted residual sum of squares

J. Dufek (MFF UK) Panel data 14.10.2015

12 /28



The fixed effects models VI - Robust estimates of std errors

equation for regression after pre-multiplying by Q

§i = XiB+7;

robust least squares

NY2(3 — B) ~ N(O, M~ VM)

M = plim(XX)/N; V = plim S ¥(XTQ;X;)/N
Q,’ = E(V,'I/,-T)

) o N T
~ var(f) = (XTX)™! [Z XTGIGTXI] (XTX)"!

Il
—_

o ii; =y — X,
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The random effects model |

y=alyt +XB+Zup+v

2
I

@ V... iid, Evyy =0, varvy = 0,%

@ pj...iid, Euj =0, varu; =0

@ i, Vir, Xip mutually independent

e from (3) u = Z,uu + v we can obtain correlation matrix

Q=FE(u’) = Z”E(M,LLT)ZZ—FE(I/UT) = Uﬁ(]IN@JT)—FU,%(HN@JT) (%)

Ji—{—ag fori=j,t=s
cov(uije, Ujs) = aﬁ fori=j,t#s (7)
0 otherwise
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The random effects model Il - GLS Estimator

@ For GLS estimator is needed 27! that is matrix of type (NT x NT)
~~ Trick Wansbeek(1982,1983) for 1, Q~1/2

e For substitution J7 by J7 and I by (B +J7); Er =11 —J7 in (%)
obtain

Q= To*i(]l/v @J7)+ o2(Iy @ET) + o2(Iy @ I7)

Q= (Tol+02)In®@I7) +0o(In®ET) =0iP+0.Q,  (8)

kde 02 = TO’ + o2
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The random effects model Ill - GLS Estimator

(8) is spectral decomposition of Q where first unique characteristic
root o2 of multiplicity N and second root o2 of multiplicity N(T — 1)

@ From properties of P, Q
» Q1= LP+ LQ
» Q12=1p41Q
generally holds Q" = (02)" P + (02)" Q
o after pre-multiplying of (2) by 0,Q71/2 =Q + 2P we obtain
regression y* = ¢, Q" 1/2y
~~ OLS - inversion of matrix of dimension (K + 1)
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The best quadratic unbiased (BQU) estimator

@ BQU estimator comes form spectral decomposition Q

N
T =2
A2 UT]P)U _ I;. u’ (9)
17 H(P)
5 3 (e — )
T p Ujp — Uj
6‘3 _ u @U _ i=1t+1 (10)
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Least squares dummies variables (LSDV)

@ OLS estimates are still unbiased and consistent but not efficient
~+ use LSDV residuals instead of OLS residuals

(
(Vaig-y )~ (e (% ) )
)
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Double regression |

Swamy (1972)
o first regression equation
> form (6) yie — 7i. = B(Xie — Xi.) + (vie — 71.)

[y Qy -y’ QX(X7QX) X" Qy]
N(T-1)— K

52—
@ second regression equation (cross-section regression)
VT =VTa+VTX] B+ VTa,

where var(v/T@;.) = 02

>

52 _ y Py —y"PZ(ZTPZ) 1 ZT Py
! N-K-1
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Double regression |l - Remark

@ The double regression can be rewritten in matrices

(7)=(% ) (w)

@ transformed error has zero mean and covariance matrix

a2Q 0
0 o%P
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GLS

o if we want to get rid of constant «

( (P —%):VT)Y ) N ( (P —%Ef/r)x >ﬁ+ < (P _%I;VT)U ) (11)

@ we obtain it by using facts that Q1y7 = 0 and (P — Jn7)1nT =0

@ transformed error has zero mean and covariance matrix

o2Q 0
0 o?P
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GLS 1l

GLS on (11):

2 2 =
v 0'1 O'V 0'1

. XTQX XT(P—Jyr)X]1 7t [XT XT(P—]J
BaeLs = 0(2@ + ( NT)] x[ Qy+ ( wT)Y

= [WXX + ¢2Bxx] ! [ny + (DZBXy]

) varﬁGLs = 0' [WXX + ¢2BXX]
o Wxx = XTQX; Bxx = XT(P — Jn7)X; 92 =

»—‘Nlt ¥
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GLS 1l

° bw = W)_ol(WXy

° fg = B)_ol(EXy

4

Bers = WiBw + Wafp

» Wy = (Wxx + ®2Bxx)  *Wxx
> W, = (WXX + ¢2BXX)71(¢2BXX) =1-W;

= ,@GLS is weighted estimate
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Maximum likelihood estimation

@ under normality of disturbances

NT 1
L(c, 8,92 02,) = const. — - log o2 + — Iog 2 — 2—2uTZ_1u

» Y =Q+ o—2p
o Bmle; OQmle = Y. = X-T/Bmle

A2 dT[Q+92(P-TyT)]d
® Omle = NT

> d:y_XBmle
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Concentrated likelihood

Lc(B, d?) = const. — g log {dT[Q (P — JINT)]d} + g log &2 (12)

e max (12) over 8

Buie = [KT(@+ 02~ Iyr))X] X7 [Q+ 0(B — Inr)]y
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Prediction

@ predict S period ahead for i-th individual
Yi71s = Z] 1y daLs +w QMg s>1

o ligrs =y — Zdars
o W= E[u,-’m_s . U]

® UiT4s =i+ ViT+s
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