Analysis of a Combined Barycentric Finite Volume – Nonconforming Finite Element Method for Nonlinear Convection – Diffusion Problems

Philippe Angot, Marseille, Vít Dolejší, Miloslav Feistauer, Jiří Felcman, Praha

(Received December 10, 1997)

Abstract. We present the convergence analysis of an efficient numerical method for the solution of an initial–boundary value problem for a scalar nonlinear conservation law equation with a diffusion term. Nonlinear convective terms are approximated with the aid of a monotone finite volume scheme considered over the finite volume barycentric mesh, whereas the diffusion term is discretized by piecewise linear nonconforming triangular finite elements. Under the assumption that the triangulations are of weakly acute type, with the aid of the discrete maximum principle, a priori estimates and some compactness arguments based on the use of the Fourier transform with respect to time, the convergence of the approximate solutions to the exact solution is proved, provided the mesh size tends to zero.

Key words: nonlinear convection – diffusion problem, barycentric finite volumes, Crouzeix – Raviart nonconforming piecewise linear finite elements, monotone finite volume scheme, discrete maximum principle, a priori estimates, convergence of the method.

AMS Subject Classification: 65M12, 65M50, 35k60, 76M10, 76M25

1. Introduction

Many processes in science and technology are described by convection – diffusion equations with convection dominating over diffusion. We can mention, e.g., processes of fluid dynamics, hydrology and environmental protection. There is an extensive literature on the numerical solution of convection – diffusion problems. Let us mention, e.g., the papers [1], [2], [22], [23], [26], [28], [31], [33], [34], the monographs [25], [27] and the references therein, devoted mainly to linear problems. The main difficulty which must be overcome is the accurate resolution of the so-called boundary layers. If the equation under consideration represents a nonlinear conservation law with a small dissipation, then beside boundary layers also shock waves appear (slightly smeared due to dissipation). This is particularly the case of the system describing the viscous gas flow.

In [6], [9], [10], [12] we developed numerical methods for the solution of high – speed viscous compressible flow in domains with complex geometry. These methods are based on the combination of a finite volume scheme for the discretization of inviscid convective terms and the finite element discretization of viscous terms. Numerical experiments proved the efficiency and robustness of these methods with respect to the precise resolution of boundary layers and shock capturing. (For the finite volume solution of an inviscid gas flow see, e.g., [3], [16], [17], [18], [19], [20], [32]). Since the complete viscous gas flow problem is rather complex, the theoretical analysis of the combined finite volume – finite element method has been carried out for the case of a simplified scalar nonlinear conservation law equation with a small dissipation which is the simplest prototype of the compressible Navier – Stokes equation. Papers [11], [13], [15] are concerned with the convergence and error estimates for the method using dual finite volumes over a triangular mesh combined with conforming piecewise linear triangular finite elements.

Another possibility is the combination of the so-called barycentric finite volumes constructed over a triangular grid with the well–known Crouzeix – Raviart nonconforming piecewise linear finite elements used for the numerical solution of incompressible viscous flow ([5], [30]). The upwind version of the Crouzeix – Raviart finite element method was developed and analyzed in [26] for a linear stationary convection – diffusion equation. This was the inspiration for Schieweck and Tobiska who investigated in [28] upwind schemes for steady Navier – Stokes equations.

In the present paper we are concerned with the convergence analysis of the combined barycentric finite volume – nonconforming piecewise linear finite element method for the numerical solution of the nonstationary initial – boundary value problem for a scalar nonlinear conservation law equation with a diffusion term. The main technique used in this paper is based on the discrete maximum principle, a priori estimates and discrete compactness results derived with the aid of the Fourier transform with respect to time.

2. Continuous Problem

Let Ω ⊂ IR^2 be a bounded domain with a Lipschitz–continuous boundary ∂Ω. In the space–time cylinder Q_T = Ω × (0, T ) (0 < T < ∞) we consider the following initial–boundary value problem:

Find u : Q_T → IR, u = u(x, t), x ∈ Ω, t ∈ [0, T ], such that ∂u ∂t + 2∑ s=1 ∂f_s(u) ∂x_s − νΔu = g in Q_T , (2.1) u|_{∂Ω×(0,T )} = 0, (2.2) u(x, 0) = u^0(x), x ∈ Ω, (2.3)

where ν > 0 is a given constant and f_s : IR → IR, s = 1, 2, g : Q_T → IR, u^0 : Ω → IR are given functions.

We denote V = H^1_0 (Ω) = W^{1,2}_0 (Ω).

(2.4)

In the space H^1(Ω) besides its norm we will often work with the seminorm

|u|_H1_{(Ω)} = (∫ Ω |∇u|^2 dx )_{1/2} (2.5)

which is an equivalent norm on V : there exist constants c̄_1, c̄_2 > 0 such that

c̄_1‖v‖_H1_{(Ω)} ≤ |v|_H1_{(Ω)} ≤ c̄_2‖v‖_H1_{(Ω)}.

(2.6)

We can write |u|_H1_{(Ω)} = ((u, u))^{1/2}, where ((u, v)) = ∫ Ω ∇u · ∇v dx, u, v ∈ H^1(Ω), (2.7) is a scalar product on V . Further we set (u, v) = ∫ Ω uv dx, u, v ∈ L^2(Ω). (2.8)

We will assume that f_s ∈ C^2(IR), f_s(0) = 0, s = 1, 2,

(2.9) g ∈ C([0, T ]; W^{1,q}(Ω)) for some q > 2,

(2.10) u^0 ∈ W^{1,p}(Ω) for some p > 2.

(2.11)

Now we derive the weak formulation of problem (2.1) – (2.3). Multiplying (2.1) by an arbitrary v ∈ V , integrating over Ω, using Green’s theorem we obtain the identity

d dt ∫ Ω u(t)v dx − ∫ Ω 2∑ s=1 f_s(u(t)) ∂v ∂x_s dx + ν ∫ Ω ∇u(t) · ∇v dx = (2.12) = ∫ Ω g(t)v dx, ∀v ∈ V, ∀t ∈ [0, T ]. Here, for t ∈ [0, T ], u(t) means the function ”x ∈ Ω → u(t)(x) = u(x, t)”. Let us set

b(φ, v) = − ∫ Ω 2∑ s=1 f_s(φ) ∂v ∂x_s dx for φ ∈ L^∞(Ω), v ∈ V. (2.13)

Definition 1 We say that a function u is a weak solution of problem (2.1) – (2.3), if it satisfies the conditions

u ∈ L^2(0, T ; V ) ∩ L^∞(Q_T ),

(2.14) d dt (u(t), v) + b (u(t), v) + ν((u(t), v)) = (g(t), v) ∀v ∈ V, (2.15) in the sense of distributions on (0, T ), u(0) = u^0.

(2.16)

The identity (2.15), which is (2.12) rewritten with the aid of the above notation, means that

− ∫_T 0 (u(t), v) ψ^′ (t) dt + ν ∫_T 0 ((u(t), v))ψ(t) dt + ∫_T 0 b (u(t), v) ψ(t) dt = (2.17) = ∫_T 0 (g(t), v) ψ(t) dt ∀v ∈ V, ∀ψ ∈ C^∞_0 ((0, T )). It follows from [11] that problem (2.14) – (2.16) has a unique solution.

3. Discrete Problem

Let Ω_h be a polygonal approximation of the domain Ω. By T_h we will denote a triangulation of Ω_h with standard properties (see e.g. [4]): T ∈ T_h are closed triangles and

Ω_h = ⋃ T ∈T_h T, (3.1)

if T_1, T_2 ∈ T_h, then T_1 ∩ T_2 = /0 or

(3.2)

T_1 ∩ T_2 is a common side of T_1 and T_2 or T_1 ∩ T_2 is a common vertex of T_1 and T_2, P ∈ Ω for any vertex P of each T ∈ T_h.

(3.3)

By S_h we denote the set of all sides of all triangles T ∈ T_h. We introduce a numbering of triangles T ∈ T_h and their sides S ∈ S_h in such a way that T_h = {T_i; i ∈ I} , S_h = {S_j ; j ∈ J} , where I and J are suitable index sets. By Q_j we denote the centre of a side S_j ∈ S_h and put P_h = {Q_j ; j ∈ J}. Moreover, we set J^∘ = {i ∈ J; Q_i ∈ Ω_h} . (3.4)

Sometimes we will use the local notation S_{ij} and Q_{ij} , j = 1, 2, 3, for the sides of a triangle T_i ∈ T_h and their centres, respectively. Then {Q_j, j ∈ J} = {Q_{ik}, k = 1, 2, 3, i ∈ I}, (3.5) {S_j, j ∈ J} = {S_{ik}, k = 1, 2, 3, i ∈ I}. By h(T ) and θ(T ) we denote the length of the longest side and the magnitude of the smallest angle, respectively, of the triangle T ∈ T_h and put

h = max_{T ∈Th} h(T ), θ_h = min_{T ∈Th} θ(T ).

(3.6)

Now let us construct the barycentric mesh D_h = {D_i; i ∈ J} over the basic mesh T_h. The barycentric finite volume D_i is a closed polygon defined in the following way: We join the barycentre of every triangle T ∈ T_h with its vertices. Then around the side S_i, i ∈ J^∘, we obtain a closed quadrilateral containing S_i. If S_j ⊂ ∂Ω_h is a side with vertices P_1, P_2 of a triangle T ∈ T_h adjacent to ∂Ω_h, then we denote by D_j the triangle with the sides S_j and segments connecting the barycentre of T with P_1 and P_2. (See Figures 1, 2.)

It is obvious that Ω_h = ⋃ i∈J D_i. (3.7)

If D_i ≠ D_j and the set ∂D_i∩∂D_j contains more than one point, we call D_i and D_j neighbours and set Γ_{ij} = ∂D_i ∩ ∂D_j (= a common side of D_i and D_j ). Further, we define the set s(i) = {j ∈ J; D_j

Figure 1: Barycentric finite volumes, D_i, D_j ∈ D_h, Q_i, Q_j ∈ P_h, S_i, S_j ∈ S_h, S_j ⊂ ∂Ω_h

Figure 2: Triangular mesh and the associated barycentric finite volume mesh

is a neighbour of D_i}. If Q_i ∈ ∂Ω_h, then we set S(i) = s(i) ∪ {−1} and Γ_{i,−1} = S_i ⊂ ∂Ω_h, otherwise (for i ∈ J^∘) we put S(i) = s(i).

In the sequel we use the following notation: |T | = area of T ∈ T_h, |D_i| = area of D_i ∈ D_h (i.e., i ∈ J), l_{ij} = length of the segment Γ_{ij}, n_{ij} = (n_{ij1}, n_{ij2}) = unit outer normal to ∂D_i on Γ_{ij} (i.e., n_{ij} points from D_i to D_j ). Moreover, let us consider a partition 0 = t_0 < t_1 < . . . of the interval (0, T ) and set τ_k = t_{k+1} − t_k for k = 0, 1, . . .. Obviously, we have ∂D_i = ⋃ j∈S(i) Γ_{ij} . (3.8)

Let us define the following spaces over the grids T_h and D_h:

X_h = { v_h ∈ L^2(Ω_h); v_h|_T is linear ∀T ∈ T_h, v_h is continuous at Q_j ∀j ∈ J } , V_h = {v_h ∈ X_h; v_h(Q_i) = 0 ∀i ∈ J − J^∘} ,

(3.9)

Z_h = { w_h ∈ L^2(Ω_h); w_h|_{Di} = const ∀i ∈ J } ,

Y_h = {w_h ∈ Z_h; w_h = 0 on D_i ∈ D_h ∀i ∈ J − J^∘} .

Let us notice that X_h ⊄ H^1(Ω_h) and V_h ⊄ V = H^1_0 (Ω_h). Therefore, we speak about nonconforming, piecewise linear finite elements. (By G. Strang, the use of nonconforming finite elements belongs to one of the basic finite element variational crimes, see [29].)

In the spaces from (3.9) we easily construct simple bases: The system {w_i; i ∈ J} of functions w_i ∈ X_h such that w_i(Q_j ) = δ_{ij} = Kronecker delta, i, j ∈ J, forms a basis in X_h. The system {w_i, i ∈ J^∘} is a basis in V_h. Furthermore, denoting by d_i = χ_{Di} the characteristic function of D_i ∈ D_h, we have bases in Z_h and Y_h as the systems {d_i; i ∈ J} and {d_i; i ∈ J^∘}, respectively.

By I_h we denote the interpolation operator in the space of nonconforming finite elements (see [8], 8.9.79). If v ∈ H^1(Ω), then I_hv ∈ X_h, (I_hv)(Q_{ij}) = 1 |S_{ij}| ∫ S_{ij} v dS, j = 1, 2, 3, i ∈ I. (3.10) This integral exists due to the theorem on traces in the space H^1(T ): ‖φ‖_L2_{(∂T )} ≤ c‖φ‖_H1_{(T )}, φ ∈ H^1(T ), T ∈ T_h (c = c(T )) .

(3.11) By L_h : X_h → Z_h we denote the so-called lumping operator: if v : P_h → IR, then we set L_hv_h = ∑ i∈J v_h(Q_i) d_i ∈ Z_h.

(3.12) Obviously, L_h(V_h) = Y_h.

In order to derive the discrete problem to (2.14) – (2.16) from Definition 1, we put (u, v)_h = ∫ Ω_h

(I_hu)(I_hv) dx, u, v ∈ H^1(Ω_h),

(3.13)

((u, v))_h = ∑ i∈I ∫ T_i ∇u · ∇v dx, u, v ∈ L^2(Ω_h), u|_T , v|_T ∈ H^1(T ) ∀T ∈ T_h, b̃_h(u, v) = ∑ i∈I ∫ T_i 2∑ s=1 ∂f_s(u) ∂x_s v dx, u ∈ L^∞(Ω_h), v ∈ L^2(Ω_h), u|_T ∈ H^1(T ) ∀T ∈ T_h.

By | · |_h we denote the discrete L^2 – norm induced by (·, ·)_h. For v_h ∈ X_h we set I_hv_h = v_h and then (u_h, v_h)_h = (u_h, v_h)_L2_{(Ωh)}, |v_h|_h = ‖v_h‖_L2_{(Ωh)}, u_h, v_h ∈ X_h.

(3.14) If Ω_h = Ω, then for “regular” functions we have ((u, v))_h = ((u, v)), u, v ∈ H^1(Ω),

(3.15) b̃_h(u, v) = b(u, v), u ∈ H^1(Ω) ∩ L^∞(Ω), v ∈ L^2(Ω).

The form ((·, ·))_h induces the seminorm ‖u_h‖_{Xh} = ( ∑ i∈I ∫ T_i |∇u_h|^2 dx )_{1/2} , u_h ∈ X_h. (3.16)

Under the notation ‖u_h‖_{Xh(Ti)} = (∫ T_i |∇u_h|^2 dx )_{1/2} , i ∈ I, u_h ∈ X_h, (3.17)

we have ‖u_h‖^2_{Xh} = ∑ i∈I ‖u_h‖^2_{Xh(Ti)}, u_h ∈ X_h. (3.18)

The following Cauchy inequality holds: ((u_h, v_h))_h ≤ ‖u_h‖_{Xh} ‖v_h‖_{Xh} , u_h, v_h ∈ X_h. (3.19)

In the case when the diffusion ν is small, it is suitable to modify the discrete “convection” form b̃_h with the aid of the finite volume approach. Let u ∈ H 1(Ω_h), v_h ∈ V_h. Then we write ∫ Ω_h 2∑ s=1 ∂f_s(u) ∂x_s v dx ≈ ∫ Ω_h 2∑ s=1 ∂f_s(u) ∂x_s L_hv dx = = ∑ i∈J v(Q_i) ∫ D_i 2∑ s=1 ∂f_s(u) ∂x_s dx = = ∑ i∈J v(Q_i) ∫ ∂D_i 2∑ s=1 f_s(u)n_s dS = = ∑ i∈J v(Q_i) ∑ j∈S(i) ∫ Γ_{ij} 2∑ s=1 f_s(u)n_s dS =

= ∑ i∈J v(Q_i) ∑ j∈s(i) ∫ Γ_{ij} 2∑ s=1 f_s(u)n_s dS ≈ ≈ ∑ i∈J v(Q_i) ∑ j∈s(i) H (u(Q_i), u(Q_j), n_{ij} ) l_{ij} .

The function H defined on IR^2 × S, where S = {n ∈ IR^2; |n| = 1}, is called a numerical flux. It is easy to see that the form b_h(u, v) = ∑ i∈J v(Q_i) ∑ j∈s(i) H (u(Q_i), u(Q_j), n_{ij}) l_{ij} (3.20)

obtained above has sense for all u, v ∈ X_h. We will use it as an approximation of the form b̃_h.

Definition 2 We define the approximate solution of problem (2.1) – (2.3) as functions u^k_h, t_k ∈ [0, T ], given by the conditions u^0_h = I_hu^0 (∈ V_h),

(3.21) u^{k+1}_h ∈ V_h, t_k ∈ [0, T ), (3.22) 1 τ (u^{k+1}_h − u^k_h, v_h)_h + b_h(u^k_h, v_h) + ν((u^{k+1}_h , v_h))_h = (g^{k+1}, v_h)_h, ∀v_h ∈ V_h, t_k ∈ [0, T ),

(3.23) where g^k = g(·, t_k). The function u^k_h is the approximate solution at time t_k.

Properties of the numerical flux. In what follows we use the following assumptions: 1. H = H(y, z, n) is locally Lipschitz-continuous with respect to y, z: for any M^∗ > 0 there exists c(M^∗) > 0 such that |H(y, z, n) − H(y^∗, z^∗, n)| ≤ c(M^∗)(|y − y^∗| + |z − z^∗|) (3.24) ∀y, y^∗, z, z^∗ ∈ [−M^∗, M^∗], ∀n ∈ S. 2. H is consistent: H(u, u, n) = 2∑ s=1 f_s(u)n_s, ∀u ∈ IR, ∀n = (n_1, n_2) ∈ S. (3.25)

3. H is conservative: H(y, z, n) = −H(z, y, −n) ∀y, z ∈ IR, ∀n ∈ S. (3.26)

4. H is monotone in the following sense: For a given fixed number M^∗ > 0 the function H(y, z, n) is nonincreasing with respect to the second variable z on the set M_M ∗ = {(y, z, n); y, z ∈ [−M^∗, M^∗], n ∈ S}. (3.27)

Lemma 1 Problem (3.21) – (3.23) from Definition 2 has the following properties: 1. The bilinear forms (·, ·)_h and ((·, ·))_h defined in (3.13) are scalar products on V_h. 2. For each u_h ∈ X_h, b_h(u_h, ·) is a linear form on V_h. 3. If i ∈ J and T ∈ T_h is a triangle for which Q_i ∈ T , then |T ∩ D_i| = 1 3 |T |. (3.28)

4. The approximation (·, ·)_h of the L^2-scalar product can be defined with the aid of numerical integration using the centres Q_{ij} of sides S_{ij} of T_i ∈ T_h as integration points:

(u, v)_h = 1 3 ∑ i∈I |T_i| 3∑ j=1 u(Q_{ij})v(Q_{ij} ) = ∫ Ω (L_hu)(L_hv) dx, u, v ∈ X_h. (3.29)

5. We have (w_i, w_j)_h = δ_{ij} |D_i|, i, j ∈ J, (3.30) (u, w_i)_h = 1 3 ∑ {T ∈T_h;Q_i∈T ∩P_h} |T |u(Q_i) = |D_i|u(Q_i), i ∈ J, u ∈ X_h, (3.31) (g^k, w_i)_h = |D_i|g(Q_i, t_k), i ∈ J, t_k ∈ [0, T ]. (3.32) 6. Problem (3.22)–(3.23) has a unique solution u^{k+1}_h .

7. Function z ∈ X_h and y ∈ V_h can be expressed in the form z = ∑ j∈J z(Q_j )w_j and y = ∑ j∈J^∘ y(Q_j)w_j , (3.33)

respectively.

8. Problem (3.22)–(3.23) is equivalent to the system of algebraic equations |D_i|u^{k+1}_h (Q_i) + τν ∑ j∈J^∘ ((w_i, w_j))_hu^{k+1}_h (Q_j) =

(3.34) = |D_i|u^k_h(Q_i) − τb_h(u^k_h, w_i) + τ|D_i|g(Q_i, t_k), i ∈ J^∘, (3.35)

for unknown values u^{k+1}_h (Q_j ), j ∈ J^∘. This system is uniquely solvable.

Proof. Assertions 1, 2, 3 and 7 are obvious. By [4], Par. 4.1, the numerical quadrature ∫ T_i u dx ≈ |T_i| 3 3∑ j=1 u(Q_{ij}), (3.36)

is exact for polynomials of degree ≤ 2. This together with 3 implies assertion 4. Assertion 5 is a consequence of 3 and 4. Assertion 6 follows from the Lax–Milgram lemma, 8 is obtained from 5, 6 and 7. □

4. Convergence

In what follows, for simplicity we assume that the domain Ω is polygonal and, hence, Ω_h = Ω. Let us consider a system {T_h}_{h∈(0,h0)} (h_0 > 0) of triangulations of the domain Ω, set τ = T/r for any integer r > 1 and define the partition of the interval [0, T ] formed by time instants t_k = kτ, k = 0, 1, . . . , r.

We define functions u_{hτ} , w_{hτ} : (−∞, ∞) → V_h associated with an approximate solution {u^k_h}^r_{k=0}:

u_{hτ} (t) = u^0_h, t ≤ 0,

(4.1) u_{hτ} (t) = u^k_h, t ∈ (t_{k−1}, t_k], k = 1, . . . , r, u_{hτ} (t) = u^r_h, t ≥ T ; w_{hτ} is a continuous, piecewise linear mapping of [0, T ] into V_h,

(4.2) w_{hτ} (t_k) = u^k_h, k = 0, . . . , r, w_{hτ} (t) = 0 for t < 0 or t > T.

Our goal is to prove that the functions u_{hτ} , w_{hτ} , constructed from the values of the approximate solution u^k_h, t_k ∈ [0, T ] with the aid of scheme (3.21) – (3.23), converge in some sense to the exact solution of problem (2.1) – (2.3) as h, τ → 0 in a suitable way. In what follows we shall work with a number of constants. By c, c_1, c_2, . . . , ĉ, ĉ_1, . . . , c̃, c̃_1, . . . we will denote constants independent of h, τ, ν, and C, C_1, . . . will denote constants that are independent of h, τ, but depend on ν. Moreover, c will be used as a generic constant attaining in general different values at different places.

Assumptions:

1. Let the system {T_h}_{h∈(0,h0)} be regular, i.e. there exists ϑ_0 > 0 such that θ_h ≥ ϑ_0 > 0 ∀h ∈ (0, h_0).

(4.3) 2. The triangulations T_h, h ∈ (0, h_0) are of weakly acute type.

(4.4) This means that the magnitude of all angles of all T ∈ T_h, h ∈ (0, h_0), is less than or equal to π/2. 3. The inverse assumption is satisfied: There exists c_1 > 0 such that h h(T ) ≤ c_1 ∀T ∈ T_h ∀h ∈ (0, h_0). (4.5)

In view of [4], Remark 3.1.3, assumption (4.3) implies the existence of a constant c_2 > 0 such that h^2 ≤ c_2|T |, T ∈ T_h, h ∈ (0, h_0). (4.6)

5. L^∞– stability

In virtue of (2.10) and (2.11), u^0 ∈ C(Ω) and g ∈ C(Q_T ). Hence, there exist constants M̃ and K̃ such that ‖u^0_h‖_L∞_{(Ω)} ≤ M̃, ‖g‖_L∞_{(QT )} ≤ K̃. (5.1) Let us put M^∗ = M̃ + T K̃. (5.2) If u_h ∈ X_h and |u_h(Q_i)| ≤ M^∗ for all i ∈ J, then ‖u_h‖_L∞_{(Ω)} ≤ M := 3M^∗. The main tool for proving the L^∞-stability is the discrete maximum principle represented by the following results.

Theorem 1 For i ∈ J^∘ and j ∈ J let real numbers a_{ij} , b_{ij} , δ_i, φ_i, u_j, ũ_j, τ satisfy the following conditions: τ > 0, a_{ii} > 0 ∀i ∈ J^∘, a_{ij} ≤ 0 ∀i ∈ J^∘, j ∈ J, i ≠ j, b_{ij} ≥ 0 ∀i ∈ J^∘, j ∈ J, ∑ j∈J a_{ij} = ∑ j∈J b_{ij} = δ_i > 0 ∀i ∈ J^∘, ∑ j∈J a_{ij}ũ_j = ∑ j∈J b_{ij} u_j + τδ_iφ_i ∀i ∈ J^∘, ũ_i = u_i = 0, ∀i ∈ J − J^∘. Then max_{j∈J} |ũ_j| ≤ max_{j∈J} |u_j| + τ max_{j∈J ∘} |φ_i|. (5.3)

Proof follows from [22], Lemma 3.1.1, page 29. □

Lemma 2 Let w_i, i ∈ J be the basis functions of X_h defined above. Then under assumption (4.4) the following relations are valid: ((w_i, w_i))_h > 0, i ∈ J, (5.4) ((w_i, w_j))_h ≤ 0, i, j ∈ J, i ≠ j, (5.5) ∑ j∈J ((w_i, w_j))_h = 0, i ∈ J.

(5.6)

Proof. By the definition, we have

((w_i, w_j))_h = ∑ T ∈T_h |T |∇w_i|_T · ∇w_j|_T . (5.7)

If ∇w_i|_T · ∇w_j|_T ≠ 0 then Q_i, Q_j must be the midpoints of the sides of the triangle T . So, let T be a triangle with nodes Q_i = (x_{i1}, x_{i2}), Q_j = (x_{j1}, x_{j2}), Q_k = (x_{k1}, x_{k2}). Taking into account that w_i|_T is uniquely determined by its values at the vertices of the triangle Q_iQ_j Q_k and using the standard results (Cf., e.q., [14], Section 4.4), we have ∇w_i|_T = 1 D (x_{j2} − x_{k2}, x_{k1} − x_{j1}), ∇w_j|_T = 1 D (x_{k2} − x_{i2}, x_{i1} − x_{k1}),

(5.8) ∇w_k|_T = 1 D (x_{i2} − x_{j2}, x_{j1} − x_{i1}),

where D = | | | | | | x_{i1}, x_{i2}, 1 x_{j1}, x_{j2}, 1 x_{k1}, x_{k2}, 1

| | | | | | . (5.9)

This implies that |∇w_i|_T |^2 = 1 D^2 |Q_j − Q_k|^2 > 0. (5.10)

Since w_i + w_j + w_k = 1 on T , we have

|∇w_i|^2 + ∇w_i · ∇w_j + ∇w_i · ∇w_k = 0 on T.

(5.11)

Further, using (5.8), the well-known expression of the cosine of the angle between two vectors and denoting by α_i the angle in the triangle Q_iQ_jQ_k at the vertex Q_i, we find that ∇w_i|_T · ∇w_j|_T = − 1 D^2 |Q_i − Q_j||Q_i − Q_k| cos α_i ≤ 0 (5.12)

(similarly for ∇w_i · ∇w_k and ∇w_j · ∇w_k). The last inequality is a consequence of the assumption (4.4) on the angles of T ∈ T_h, which implies that α_i ∈ (0, π/2]. Now we multiply (5.10) – (5.12) by |T |, sum over all T ∈ T_h and use (5.7). As a result we immediately obtain (5.4) – (5.6). □

Theorem 2 If τ > 0 and h ∈ (0, h_0) satisfy the condition τc(M^∗)|∂D_i| ≤ |D_i|, i ∈ J, (5.13) where c(M^∗) is the constant from (3.24), and if (5.1) and (5.2) hold, then

‖u^k_h‖_L∞_{(Ω)} ≤ M, t_k ∈ [0, T ], (5.14) ‖u_{hτ} ‖_L∞_{(QT )}, ‖w_{hτ} ‖_L∞_{(QT )} ≤ M. (5.15)

Proof. In virtue of (3.34) and the fact that u_h(Q_j ) = 0, Q_j ∈ ∂Ω, identity (3.23) can be written in the form |D_i|u^{k+1}_h (Q_i) + τν ∑ j∈J ((w_i, w_j))_hu^{k+1}_h (Q_j) =

(5.16) = |D_i|u^k_h(Q_i) − τb_h(u^k_h, w_i) + τ|D_i|g(Q_i, t_k), i ∈ J^∘, k ≥ 0. By induction with respect to k we will prove that ‖u^k_h(Q_i)‖_L∞_{(Ω)} ≤ M̃ + kτK̃ ≤ M^∗, t_k ∈ [0, T ], Q_i ∈ P_h. (5.17) Obviously, (5.17) holds for k = 0. Let us assume that (5.17) is valid for some t_k ∈ [0, T ).

Let us denote by L_i the left hand side of (5.16) and set u_i = u^k_h(Q_i) and φ_i = g(Q_i, t_k) (for simplicity we omit the superscript k). Then (5.16) reads

L_i = |D_i|u_i − τb_h(u_h, w_i) + τ|D_i|φ_i = = |D_i|u_i − τ ∑ j∈s(i) H(u_i, u_j, n_{ij})l_{ij} + τ|D_i|φ_i = = |D_i|u_i + τ ∑ j∈s(i) [ H(u_i, u_i, n_{ij}) − H(u_i, u_j, n_{ij}) − H(u_i, u_i, n_{ij} ) ] l_{ij} + τ|D_i|φ_i, i ∈ J^∘. In view of the consistency of the numerical flux H (see (3.25)) and Green’s theorem, we have ∑ j∈s(i) H(u_i, u_i, n_{ij} )l_{ij} = ∫ ∂D_i 2∑ s=1 f_s(u_i)n_s dS = 0.

Hence, if we set IH_{ij} = { 0, u_i = u_j H(u_i,u_i,n_{ij} )−H(u_i,u_j ,n_{ij} ) u_j −u_i lij, ui ≠ uj, (5.18) we can write L_i = |D_i|u_i + τ ∑ j∈s(i) IH_{ij}(u_j − u_i) + τ|D_i|φ_i. (5.19) Due to the monotonicity of the numerical flux, IH_{ij} ≥ 0, i ∈ J^∘, j ∈ s(i). (5.20)

In virtue of the induction assumption, |u_i| ≤ M̃ + kτK̃ < M^∗ for i ∈ J. This and the local Lipschitz-continuity of H imply that 0 ≤ IH_{ij} ≤ c(M^∗)l_{ij} = c(M^∗)|Γ_{ij}|. Using (3.8), we find that 0 ≤ ∑ j∈s(i) IH_{ij} ≤ c(M^∗) ∑ j∈s(i) |Γ_{ij}| ≤ c(M^∗)|∂D_i| and hence, by (5.13), |D_i| − τ ∑ j∈s(i) IH_{ij} ≥ 0, i ∈ J^∘. (5.21) From (5.19) it follows that (5.16) can be written in the form

|D_i|u^{k+1}_h (Q_i) + τν ∑ j∈J ((w_i, w_j))_hu^{k+1}_h (Q_j ) =

= |D_i| − τ ∑ j∈s(i) IH_{ij} u^k_h(Q_i) + τ ∑ j∈s(i) IH_{ij}u^k_h(Q_j ) + τ|D_i|φ^k_i , i ∈ J^∘. (5.22)

Taking into account (5.4) – (5.6), (5.20) and (5.21), we see that Theorem 1 can be applied if we set a_{ij} = |D_i|δ_{ij} + τν((w_i, w_j))_h, b_{ii} = |D_i| − τ ∑ k∈s(i) IH_{ik}, b_{ij} = τIH_{ij} , i ≠ j, u_i = u^k_h(Q_i), ũ_i = u^{k+1}_h (Q_i), δ_i = |D_i|. (5.23) Inequality (5.3) and the fact that u^{k+1}_h (Q_j ) = 0 for Q_j ∈ ∂Ω_h imply that max_{i∈J} |u^{k+1}_h (Q_i)| ≤ max_{i∈J} |u^k_h(Q_i)| + τ‖g(·, t_k)‖_L∞_{(Ω)}.

In view of the induction assumption and (5.1), we find that max_{i∈J} |u^{k+1}_h (Q_i)| ≤ M̃ + (k + 1)τK̃ ≤ M^∗.

Hence, ‖u^{k+1}_h ‖_L∞_{(Ω)} ≤ M = 3M^∗, which we wanted to prove. □

Lemma 3 Assumption (4.3) and its consequence (4.6) imply that there exists a constant c_3 > 0 such that |D_i|/|∂D_i| ≥ c_3h, ∀i ∈ J, ∀h ∈ (0, h_0). (5.24)

Proof. From (3.28) we deduce that ∀i ∈ J ∃j_0 ∈ I such that |D_i| ≥ 1 3 |T_{j0} |, (5.25) which together with (4.6) implies that |D_i| ≥ 1 3c_2 h^2 ∀i ∈ J. (5.26) Further, it is easy to see that |∂D_i| ≤^8_3 h, which together with (5.26) gives assertion (5.24). □ As we see, we can consider the stability condition 0 ≤ τ ≤ c_3c(M)^{−1}h. (5.27) Obviously, (5.24) and (5.27) yield (5.13).

6. Consistency

Lemma 4 (Discrete Friedrichs inequality) There exists a constant ĉ_1 independent of h such that ‖u_h‖_L2_{(Ω)} ≤ ĉ_1‖u_h‖_{Xh} , u_h ∈ V_h, h ∈ (0, h_0).

(6.1)

Proof. In [30], Chap. I, Par. 4, Proposition 4.13 or [8], Lemma 8.9.92, this lemma is proved provided Ω is convex. For the case of a general polygonal domain see [7]. □

Definition 3 Let us define the space L^2(0, T ; V_h) as the set of all functions v_h : (0, T ) → V_h such that

‖v_h‖_L2_{(0,T ;Vh)} ≡ (∫_T 0 ‖v_h(t)‖^2_{Xh} dt )_{1/2} = (∫_T 0 ( ∑ i∈I ∫ T_i |∇v_h(t)|^2 dx ) dt )_{1/2} < ∞. (6.2)

Lemma 5 The interpolation operator I_h defined by (3.10) has the following properties: If φ ∈ V, then I_hφ ∈ V_h. (6.3) Let φ ∈ H^{k+1}(Ω), where k = 0 or 1. Then for h ∈ (0, h_0) we have ‖φ − I_hφ‖_{Xh} ≤ ch^k‖φ‖_Hk+1_{(Ω)}, (6.4) ‖φ − I_hφ‖_L2_{(Ω)} ≤ ch^{k+1}‖φ‖_Hk+1_{(Ω)},

(6.5) ‖I_hφ‖_{Xh} ≤ c‖φ‖_H1_{(Ω)}, (6.6) φ ∈ H^1(Ω) ⇒ ‖φ − I_hφ‖_{Xh} → 0 as h → 0

(6.7) with c > 0 independent of φ and h.

Proof. See [8], Lemma 8.9.81. □ Lemma 6 There exists a constant c > 0 such that for any h ∈ (0, h_0) we have ‖v_h‖_L2_{(Ω)} = ‖L_hv_h‖_L2_{(Ω)}, v_h ∈ X_h,

(6.8)

‖v_h − L_hv_h‖_L2_{(Ω)} ≤ ch‖v_h‖_{Xh} , v_h ∈ X_h, (6.9)

(u_h, v_h) = (u_h, v_h)_h, u_h, v_h ∈ X_h,

(6.10)

|(g^k, v_h) − (g^k, v_h)_h| ≤ ch‖g^k‖_W 1,q_{(Ω)}‖v_h‖_{Xh} , v_h ∈ V_h. (6.11)

If M > 0 and κ ∈ (0, 1), then there exists a constant c̃ = c̃(M, κ) such that |b̃_h(u_h, v_h) − b_h(u_h, v_h)| ≤ c̃h^{1−κ} ( ‖u_h‖^2_{Xh} + ‖u_h‖_{Xh} ) ‖v_h‖_{Xh} , (6.12) u_h ∈ V_h ∩ L^∞(Ω), ‖u_h‖_L∞_{(Ω)} ≤ M, v_h ∈ V_h, h ∈ (0, h_0), where the forms b̃_h and b_h are defined by (3.13) and (3.20), respectively.

Proof.

1. Let v_h ∈ X_h. We can write ‖v_h‖^2_L2_{(Ω)} = ∫ Ω |v_h|^2 dx = ∑ i∈I ∫ T_i |v_h|^2 dx. (6.13) By the definition of X_h, v_h|_{Ti} is a linear function. Since the quadrature formula ∫ T_i φ dx ≈ 1 3 |T_i| 3∑ j=1 φ(Q_{ij}) (6.14) is precise for quadratic functions on T_i, we immediately find that ‖v_h‖^2_L2_{(Ω)} = ∑ i∈I 1 3 |T_i| 3∑ j=1 v_h(Q_{ij})^2.

(6.15) On the other hand, from the definition of L_h and (3.28) it follows that ‖L_hv_h‖^2_L2_{(Ω)} = ∫ Ω |L_hv|^2 dx = ∑ j∈J ∫ D_j |L_hv|^2 dx =

(6.16) = ∑ j∈J |D_j|v_h(Q_j )^2 = ∑ i∈I 1 3 |T_i| 3∑ j=1 v_h(Q_{ij} )^2.

Now (6.15) and (6.16) yield (6.8).

T_{i1}

T_{i2} T_{i3}

Q_{i1}

Q_{i2} Q_{i3}

Figure 3: Partition of a triangle T_i into subtriangles T_{i1}, T_{i2}, T_{i3}

2. Each v_h ∈ X_h is linear on T_i ∈ T_h and can be expressed in the form

v_h(x_1, x_2) = v_h(Q_{ij} ) + ∂v_h ∂x_1 | | | |_{Ti} (x^1 − x^1(Q^{ij} )) + ∂v_h ∂x_2 | | | |_{Ti} (x^2 − x^2(Q^{ij})) , j = 1, 2, 3,

(6.17)

where (x_1(Q_{ij} ), x_2(Q_{ij})) are the coordinates of Q_{ij} .

Next we have | (x_1 − x_1(Q_{ij} )) | ≤ h, | (x_2 − x_2(Q_{ij} )) | ≤ h for (x_1, x_2) ∈ T_i. Every triangle

T_i ∈ T_h can be divided into three subtriangles T_{i1}, T_{i2}, T_{i3} (see Fig. 3). Then we have

‖v_h − L_hv_h‖^2_L2_{(Ω)} = ∫ Ω |v_h − L_hv_h|^2 dx = ∑ i∈I 3∑ j=1 ∫ T_{ij} |v_h − L_hv_h|^2 dx = = ∑ i∈I 3∑ j=1 ∫ T_{ij} | | | | ∂v_h ∂x_1 | | |_{Ti} ( x_1 − x_1(Q_{ij} ) ) + ∂v_h ∂x_2 | | |_{Ti} ( x_2 − x_2(Q_{ij} ) )| | | 2 dx ≤ ≤ h^2 ∑ i∈I 3∑ j=1 ∫ T_{ij} (| | | ∂v_h ∂x_1 | | | | + | | | | ∂v_h ∂x_2 | | | | )_2

dx ≤ 2h^2 ∑ i∈I ∫ T_i (| | | | ∂v_h ∂x_1 | | | | 2 + | | | | ∂v_h ∂x_2 | | | | 2) dx =

= 2h^2‖v_h‖^2_{Xh} ,

which proves (6.9).

3. Assertion (6.10) immediately follows from (3.13) and the fact that u_h = I_hu_h for u_h ∈ X_h.

4. Assertion (6.11) follows from relation (3.29), the fact that the quadrature formula (3.36) is exact

for polynomials of degree ≤ 2 and [4], Theorem 4.1.5.

5. Let us define the form

b^∗_h(u_h, v_h) = ∑ i∈J v_h(Q_i) ∑ j∈s(i) ∫ Γ_{ij} 2∑ s=1 f_s(u_h)n_s dS, u_h, v_h ∈ V_h. (6.18)

D_k

Q_k

S_k

T_{ij} T_i∗_j∗

Figure 4: Line of discontinuity S_k of a finite volume D_k

We write b̃_h(u_h, v_h) − b_h(u_h, v_h) = [ b̃_h(u_h, v_h) − b̃_h(u_h, L_hv_h) ] + (6.19) + [ b̃_h(u_h, L_hv_h) − b^∗_h(u_h, v_h) ] + [ b^∗_h(u_h, v_h) − b_h(u_h, v_h) ] and estimate the expressions in square brackets separately. Obviously, due to (6.9) and the bound ‖u_h‖_L∞_{(Ω)} ≤ M, | | |b̃_h(u_h, v_h) − b̃_h(u_h, L_hv_h) | | | = | | | | ∑ i∈I ∫ T_i 2∑ s=1 f^′_s(u_h) ∂u_h ∂x_s (v_h − L_hv_h) dx | | | | ≤ (6.20) ≤ max_{|ξ|≤M} max_{s=1,2} |f^′_s(ξ)| ‖∇u_h‖_L2_{(Ω)}‖v_h − L_hv_h‖_L2_{(Ω)} ≤ c̃h‖u_h‖_{Xh} ‖v_h‖_{Xh} , c̃ = c̃(M). Using notation from Fig. 3, we have

b̃_h(u_h, L_hv_h) = ∑ i∈I ∫ T_i 2∑ s=1 ∂f_s(u_h) ∂x_s L_hv_h dx =

(6.21) = ∑ i∈I 3∑ j=1 v_h(Q_{ij}) ∫ T_{ij} 2∑ s=1 ∂f_s(u_h) ∂x_s dx = ∑ i∈I 3∑ j=1 v_h(Q_{ij} ) ∫ ∂T_{ij} 2∑ s=1 f_s(u_h)n_s dS. It is evident (see Fig. 4) that for each k ∈ J there exist i, i^∗ ∈ I and j, j^∗ ∈ {1, 2, 3} such that D_k = T_{ij} ∪ T_i∗_j∗ , S_k = T_{ij} ∩ T_i∗_j∗ , Q_{ij} = Q_i∗_j∗ = Q_k. (6.22)

If D_k is a boundary finite volume then i = i^∗, j = j^∗ and S_k = T_{ij} ∩ ∂Ω_h.

The function u_h ∈ X_h is in general discontinuous on S_k − {Q_k}. We denote u_h|_{Ti} = (u_h)^p_k and u_h|_T ∗_i = (u_h)^n_k . We denote the outer unit normals to T_i, T_i∗ on S_k by n^p_k, n^n_k and their components by n^p_{ks}, n^n_{ks}, s = 1, 2, respectively. (Obviously n^p_k = −n^n_k .) We have

∫ ∂T_{ij} 2∑ s=1 f_s(u_h)n_s dS + ∫ ∂T_i∗_j∗ 2∑ s=1 f_s(u_h)n_s dS =

(6.23) = ∫ ∂D_k 2∑ s=1 f_s(u_h)n_s dS + ∫ S_k 2∑ s=1 f_s ((u_h)^p_k) n^p_{ks} dS + ∫ S_k 2∑ s=1 f_s ((u_h)^n_k ) n^n_{ks} dS = = ∫ ∂D_k 2∑ s=1 f_s(u_h)n_s dS + ∫ S_k 2∑ s=1 [f_s ((u_h)^p_k) − f_s ((u_h)^n_k )] n^p_{ks} dS.

Now from (6.21), (6.23) and the definition of the forms b^∗_h, b̃_h we have

b̃_h(u_h, L_hv_h) − b^∗_h(u_h, v_h) = ∑ k∈J v_h(Q_k) ∫ S_k 2∑ s=1 [f_s ((u_h)^p_k) − f_s ((u_h)^n_k )] n^p_{ks} dS.

(6.24)

In the following we omit for simplicity the subscript k and write u^p_h = (u_h)^p_k, u^n_h = (u_h)^n_k , n_s = n^p_{ks}. By assumption (2.9) and the Taylor formula we can write

f_s(u^p_h) = f_s(u_K ) + f^′_s(u_K )(u^p_h − u_K ) + 1 2 f^{′′}_s (η_{sp})(u^p_h − u_K )^2, s = 1, 2 ,

(6.25)

f_s(u^n_h) = f_s(u_K ) + f^′_s(u_K )(u^n_h − u_K ) + 1 2 f^{′′}_s (η_{sn})(u^n_h − u_K )^2, s = 1, 2 ,

where u_K = u^p_h(Q_k) = u^n_h(Q_k), η_{sp} lies between u^p_h and u_K , η_{sn} lies between u^n_h and u_K . Using the above notation for s = 1, 2, we have

f_s(u^p_h) − f_s(u^n_h) = f^′_s(u_K )(u^p_h − u^n_h) + 1 2 [ f^{′′}_s (η_{s1})(u^p_h − u_K )^2 − f^{′′}_s (η_{s2})(u^n_h − u_K )^2 ] . (6.26)

Since u^p_h, u^n_h are linear functions, then ∇u^p_h and ∇u^n_h are constant and u^p_h(x) − u^n_h(x) = (∇u^p_h − ∇u^n_h) · (x − Q_k) , x ∈ S_k, u^p_h(x) − u_K = ∇u^p_h · (x − Q_k) , x ∈ S_k, (6.27) u^n_h(x) − u_K = ∇u^n_h · (x − Q_k) , x ∈ S_k, |x − Q_k| ≤ h 2 , x ∈ S_k. Now from the assumptions on u_h, (6.26) and (6.27) we have | | | | ∫ S_k 2∑ s=1 (f_s(u^p_h) − f_s(u^n_h)) n_s dS | | | | ≤ (6.28)

≤ | | | | | | ∫ S_k 2∑ s=1 f^′_s(u_K ) (u^p_h − u^n_h) dS | | | | | | + max_{|ξ|≤M} max_{s=1,2} |f^{′′}_s (ξ)| h^2 4 ∫ S_k | ||∇u^p_h|^2 − |∇u^n_h|^2 | | dS ≤

≤ max_{|ξ|≤M} max_{s=1,2} |f^{′′}_s (ξ)| h^3 4 ( |∇u^p_h|^2 + |∇u^n_h|^2 ) , since ∫ S_k (u p h −u^n_h)dS = 0, as one can easily show. Putting (6.28) into (6.24) and taking into account that u(Q_k) = 0 for Q_k ∈ ∂Ω_h, we obtain | | |b̃_h(u_h, L_hv_h) − b^∗_h(u_h, v_h) | | | ≤ max_{|ξ|≤M} max_{s=1,2} |f^{′′}_s (ξ)| h^3 4 ∑ k∈J^o |v_h(Q_k)| ( |∇(u_h)^p_k|^2 + |∇(u_h)^n_k |^2 ) ≤ 18

≤ max_{|ξ|≤M} max_{s=1,2} |f^{′′}_s (ξ)| h^3 2 ∑ i∈I 3∑ j=1 | | |∇u_h|_{Ti} | | |^2 | | |L_hv_h|_{Tij} | | | ≤ (6.29) ≤ ĉ max_{|ξ|≤M} max_{s=1,2} |f^{′′}_s (ξ)| h 2 ∑ i∈I 3∑ j=1 |T_i| | | |∇u_h|_{Ti} | | |^2 | | |L_hv_h|_{Tij} | | | ≤ ch‖v_h‖_L∞_{(Ω)}‖u_h‖^2_{Xh} .

Let us put p = 2/κ (∈ (2, ∞)). Similarly as in [28] we have ‖v_h‖_Lp_{(Ω)} ≤ c(p)‖v_h‖_{Xh} , v_h ∈ V_h, h ∈ (0, h_0). (6.30)

(Cf. also [30], Chap. II, Par. 23.) Then, using the inverse assumption (4.5), with the aid of the inverse inequality ([4], Theorem 3.2.6), we obtain

‖v_h‖_L∞_{(Ω}) ≤ c̃(p)h^{− 2p} ‖v_h‖_Lp_{(Ω)}, v_h ∈ V_h, h ∈ (0, h_0).

(6.31)

Now (6.29), (6.30) and (6.31) imply that | |b̃_h(u_h, L_hv_h) − b^∗_h(u_h, v_h) | | ≤ c(M, κ)h^{1−κ}‖u_h‖^2_{Xh} ‖v_h‖_{Xh} , v_h ∈ V_h. (6.32)

Using (3.20), (6.18), the conservativity of the numerical flux H and the relations Γ_{ij} = Γ_{ji}, l_{ij} = l_{ji}, n_{ij} = −n_{ji}, we arrive at

b^∗_h(u_h, v_h) − b_h(u_h, v_h) =

(6.33) = ∑ i∈J v_h(Q_i) ∑ j∈s(i) {∫ Γ_{ij} 2∑ s=1 f_s(u_h)n_s dS − H (u_h(Q_i), u_h(Q_j ), n_{ij} ) l_{ij} } =

= 1 2 ∑ i∈J ∑ j∈s(i) [∫ Γ_{ij} 2∑ s=1 f_s(u_h)n_s dS − H (u_h(Q_i), u_h(Q_j ), n_{ij} ) l_{ij} ] (v_h(Q_i) − v_h(Q_j )) .

If i ∈ J and j ∈ s(i) then we denote by T^{ij} the triangle from T_h such that Γ_{ij} ⊂ T^{ij}. It is easy to see that |Q_i − Q_j | ≤ h 2 , |x − Q_i| ≤ h 2 for x ∈ Γ_{ij} , l_{ij} ≤ 2 3 h, (6.34) |u_h(Q_i) − u_h(Q_j)| ≤ h 2 |∇u_h|_T ij |, |u_h(x) − u_h(Q_i)| ≤ h 2 |∇u_h|_T ij | for x ∈ Γ_{ij}, |v_h(Q_i) − v_h(Q_j )| ≤ h 2 |∇v_h|_T ij |. In virtue of the consistency and local Lipschitz-continuity of H, the bound ‖u_h‖_L∞_{(Ω)} ≤ M and (6.34), we conclude that | | | | | ∫ Γ_{ij} 2∑ s=1 f_s(u_h)n_s dS − H (u_h(Q_i), u_h(Q_j ), n_{ij} ) l_{ij} | | | | | ≤ ≤ | | | | ∫ Γ_{ij} 2∑ s=1 (f_s(u_h) − f_s(u_h(Q_i))) n_s dS | | | | +

+ | | | | 2∑ s=1 f_s(u_h(Q_i)) − H (u_h(Q_i), u_h(Q_j), n_{ij}) | | | | l_{ij} = = | | | | ∫ Γ_{ij} [H (u_h(x), u_h(x), n_{ij} ) − H (u_h(Q_i), u_h(Q_i), n_{ij} )] dS | | | | + + |H (u_h(Q_i), u_h(Q_i), n_{ij} ) − H (u_h(Q_i), u_h(Q_j ), n_{ij} )| l_{ij} ≤ ≤ 2c(M) max_{x∈Γij} |u_h(x) − u_h(Q_i)| l_{ij} + c(M) |u_h(Q_i) − u_h(Q_j)| l_{ij} ≤ ≤ c(M)h^2 |∇u_h|_T ij | . (6.35)

This, (6.33) and (6.34) immediately yield the estimate |b^∗_h(u_h, v_h) − b_h(u_h, v_h)| ≤ 1 2 ∑ i∈J ∑ j∈s(i) c(M)h^3 |∇u_h|_T ij | |∇v_h|_T ij | . (6.36)

Taking into account that each triangle T ∈ T_h appears in the sum in (6.36) as some T^{ij} at most six times and using (4.6), we find that |b^∗_h(u_h, v_h) − b_h(u_h, v_h)| ≤ 3c_2c(M)h ∑ i∈I |T_i| |∇u_h|_{Ti} | |∇v_h|_{Ti} | = = ch ∑ i∈I ∫ T_i |∇u_h| |∇v_h| dx ≤ ch‖u_h‖_{Xh} ‖v_h‖_{Xh} . This, (6.19), (6.20) and (6.32) finally yield (6.12). □

Lemma 7 If M > 0, then there exists a constant c^∗ = c^∗(M) such that |b_h(u_h, v_h)| ≤ c^∗‖u_h‖_L∞_{(Ω)}‖v_h‖_{Xh} , (6.37) u_h ∈ V_h ∩ L^∞(Ω), ‖u_h‖_L∞_{(Ω)} ≤ M, v_h ∈ V_h, h ∈ (0, h_0).

Proof. Let u_h, v_h ∈ V_h and ‖u_h‖_L∞_{(Ω)} ≤ M. Using (3.20), the conservativity of the numerical flux and the relations Γ_{ij} = Γ_{ji}, l_{ij} = l_{ji}, n_{ij} = −n_{ji}, we find that

b_h(u_h, v_h) = ∑ i∈J v_h(Q_i) ∑ j∈s(i) H (u(Q_i), u(Q_j), n_{ij}) l_{ij} = (6.38) = 1 2 ∑ i∈J ∑ j∈s(i) H (u(Q_i), u(Q_j), n_{ij} ) (v_h(Q_i) − v_h(Q_j )) l_{ij}.

Let us use the symbol T^{ij} in the same way as in the proof of Lemma 6. Then (6.38), (2.9), (6.34), the consistency and local Lipschitz–continuity of H imply that |b_h(u_h, v_h)| ≤ 1 2 c(M) max_Ω |u_h| ∑ i∈J ∑ j∈s(i) h^2 |∇v_h|_T ij | . (6.39)

From (6.39), (4.6), the fact that each T ∈ T_h appears in the above sum as some T^{ij} at most six times and from the Cauchy inequality we conclude that

|b_h(u_h, v_h)| ≤ 3c_2c(M)‖u_h‖_L∞_{(Ω)} ∑ i∈I |T_i| | | |∇v_h|_{Ti} | | | = 3c_2c(M)‖u_h‖_L∞_{(Ω)} ∫ Ω |∇v_h| dx ≤ ≤ 3c_2c(M) (meas(Ω))^{1/2} ‖u_h‖_L∞_{(Ω)}‖v_h‖_{Xh} ,

(6.40) which is (6.37) with c^∗ := 3c_2c(M)(meas(Ω))^{1/2}. □ The above results imply the following

Theorem 3 Let (5.1), (5.2) and (5.13) hold. Then the solution u^{k+1}_h of the discrete problem (3.21) – (3.23) satisfies the relation

(u^{k+1}_h − u^k_h, v_h) + τb̃_h(u^k_h, v_h) + τν((u^{k+1}_h , v_h))_h = τ(g^{k+1}, v_h) + l^k_h(v_h),

(6.41) v_h ∈ V_h, t_k ∈ [0, T ), h ∈ (0, h_0), where l^k_h(v_h) = l^k_{1h}(v_h) + l^k_{2h}(v_h),

(6.42) l^k_{1h}(v_h) = τ ( b̃_h(u^k_h, v_h) − b_h(u^k_h, v_h) ) , (6.43) l^k_{2h}(v_h) = −τ ( (g^k, v_h) − (g^k, v_h)_h ) . (6.44) Moreover, for any κ ∈ (0, 1) there exists a constant c > 0 independent of v_h, k, τ and h (but dependent on κ and M) such that | |l^k_{1h}(v_h) | | ≤ cτh^{1−κ} ( ‖u^k_h‖^2_{Xh} + ‖u^k_h‖_{Xh} ) ‖v_h‖_{Xh} . (6.45) There exists a constant ĉ independent of v_h, k, τ and h such that | |l^k_{2h}(v_h) | | ≤ ĉτh‖g^k‖_W 1,q_{(Ω)}‖v_h‖_{Xh} . (6.46)

Proof is an immediate consequence of Theorem 2 and Lemma 6. □

7. A Priori Estimates

Theorem 4 Let (5.1) and (5.2) hold. Then there exists a constant Ĉ > 0 independent of h, τ and m (but dependent on ν) such that max t_k ∈[0,T ] ‖u^k_h‖_L2_{(Ω)} ≤ Ĉ,

(7.1) m∑ k=1 ‖u^k_h − u^{k−1}_h ‖^2_L2_{(Ω)} ≤ Ĉ, t_m ∈ (0, T ],

(7.2) ντ m∑ k=0 ‖u^k_h‖^2_{Xh} ≤ Ĉ, t_m ∈ [0, T ], (7.3) for all τ, h > 0 satisfying the conditions h ∈ (0, h_0) and (5.13).

Proof. In view of Lemma 3 and Theorem 2, conditions (5.1), (5.2) and (5.27) imply (5.14). If we set v_h := u^{k+1}_k in (3.23) and use the relation (y − z, y) = 1 2 ( ‖y‖^2_L2_{(Ω)} − ‖z‖^2_L2_{(Ω)} + ‖y − z‖^2_L2_{(Ω)} ) (7.4) 21 valid for y, z ∈ L^2(Ω), we get

‖u^{k+1}_h ‖^2_L2_{(Ω)} − ‖u^k_h‖^2_L2_{(Ω)} + ‖u^{k+1}_h − u^k_h‖^2_L2_{(Ω)} + 2τν‖u^{k+1}_h ‖^2_{Xh} =

(7.5) = 2τ(g^k, u^{k+1}_h )_h − 2τb_h(u^k_h, u^{k+1}_h ).

In virtue of Theorem 2, Lemma 7 and Young’s inequality for ε > 0, we have 2 | | |b_h(u^k_h, u^{k+1}_h ) | | | ≤ (c^∗M)^2 /ε + ε‖u^{k+1}_h ‖^2_{Xh} .

(7.6)

By (3.29) and the Cauchy inequality, | | |(g^k, u^{k+1}_h )_h | | | = | | |(L_hg^k, L_hu^{k+1}_h ) | | | ≤ ‖L_hg^k‖_L2_{(Ω)}‖L_hu^{k+1}_h ‖_L2_{(Ω)}.

(7.7)

With the aid of the definition of the operator L_h and the continuous imbedding W^{1,q}(Ω) → C(Ω) it is easy to find that ‖L_hg^k‖_L2_{(Ω)} ≤ c‖g‖_{C(0,T ;W} 1,q_{(Ω))}

(7.8) with c independent of h and k. Further, from (3.14) and (3.29) we have ‖v_h‖_L2_{(Ω)} = ‖v_h‖_h = ‖L_hv_h‖_L2_{(Ω)}, ∀v_h ∈ X_h.

(7.9) This, (7.7), (7.8), Lemma 4 and Young’s inequality yield the estimate

2 | | |(g^k, u^{k+1}_h )_h | | | ≤ 2ĉ_1c‖g‖_{C(0,T ;W} 1,q_{(Ω))}‖u_h‖_{Xh} ≤ (7.10) ≤ ĉ^2_1c^2‖g‖^2_{C(0,T ;W} 1,q_{(Ω))}/ε + ε‖u_h‖^2_{Xh} , ε > 0.

Now choosing ε = ν/2, from (7.5), (7.6) and (7.10) we get ‖u^{k+1}_h ‖^2_L2_{(Ω)} − ‖u^k_h‖^2_L2_{(Ω)} + ‖u^{k+1}_h − u^k_h‖^2_L2_{(Ω)} + ντ‖u^{k+1}_h ‖^2_{Xh} ≤ C̄τ,

(7.11) C̄ = 2(ĉ^2_1c^2‖g‖^2_{C(0,T ;W 1,q(Ω))} + (c^∗M)^2)/ν.

Summation over k = 0, . . . , m − 1 (t_m ∈ (0, T ]) and the use of (7.9), (3.21), (6.6) and Lemma 4 yield

‖u^m_h ‖^2_L2_{(Ω)} + m∑ k=1 ‖u^k_h − u^{k−1}_h ‖^2_L2_{(Ω)} + τν m∑ k=1 ‖u^k_h‖^2_{Xh} ≤ (7.12)

≤ C̄T + ‖u^0_h‖^2_L2_{(Ω)} ≤ C̄T + ĉ^2_1‖u^0_h‖^2_{Xh} ≤ C̄T + ĉ^2_1c‖u^0‖^2_H1_{(Ω)} ≤ Ĉ, t_m ∈ (0, T ). Now, estimates (7.12) immediately imply (7.1) – (7.3). □

Theorem 5 Let (5.1) and (5.2) hold. Then there exists a constant C > 0 such that functions u_{hτ} and w_{hτ} defined by (4.1) and (4.2) satisfy the estimates ‖u_{hτ} ‖_L2_{(−1,T ;L}2_{(Ω))} ≤ C,

(7.13)

‖w_{hτ} ‖_L2_{(0,T ;L}2_{(Ω))} ≤ C,

(7.14) ‖u_{hτ} ‖_L2_{(−1,T ;Vh)} ≤ C, (7.15) ‖w_{hτ} ‖_L2_{(0,T ;Vh)} ≤ C (7.16) for all h ∈ (0, h_0) and τ > 0 satisfying condition (5.13). Moreover, there exists a constant C̃ > 0 such that ‖u_{hτ} − w_{hτ} ‖_L2_{(QT )} ≤ C̃ √ τ (7.17) for all h and τ with the above properties.

Proof. Assertions (7.13) and (7.15) immediately follow from (7.1) and (7.3), respectively.

Now let us prove (7.17). We have

‖u_{hτ} − w_{hτ} ‖^2_L2_{(QT )} = r∑ k=1 ∫_{tk} t_{k−1} ‖ ‖ ‖ ‖ t − t_k τ ( u^k_h − u^{k−1}_h )‖ ‖ ‖ 2 L^2(Ω) dt ≤ ≤ r∑ k=1 ‖u^k_h − u^{k−1}_h ‖^2_L2_{(Ω)} ∫_{tk} t_{k−1} ( t − t_k τ )_2 dt ≤ Ĉ τ 3 , as follows from (7.2).

Assertion (7.14) is a consequence of (7.13) and (7.17). Finally,

‖w_{hτ} ‖^2_L2_{(0,T ;Vh)} = r∑ k=1 ∫_{tk} t_{k−1} ‖w_{hτ} (t)‖^2_{Xh} dt (7.18)

and for t ∈ (t_{k−1}, t_k), using the convexity of the function “u → ‖u‖^2_{Xh} ”, we get ‖w_{hτ} (t)‖^2_{Xh} = ‖ ‖ ‖u^{k−1}_h + t − t_k τ ( u^k_h − u^{k−1}_h )‖ ‖ ‖ 2 X_h ≤ ‖u^{k−1}_h ‖^2_{Xh} + ‖u^k_h‖^2_{Xh} . (7.19)

This and (7.3) already yield (7.16). □

8. Passage to Limit

We rewrite scheme (3.23) in the form d dt (w_{hτ} (t), v_h)_h + ν((u_{hτ} , v_h))_h + b_h(u_{hτ} (t − τ), v_h) = (g_{hτ} (t), v_h)_h

(8.1) for a. e. t ∈ (0, T ), v_h ∈ V_h,

where g_{hτ} (t) = g^{k+1} for t ∈ (t_k, t_{k+1}).

(8.2)

The weak solution of the continuous problem (2.1) – (2.3) satisfies the condition u(·, t) ∈ V for a.e. t ∈ (0, T ) and the approximate solution u^k_h ∈ V_h for t_k ∈ [0, T ]. Since we use nonconforming FEM and thus V_h ⊄ V , the convergence analysis is more complex than in the conforming case investigated in [11]. Our further considerations will be based on results from [30] and [8], Section 8.9.

If v_h ∈ V_h, then the distributional derivatives are not elements of L^2(Ω). Therefore, we will define the discrete analogue d_{ih}v_h of the derivatives^{∂vh}_{∂xi} , i = 1, 2:

(d_{ih}v_h)(x) = ( ∂v_h ∂x_i ) (x), x ∈ T, T ∈ T_h. (8.3) Obviously, d_{ih}v ∈ L^2(Ω).

We introduce the space F = [L^2(Ω)]^3 and the mapping ω : V → F defined by u ∈ V −→ ωu = ( u, ∂u ∂x_1 , ∂u ∂x_2 ) ∈ F. (8.4) The space F is equipped with the norm ‖φ‖_F = (_2 ∑ i=0 ‖φ_i‖^2 )_{1/2} for φ = (φ_0, φ_1, φ_2) ∈ F.

(8.5) We define a scalar product in F by (φ, ψ)_F = 2∑ i=0 (φ_i, ψ_i)_L2_{(Ω)}, φ = (φ_0, φ_1, φ_2), ψ = (ψ_0, ψ_1, ψ_2) ∈ F.

(8.6)

Further, we define the imbedding operator J_h : V_h → F by v_h ∈ V_h −→ J_hv_h = (v_h, d_{1h}v_h, d_{2h}v_h) ∈ F. (8.7) From (8.5) and the discrete Friedrichs inequality (6.1) we have

‖J_hv_h‖^2_F = ‖v_h‖^2_L2_{(Ω)} + ‖v_h‖^2_{Xh} ≤ (c^2_1 + 1)‖v_h‖^2_{Xh} for v_h ∈ V_h,

(8.8) which leads to ‖J_hv_h‖_F ≤ c‖v_h‖_{Xh} for v_h ∈ V_h. (8.9) This implies that the operators J_h, h ∈ (0, h_0), are uniformly bounded: ‖J_h‖ = sup_{0≠vh∈Vh} ‖J_hv_h‖_F ‖v_h‖_{Xh} ≤ c, h ∈ (0, h_0). (8.10)

We will also work with the operator I_h : V → V_h defined by (3.10). Let us prove several auxiliary results.

Lemma 8 1. For each v ∈ V , lim_{h→0} J_h(I_hv) = ωv strongly in F.

(8.11)

2. If for a sequence h_n ∈ (0, h_0), n = 1, 2, . . . we have h = h_n → 0 as n → ∞, v_h ∈ V_h and lim_{h→0} J_hv_h = ϕ weakly in F,

(8.12) then there exists v ∈ V such that ϕ = ωv.

Proof.

1. Let v ∈ V . In view of (8.4) and (8.7) we have

‖J_h(I_hv) − ωv‖^2_F = ‖I_hv − v‖^2_{Xh} + ‖I_hv − v‖^2_L2_{(Ω)} → 0 for h → 0

(8.13)

as follows from Lemma 5.

2. To establish assertion 2, see the 2nd and 3rd part of the proof of 8.9.118 from [8] or Chap. 1, Sec. 5 from [21]. □

Remark 1 The family of triplets {V_h, J_h, I_h}_{h∈(0,h0)} together with {V, F, ω} is called the external approximation of the space V . If (8.10) holds, the external approximation of V is called stable. If the operators I_h, J_h have properties (8.11) and (8.12), then the external approximation of V is called convergent (cf. [21], Chap. I, Sec 5. or [30], Chap. I, Par. 3).

Lemma 9 There exists a constant c > 0 such that | | | | | ∑ T ∈T_h ∫ ∂T v_hφn_i dS | | | | | ≤ ch‖φ‖_H1_{(Ω)}‖v_h‖_{Xh} , h ∈ (0, h_0), (8.14)

for any φ ∈ H^1(Ω) and v_h ∈ V_h. Here n_i denotes the i-th component of the unit outer normal to ∂T . Proof. See [8], Lemma 8.9.85 and Lemma 4. □

Now let us return to the systems of functions u_{hτ} and w_{hτ} defined in (4.1) and (4.2), respectively, for h ∈ (0, h_0) and τ > 0 satisfying the stability condition (5.13). Then u_{hτ} and w_{hτ} satisfy estimates (7.13), (7.15) and (7.14), (7.16), respectively.

Lemma 10 There exist sequences h = h_n, τ = τ_h → 0 as n → ∞ satisfying (5.13) and functions u ∈ L^2(−1, T ; V ), ϕ ∈ L_2(−1, T ; F ) such that

u_{hτ} → u weakly in L^2(−1, T ; L^2(Ω)),

(8.15) J_hu_{hτ} → ϕ weakly in L^2(−1, T ; F ),

(8.16)

and ϕ = ωu.

Proof. In view of (7.15) and (8.9) we have ‖J_hu_{hτ} ‖_L2_{(−1,T ;F )} ≤ c‖u_{hτ} ‖_L2_{(−1,T ;Vh)} ≤ C, h ∈ (0, h_0), τ > 0, (8.17)

where C > 0 is a constant independent of h and τ. Since the spaces L^2(−1, T ; L^2(Ω)) and L^2(−1, T ; F ) are reflexive, we obtain sequences h = h_n, τ = τ_n → 0 and functions u, ϕ such that (8.15) and (8.16) hold.

Further, we prove that ϕ = ωu. If ϕ = (ϕ_0, ϕ_1, ϕ_2), then obviously u = ϕ_0. We want to show that^{∂u}_{∂xs} = ϕ_s, s = 1, 2 in the sense of distributions on Q̃_T = Ω×(−1, T ). We can proceed similarly as in the proof of 8.9.81 from [8]. Let φ ∈ C^∞(Q̃_T ). Then (8.15) and (8.16) imply that

∫ Q̃_T uhτ ∂φ ∂x_s dx dt → ∫ Q̃_T u ∂φ ∂x_s dx dt, (8.18) ∫ Q̃_T d shu_{hτ} φ dx dt → ∫ Q̃_T ϕ sφ dx dt. (8.19)

Using Fubini’s and Green’s theorems, we get ∫ Q̃_T u hτ ∂φ ∂x_s dx dt = ∫_T −1 (∫ Ω u_{hτ} ∂φ ∂x_s dx ) dt =

(8.20) = − ∫_T −1 ( ∑ i∈I ∫ T_i ∂u_{hτ} ∂x_s φ dx ) dt + ∫_T −1 ( ∑ i∈I ∫ ∂T_i u_{hτ} φn_s dS ) dt.

Since φ ∈ C^∞(Q̃_T ) and u_{hτ} : (−1, T ) → V_h, we conclude from Lemma 9 and the Cauchy inequality that | | | | ∫_T −1 ( ∑ i∈I ∫ ∂T_i u_{hτ} φn_s dS ) dt | | | | ≤ ch ∫_T −1 ‖u_{hτ} (t)‖_{Xh} ‖φ(t)‖_H1_{(Ω)} dt ≤ (8.21) ≤ ch‖u_{hτ} ‖_L2_{(−1,T ;Vh)}‖φ‖_L2_{(−1,T ;H}1_{(Ω))} ≤ C̃h → 0 as h, τ → 0. This, (8.18) – (8.20) and the relation ∫_T −1 ( ∑ i∈I ∫ T_i ∂u_{hτ} ∂x_s φ dx ) dt = ∫ Q̃_T d shu_{hτ} φ dx dt (8.22)

imply that ∫ Q̃_T u ∂φ ∂x_s dx dt = − ∫ Q̃_T ϕ sφ dx dt. (8.23)

Taking here φ ∈ C^∞_0 (Q̃_T ) ⊂ C^∞(Q̃_T ), we find that^{∂u}_{∂xs} = ϕ_s ∈ L^2(−1, T ; L^2(Ω)), s = 1, 2. Hence, u ∈ L^2(−1, T ; H^1(Ω)) and ϕ = ωu. As we see, we have ∫ Q̃_T u ∂φ ∂x_s dx dt = − ∫ Q̃_T ∂u ∂x_s φ dx dt ∀φ ∈ C^∞(Q̃_T ), s = 1, 2. (8.24)

The application of Green’s theorem yields the identity ∫_T −1 (∫ ∂Ω uφn_s dS ) dt = 0 ∀φ ∈ C^∞(Q̃_T ), s = 1, 2,

(8.25)

which implies that u(t) = 0 on ∂Ω for a.e. t ∈ (−1, T ). Thus, u ∈ L^2(−1, T ; V ). □

Lemma 11 If h = h_n and τ = τ_n are sequences from Lemma 10, then

w_{hτ} → u weakly in L^2(0, T ; L^2(Ω))

(8.26)

J_hw_{hτ} → ωu weakly in L^2(0, T ; F ).

(8.27)

Proof. We use Lemma 10 and (7.17). □

Lemma 12 Let h = h_n → 0 as n → ∞, v_h ∈ X_h, v ∈ V , J_hv_h → ωv weakly in F . Then v_h → v strongly in L^2(Ω).

Proof. See part 5) of the proof of Theorem 8.9.118 from [8]. □ In the sequel we will use the compactness criterion based on the Fourier transform ŵ_{hτ} of the function w_{hτ} with respect to time:

ŵ_{hτ} (s) = ∫ IR w_{hτ} (t)e^{−2πist} dt. (8.28)

Lemma 13 We have ∫ IR |s|^{2γ} ‖ŵ_{hτ} (s)‖^2_L2_{(Ω)} ds ≤ c for 0 < γ < 1/4

(8.29) with a constant c independent of h, τ.

Proof. For a.e. t ∈ (0, T ) we define r_{hτ} (t) ∈ V_h by the identity ((r_{hτ} (t), v_h))_h = (g_{hτ} (t), v_h)_h − ν((u_{hτ} (t), v_h))_h − b_h(u_{hτ} (t − τ), v_h) ∀v_h ∈ V_h.

(8.30) Hence, by (8.1), d dt (w_{hτ} (t), v_h)_h = ((r_{hτ} (t), v_h))_h, v_h ∈ V_h, a.e. t ∈ (0, T ).

(8.31) Substituting v_h := r_{hτ} (t) in (8.30) and using (6.37), (6.1), (2.10) and (5.15), we obtain ‖r_{hτ} (t)‖^2_{Xh} ≤ ‖r_{hτ} (t)‖_L2_{(Ω)}‖g_{hτ} (t)‖_L2_{(Ω)} + ν‖u_{hτ} (t)‖_{Xh} ‖r_{hτ} (t)‖_{Xh} + + c^∗‖u_{hτ} (t)‖_L∞_{(Ω)}‖r_{hτ} (t)‖_{Xh} ≤ c‖r_{hτ} (t)‖_{Xh} (1 + ‖u_{hτ} (t)‖_{Xh} ) and thus, in view of (4.2), ‖r_{hτ} (t)‖_{Xh} ≤ c ( 1 + ‖u^k_h‖_{Xh} ) , t_{k−1} ≤ t ≤ t_k. (8.32)

This, (7.3) and the Cauchy inequality imply that

∫_T 0 ‖r_{hτ} (t)‖_{Xh} dt ≤ √ T (∫_T 0 ‖r_{hτ} (t)‖^2_{Xh} dt )_{1/2} ≤ c √ T ( T + τ r∑ k=1 ‖u^k_h‖^2_{Xh} )_{1/2} ≤ const.

(8.33)

Now we put r̄_{hτ} (t) = { r_{hτ} (t), t ∈ (0, T ), 0, t ∉ (0, T ). (8.34) Then the Fourier transform r̂_{hτ} of r_{hτ} satisfies the relations

‖^̄r_{hτ} (s)‖_{Xh} = ‖ ‖ ‖ ∫_∞ −∞ e^{−2πist}r̄_{hτ} (t) dt ‖ ‖ ‖_{Xh} ≤ ∫_T 0 ‖r_{hτ} (t)‖_{Xh} dt ≤ c, s ∈ IR. (8.35)

The distribution derivative of the function (w_{hτ} (t), v_h)_h over IR has the form d dt (w_{hτ} (t), v_h)_h = ((r̄_{hτ} (t), v_h))_h + (u^0_h, v_h)_hδ_0 − (u^r_h, v_h)_hδ_T , v_h ∈ V_h,

(8.36) where δ_0 and δ_T are the Dirac distributions concentrated at t = 0 and t = T , respectively. The Fourier transform yields

2πis(ŵ_{hτ} (s), v_h)_h = ((^̄r_{hτ} (s), v_h))_h + (u^0_h, v_h)_h − (u^r_h, v_h)_h exp(−2πisT ), s ∈ IR.

(8.37) Putting here v_h := ŵ_{hτ} (s), we have

2πis(ŵ_{hτ} (s), ŵ_{hτ} (s))_h = (8.38) = ((^̄r_{hτ} (s), ŵ_{hτ} (s)))_h + (u^0_h, ŵ_{hτ} (s))_h − (u^r_h, ŵ_{hτ} (s))_h exp(−2πisT ), c ∈ IR.

From (6.10), (8.38) and the Cauchy inequality we find that

2π|s|‖ŵ_{hτ} (s)‖^2_L2_{(Ω)} ≤ ‖^̄r_{hτ} (s)‖_{Xh} ‖ŵ_{hτ} (s)‖_{Xh} + (8.39) + ‖u^0_h‖_L2_{(Ω)}‖ŵ_{hτ} (s)‖_L2_{(Ω)} + ‖u^r_h‖_L2_{(Ω)}‖ŵ_{hτ} (s)‖_L2_{(Ω)}.

In view of (8.39), (8.35), (7.1) and (6.1), we obtain |s|‖ŵ_{hτ} (s)‖^2_L2_{(Ω)} ≤ c‖ŵ_{hτ} (s)‖_{Xh} , s ∈ IR. (8.40)

Let 0 < γ < 1/4. Obviously, there exists a constant c(γ) such that

|s|^{2γ} ≤ c(γ) 1 + |s| 1 + |s|^{1−2γ} , s ∈ IR, (8.41) and ∫_∞ −∞ ds (1 + |s|^{1−2γ} )^2 < ∞. (8.42) Using (8.40) – (8.42), the Cauchy inequality and (6.1), we find that

∫_∞ −∞ |s|^{2γ} ‖ŵ_{hτ} (s)‖^2_L2_{(Ω)} ds ≤ c ∫_∞ −∞ ‖ŵ_{hτ} (s)‖^2_L2_{(Ω)} ds + c ∫_∞ −∞ ‖ŵ_{hτ} (s)‖_{Xh} 1 + |s|^{1−2γ} ds ≤ ≤ c ∫_∞ −∞ ‖ŵ_{hτ} (s)‖^2_{Xh} ds 1 + (∫_∞ −∞ ds (1 + |s|^{1−2γ} )^2 )_{1/2} ≤ c ∫_∞ −∞ ‖ŵ_{hτ} (s)‖^2_{Xh} ds. (8.43)

With the aid of (3.16), Fubini’s theorem, the differentiation of the integral with respect to a parameter, Parseval’s equality and (7.16), we obtain

∫_∞ −∞ ‖ŵ_{hτ} (s)‖^2_{Xh} ds =

(8.44) = ∫_∞ −∞ ∑ i∈I ∫ T_i | | |∇ ∫_∞ −∞ w_{hτ} (t)e^{−2πits} dt | | | 2 dx ds = = ∑ i∈I ∫ T_i (∫_∞ −∞ | | | | ∫_∞ −∞ ∇w_{hτ} (t)e^{−2πits} dt | | | | 2 ds ) dx^{Parseval′s equality} = = ∑ i∈I ∫ T_i (∫_∞ −∞ |∇w_{hτ} (t)|^2 dt ) dx = ∫_T 0 ( ∑ i∈I ∫ T_i |∇w_{hτ} (t)|^2 dx ) dt = = ‖w_{hτ} ‖^2_L2_{(0,T ;Vh)} ≤ C. (8.45) □ Now we prove the fundamental compactness result.

Lemma 14 Let us consider the sequences h = h_n, τ = τ_n → 0 and w_{hτ} = w_{hnτn} from Lemma 11 satisfying (7.16) and (8.26). Then (8.27) holds and

w_{hτ} → u strongly in L^2(Q_T ),

(8.46) where u is the limit function from Lemma 11.

Proof. Let us set w(t) = u(t), t ∈ (0, T ), w(t) = 0, t < 0 or t > T .

Then, in virtue of (8.26) and (8.27), J_hw_{hτ} → ωw weakly in L^2(IR, F ),

(8.47) w_{hτ} → w weakly in L^2(IR, L^2(Ω)).

(8.48) Our goal is to prove that F_{hτ} = ∫_∞ −∞ ‖w_{hτ} (t) − w(t)‖^2_L2_{(Ω)} dt → 0.

(8.49) In virtue of (7.14), F_{hτ} is uniformly bounded for h ∈ (0, h_0) and τ > 0 satisfying (5.13). By Parseval’s equality, F_{hτ} = ∫_∞ −∞ ‖ŵ_{hτ} (s) − ŵ(s)‖^2_L2_{(Ω)} ds,

(8.50) where ŵ is the Fourier transform of w.

For γ > 0 we define the space H^κ = { v; ωv ∈ L^2(−1, 1; F ), ∫ IR |s|^{2γ} ‖v̂(s)‖^2_L2_{(Ω)} ds < ∞ } (8.51) equipped with the scalar product (v, w)_Hκ = ∫_T −1 (ωv(t), ωw(t))_F dt + ∫ IR |s|^{2γ} (v̂(s), ŵ(s)) ds. (8.52) 29

It can be proved that H^γ is a Hilbert space. In virtue of Theorem 5 and Lemma 13, the system {w_{hτ} } is uniformly bounded in H^γ for all h ∈ (0, h_0) and τ > 0 satisfying condition (5.13). Then, taking into account (8.48), we can write w_{hτ} → w weakly in H^γ

(8.53) and thus in view of the boundedness of F_{hτ} and relation (8.50), ∫_∞ −∞ (1 + |s|^{2γ} )‖ŵ_{hτ} (s) − ŵ(s)‖^2_L2_{(Ω)} ds ≤ C < ∞.

(8.54)

Now we write

F_{hτ} = ∫ |s|≤M ‖ŵ_{hτ} (s) − ŵ(s)‖^2_L2_{(Ω)} ds + ∫ |s|>M ( 1 + |s|^{2γ} ) ‖ŵ_{hτ} (s) − ŵ(s)‖^2_L2_{(Ω)} ds 1 + |s|^{2γ} ≤

≤ J_{hτ} + 1 1 + M^{2γ} ∞∫ −∞ ( 1 + |s|^{2γ} ) ‖ŵ_{hτ} (s) − ŵ(s)‖^2_L2_{(Ω)} ds ≤ J_{hτ} + C 1 + M^{2γ} , (8.55)

where J_{hτ} = ∫ |s|≤M ‖ŵ_{hτ} (s) − ŵ(s)‖^2_L2_{(Ω)} ds.

(8.56) For a given ε > 0 we choose M > 0 such that C 1 + M^{2γ} ≤ ε 2 . (8.57)

Hence, F_{hτ} ≤ J_{hτ} + ε 2 . (8.58)

Now we want to prove that J_{hτ} → 0 as h, τ → 0. (8.59) As we will show, this is a consequence of the Lebesgue theorem. We have

ŵ_{hτ} (s) = ∫_∞ −∞ w_{hτ} (t)e^{−2πits} dt = ∫_∞ −∞ w_{hτ} (t)χ(t)e^{−2πits} dt, ∀s ∈ IR, (8.60)

where χ is the characteristic function of the interval [0, T ] (hence w_{hτ} = χw_{hτ} ). Then, using (7.14), we have ‖ŵ_{hτ} (s)‖_L2_{(Ω)} = ‖ ∫_∞ −∞ w_{hτ} (t)χ(t)e^{−2πits} dt‖_L2_{(Ω)} ≤ (8.61) ≤ ‖w_{hτ} (t)‖_L2_{(IR,L}2_{(Ω))}‖χ(t)e^{−2πits}‖_L2_{(IR)} ≤ C and ‖ŵ_{hτ} (s) − ŵ(s)‖^2_L2_{(Ω)} ≤ 2 ( C^2 + ‖ŵ(s)‖^2_L2_{(Ω)} ) ∀s ∈ IR. (8.62) The function on the right-hand side of (8.62) is integrable over the interval (−M, M). By definition, (8.26) is equivalent to ∫ IR×Ω (w_{hτ} − w)φ dx dt → 0 ∀φ ∈ L^2(IR, L^2(Ω)). (8.63) 30

For ϑ ∈ L^2(Ω) we have φ(x, t) = ϑ(x)χ(t)e^{−2πits} ∈ L^2(IR, L^2(Ω)) for any fixed s ∈ IR. Then, by the definition of the Fourier transform, Fubini’s theorem and (8.63), ∫ Ω (ŵ_{hτ} (s) − ŵ(s)) ϑ dx = ∫ Ω (∫ IR (w_{hτ} (x, t) − w(x, t)) e^{−2πits}χ(t) dt ) ϑ(x) dx = = ∫ IR×Ω (w_{hτ} (x, t) − w(x, t)) ϑ(x)χ(t)e^{−2πits} dt dx → 0 as h, τ → 0, which means that ŵ_{hτ} (s) → ŵ(s) = ∫_∞ −∞ w(t)χ(t)e^{−2πits} dt weakly in L^2(Ω) ∀s ∈ IR. (8.64) Due to (8.60), the Cauchy inequality and (7.16), we have ‖ŵ_{hτ} (s)‖_{Xh} = ‖ ∫_∞ −∞ w_{hτ} (t)χ(t)e^{−2πits} dt‖_{Xh} ≤ (8.65) ≤ ‖w_{hτ} (t)‖_L2_{(0,T ;Vh)}‖χ(t)e^{−2πits}‖_L2_{(IR)} ≤ C. Hence ‖J_hŵ_{hτ} (s)‖_F ≤ C for all s ∈ IR. (8.66)

Now (8.64), reflexivity of the space F , (8.66) and assertion 2 of Lemma 8 imply that J_hŵ_{hτ} (s) → ωŵ(s) weakly in F for each s ∈ IR.

(8.67) Since ŵ_{hτ} (s) ∈ X_h (h = h_n, τ = τ_n → 0 as n → ∞), the application of Lemma 12 implies that ŵ_{hτ} (s) → ŵ(s) strongly in L^2(Ω) for all s ∈ IR.

(8.68) Hence, ‖ŵ_{hτ} (s) − ŵ(s)‖^2_L2_{(Ω)} → 0 ∀s ∈ IR. (8.69) From (8.69), the bound (8.62) and the Lebesgue theorem we obtain (8.59). This proves the lemma. □ From Lemmas 10, 11 and 14 and assertion (7.17) we can conclude that there exist sequences h = h_n → 0, τ = τ_n → 0 as n → ∞ satisfying (5.13) and a function u such that J_hu_{hτ} → ωu weakly in L^2(−1, T ; F ), J_hw_{hτ} → ωu weakly in L^2(−1, T ; F ),

(8.70) u_{hτ} → u strongly in L^2(Q̃_T ), w_{hτ} → u strongly in L^2(Q̃_T ) as n → ∞. Since L^∞(Q_T ) is the dual to the separable Banach space L^1(Q_T ), the above results and (5.15) imply that u_{hτ} → u weak-* in L^∞(Q_T ),

(8.71) w_{hτ} → u weak-* in L^∞(Q_T ).

9. Limit Process

Let us consider sequences h = h_n, τ = τ_n → 0 satisfying (5.13) and assume that the corresponding approximate solutions u_{hτ} , w_{hτ} satisfy conditions (5.15) and (8.70). Our goal is to show that the limit function u is a weak solution of problem (2.1)–(2.3), i.e. u satisfies (2.14)–(2.16).

Multiplying (8.1) by any ψ ∈ C^∞_0 ([0, T )) := {φ ∈ C^∞([0, T ]); φ(T ) = 0}, integrating over (0, T ), applying the integration by parts in the first term and using (4.2), which implies that w_{hτ} (0) = u^0_h, we find that

− ∫_T 0 (w_{hτ} (t), ψ^′(t)v_h)_h dt + ν ∫_T 0 ((u_{hτ} (t), ψ(t)v_h))_h dt +

(9.1) + ∫_T 0 b_h(u_{hτ} (t − τ), ψ(t)v_h) dt = = ∫_T 0 (g_{hτ} (t), ψ(t)v_h)_h dt + (u^0_h, v_h)ψ(0), v_h ∈ V_h, ψ ∈ C^∞_0 ([0, T )).

For t ∈ [0, T ], v_h ∈ V_h, ψ ∈ C^∞_0 ([0, T )) we set ϑ_{hτ} (t; ψ, v_h) = (g_{hτ} (t), ψ(t)v_h)_h − (g_{hτ} (t), ψ(t)v_h) . (9.2) Taking into account (6.10), we see that (9.1) is equivalent to

− ∫_T 0 (w_{hτ} (t), ψ^′(t)v_h) dt + ν ∫_T 0 ((u_{hτ} (t), ψ(t)v_h))_h dt +

(9.3) + ∫_T 0 b_h(u_{hτ} (t − τ), ψ(t)v_h) dt = = ∫_T 0 (g_{hτ} (t), ψ(t)v_h) dt + (u^0_h, v_h)ψ(0) + ∫_T 0 ϑ_{hτ} (t; ψ, v_h) dt. In virtue of (6.11) and (2.10), we obtain | | | | ∫_T 0 ϑ_{hτ} (t; ψ, v_h) dt | | | | ≤ ch‖v_h‖_{Xh} . (9.4)

Let v ∈ C^∞_0 (Ω), v_h = I_hv. From (6.1), (6.4) and (6.6) we have

‖v_h − v‖_L2_{(Ω)} ≤ ĉ_1‖v_h − v‖_{Xh} ≤ ch‖v‖_H2_{(Ω)} (9.5) ‖v_h‖_{Xh} ≤ c, h ∈ (0, h_0). This implies that

J_hv_h → ωv strongly in F.

(9.6) Hence, ψ^′v_h → ψ^′v strongly in L^2(Q_T )

(9.7) and J_hψv_h → ωψv strongly in L^2(0, T ; F ).

(9.8)

The analysis of the limit process will be divided into several lemmas. In what follows we consider sequences h = h_n → 0, τ = τ_n → 0 as n → ∞ satisfying (5.13), such that (8.70) and (8.71) hold.

Lemma 15 Let ψ(t) ∈ C^∞_0 ([0, T )) and let w_{hτ} , v_{hτ} be two sequences satisfying w_{hτ} → u strongly in L^2(Q_T ),

(9.9) v_{hτ} → v strongly in L^2(Q_T ).

(9.10) Then ∫_T 0 (w_{hτ} (t), ψ^′(t)v_{hτ} ) dt → ∫_T 0 (u(t), ψ^′(t)v) dt (9.11) as h = h_n → 0 and τ = τ_n → 0.

Proof is evident. □

Lemma 16 Let ψ(t) ∈ C^∞_0 ([0, T )) and let u_{hτ} , v_{hτ} be two sequences satisfying J_hu_{hτ} → ωu weakly in L^2(0, T ; F ),

(9.12) J_hv_h → ωv strongly in F.

(9.13) Then ∫_T 0 ((u_{hτ} (t), ψ(t)v_{hτ} ))_h dt → ∫_T 0 ((u(t), ψ(t)v)) dt (9.14) as h = h_n → 0 and τ = τ_n → 0.

Proof. From (9.13) it follows that J_hψ(t)v_h → ψ(t)v strongly in L^2(0, T ; F ).

(9.15) We have ∫_T 0 ((u_{hτ} (t), ψ(t)v_h))_h dt = ∫_T 0 (J_hu_{hτ} (t), J_hψ(t)v_h)_F dt − ∫_T 0 (u_{hτ} (t), ψ(t)v_h) dt, ∫_T 0 ((u(t), ψ(t)v))_h dt = ∫_T 0 (ωu(t), ψ(t)ωv)_F dt − ∫_T 0 (u(t), ψ(t)v) dt. By the definition, (9.12) means that ∫_T 0 (J_hu_{hτ} (t), ϑ(t)) dt → ∫_T 0 (ωu(t), ϑ(t)) dt ∀ϑ ∈ L^2(0, T ; F ). (9.16) We can write | | | | | ∫_T 0 ((u_{hτ} (t), ψ(t)v_{hτ} ))_hdt − ∫_T 0 ((u(t), ψ(t)v))dt | | | | | ≤ (9.17) ≤ | | | | ∫_T 0 (J_hu_{hτ} (t), J_hψ(t)v_h)_F dt − ∫_T 0 (ωu(t), ψ(t)ωv)_F dt | | | | +

+ | | | | ∫_T 0 (u_{hτ} (t), ψ(t)v_h) dt − ∫_T 0 (u(t), ψ(t)v) dt | | | | ≤ ≤ ∫_T 0 ‖J_hu_{hτ} (t)‖_F ‖ψ(t)(J_hv_h − ωv)‖_F dt + (9.18) + | | | | ∫_T 0 (J_hu_{hτ} (t), ψ(t)ωv)_F dt − ∫_T 0 (ωu(t), ψ(t)ωv) dt | | | | + + | | | | ∫_T 0 (u_{hτ} (t), ψ(t)v_h) dt − ∫_T 0 (u_{hτ} (t), ψ(t)v) dt | | | | + + | | | | ∫_T 0 (u_{hτ} (t), ψ(t)v) dt − ∫_T 0 (u(t), ψ(t)v) dt | | | | → 0, as follows from the boundedness of the sequence {J_hu_{hτ} } in L^2(0, T ; F ), (9.12), (9.15) and (9.16), where we substitute ϑ(t) = ψ(t)v. □

Lemma 17 Let ψ(t) ∈ C^∞_0 ([0, T )) and let u_{hτ} , v_h be two sequences satisfying

u_{hτ} → u strongly in L^2(Q̃_T ), Q̃_T = Ω × (−1, T ),

(9.19) J_hu_{hτ} → ωu weakly in L^2(−1, T ; F ),

(9.20) J_hv_h → ωv strongly in F, v ∈ C^∞_0 (Ω).

(9.21)

Then ∫_T 0 b_h(u_{hτ} (t − τ), v_h)ψ(t) dt → ∫_T 0 b(u(t), v)ψ(t) dt (9.22)

as h = h_n → 0, τ = τ_n → 0.

Proof. We write b_h(u_{hτ} (t − τ), v_h) − b(u(t), v) = = b_h(u_{hτ} (t − τ), v_h) − b̃_h(u_{hτ} (t − τ), v_h) + (=: σ(1) ) +b̃_h(u_{hτ} (t − τ), v_h) − b̃_h(u_{hτ} (t − τ), v) + (=: σ(2) ) +b̃_h(u_{hτ} (t − τ), v) − b(u(t − τ), v) + (=: σ(3) ) +b(u(t − τ), v) − b(u(t), v) (=: σ(4) ) (b̃_h is defined in (3.13) ) and successively estimate the terms σ(1) − σ(4):

In virtue of (6.12), |σ(1)| ≤ ch^{1−κ}(‖u_{hτ} (t − τ)‖^2_{Xh} + ‖u_{hτ} (t − τ)‖_{Xh} )‖v_h‖_{Xh} with κ ∈ (0, 1). Hence, | | | | | ∫_T 0 [ b_h(u_{hτ} (t − τ), v_h) − b̃_h(u_{hτ} (t − τ), v_h) ] ψ(t) dt | | | | | ≤ (9.23) ≤ ch^{1−κ}‖v_h‖_{Xh} ∫_T 0 ‖u_{hτ} (t − τ)‖^2_{Xh} dt + (∫_T 0 ‖u_{hτ} (t − τ)‖^2_{Xh} dt )_{1/2} ≤ ch^{1−κ}, as follows from (7.15), (9.20) and (9.21). Similarly, using the Cauchy inequality and (9.5), we obtain | | | | ∫_T 0 [ b̃_h(u_{hτ} (t − τ), v_h) − b̃_h(u_{hτ} (t − τ), v) ] ψ(t) dt | | | | ≤ (9.24)

≤ 2 max_{|ξ|≤M} max_{s=1,2} |f^′_s(ξ)| ∫_T 0 ‖u_{hτ} (t − τ)‖^2_{Xh} dt‖v_h − v‖_L2_{(Ω)} ≤ ≤ c‖J_hv_h − ωv‖_F → 0. Further,

σ(3) = ∑ i∈I ∫ T_i 2∑ s=1 ( ∂f_s(u_{hτ} (t − τ)) ∂x_s − ∂f_s(u(t − τ)) ∂x_s ) v dx = = ∑ i∈I ∫ T_i 2∑ s=1 ( f^′_s(u_{hτ} (t − τ)) ∂u_{hτ} (t − τ) ∂x_s − f^′_s(u(t − τ)) ∂u(t − τ) ∂x_s ) v dx =

= σ^∗(3) ∑ i∈I ∫ T_i 2∑ s=1 (f^′_s(u_{hτ} (t − τ)) − f^′_s(u(t − τ))) ∂u_{hτ} (t − τ) ∂x_s v dx + + ∑ i∈I ∫ T_i 2∑ s=1 f^′_s(u(t − τ)) ( ∂u_{hτ} (t − τ) ∂x_s − ∂u(t − τ) ∂x_s ) v dx. Using the mean value theorem in the integral form, we find that |σ^∗(3)| ≤ max_{ξ∈[−M,M]} max_{s=1,2} |f^{′′}_s (ξ)| ∑ i∈I ∫ T_i |u_{hτ} (t − τ) − u(t − τ)| |∇u_{hτ} (t − τ)| |v| dx ≤ ≤ c ‖u_{hτ} (t − τ) − u(t − τ)‖_L2_{(Ω)} ‖u_{hτ} (t − τ)‖_{Xh} . Since ψ(t) = 0 for t ≥ T , the substitution t := t − τ yields | | | | | ∫_T 0 [ b̃_h(u_{hτ} (t − τ), v) − b(u(t − τ), v) ] ψ(t) dt | | | | | ≤ (9.25) ≤ c ( ‖u_{hτ} − u‖^2_L2_{(QT )} + τ‖u^0_h − u^0‖^2_L2_{(Ω)}

)_{1/2} (

‖J_h u_{hτ} ‖^2_F + τ‖u^0_h‖^2_{Xh} )_{1/2} + + | | | | | ∫_T 0 ψ(t + τ) ∑ i∈I ∫ T_i 2∑ s=1 f^′_s(u(t)) ( ∂u_{hτ} (t) ∂x_s − ∂u(t) ∂x_s ) v dxdt+ + τ ∑ i∈I ∫ T_i 2∑ s=1 f^′_s(u^0) ( ∂u^0_h ∂x_s − ∂u^0 ∂x_s ) v dx | | | | −→ 0 as h, τ → 0 due to (9.19), (9.20) and (6.7) valid for φ = u_0.

Similar calculation yields the estimate | | | | ∫_T 0 (b(u(t − τ), v) − b(u(t), v)) ψ(t) dt | | | | ≤ (9.26) ≤ c ∫_T 0 ∫ Ω |u(x, t − τ) − u(x, t)|^2 dx dt ‖v‖_H1_{(Ω)} → 0 as h, τ → 0, 35 which is a consequence of the continuity in the mean of u ∈ L^2(Q̃_T ). (Cf., e.g., [24], Theorem 2.4.2.)

Now (9.23) – (9.26) immediately imply (9.22). □

Lemma 18 Let ψ(t) ∈ C^∞_0 ([0, T )) and let v_{hτ} , g_{hτ} be two sequences such that v_h → v strongly in L^2(Ω),

(9.27) g_{hτ} (t) = g^k = g(·, t_k), ∀t ∈ [t_k, t_{k+1}), (9.28) where g satisfies (2.10). Then ∫_T 0 (g_{hτ} (t), v_h) ψ(t) dt → ∫_T 0 (g(t), v) ψ(t) dt as h, τ → 0. (9.29)

Proof.

Obviously, by (2.10) and (9.27), | | | | ∫_T 0 ((g_{hτ} (t), v_h) − (g(t), v)) ψ(t) dt | | | | ≤ (9.30) ≤ c ∫_T 0 ‖g_{hτ} (t)‖_L2_{(Ω)}‖v_h − v‖_L2_{(Ω)} dt + c ∫_T 0 ‖g_{hτ} (t) − g(t)‖_L2_{(Ω)}‖v‖_L2_{(Ω)} dt ≤

≤ c‖v_h − v‖_L2_{(Ω)} + c (∫_T 0 ‖g_{hτ} (t) − g(t)‖^2_L2_{(Ω)} dt )_{1/2} .

In virtue of the uniform continuity of the mapping g : [0, T ] → L^2(Ω), we have ∫_T 0 ‖g_{hτ} (t) − g(t)‖^2_L2_{(Ω)} dt = r−1∑ k=0 ∫_{tk+1} t_k ‖g(t_k) − g(t)‖^2_L2_{(Ω)} dt → 0 as τ → 0.

This, (9.27) and (9.30) yield (9.29). □ Finally, using (6.1), (6.7) and (9.5) we conclude that (u^0_h, v_h) → (u^0, v) as h → 0.

(9.31)

Now, summarizing (9.1), (9.2), (9.3), (9.4), (9.11), (9.14), (9.22), (9.29) and (9.31), we see that the limit function u ∈ L^2(0, T ; V ) ∩ L^∞(Q_T ) satisfies the identity

− ∫_T 0 (u(t), v) ψ^′(t) dt + ν ∫_T 0 ((u(t), v))ψ(t) dt + ∫_T 0 b (u(t), v) ψ(t) dt = (9.32) = ∫_T 0 (g(t), v) ψ(t) dt + (u^0, v)ψ(0), v ∈ C^∞_0 (Ω), ψ ∈ C^∞_0 ([0, T )).

Since the space C^∞_0 (Ω) is dense in V , (9.32) holds for all v ∈ V . Moreover, C^∞_0 ((0, T )) ⊂ C^∞_0 ([0, T )) and identity (9.32) implies (2.17). Hence, u satisfies (2.14) – (2.15).

It is possible to show that u^′ ∈ L^2(0, T ; V^∗) and ⟨u^′(t), v⟩ + ν((u(t), v)) + b(u(t), v) = (g(t), v), v ∈ V, a.e. t ∈ (0, T ), (9.33)

where ⟨·, ·⟩ is the duality between V^∗ and V . (Cf., e.g., [30], Sec. 8.6.)

If we multiply (9.33) by any ψ ∈ C^∞_0 ([0, T )), integrate over (0, T ) and transform the first term with the aid of integration by parts, we obtain the identity

− ∫_T 0 (u(t), v) ψ^′(t) dt + ν ∫_T 0 ((u(t), v))ψ(t) dt + ∫_T 0 b (u(t), v) ψ(t) dt = (9.34) = ∫_T 0 (g(t), v) ψ(t) dt + (u(0), v)ψ(0), v ∈ V, ψ ∈ C^∞_0 ([0, T )). The comparison of (9.32) (with v ∈ V ) and (9.34) immediately implies that u(0) = u^0. Hence, we have proved that u is a solution of problem (2.14) – (2.16). □

On the basis of the above considerations we come to the following conclusions:

Let us consider approximate solutions of problem (2.14) – (2.16) obtained from (3.21) – (3.23) with τ, h > 0 satisfying condition (5.13). Then the system of functions u_{hτ} , w_{hτ} defined by (4.1) and (4.2) can be split into sequences converging in the sense of (8.70) and (8.71). Every limit function of such a sequence is a solution of problem (2.14) – (2.16). (As we see, we have proved the existence of a weak solution of (2.1) – (2.3).) Taking into account the uniqueness of the solution of (2.14) – (2.16) we obtain the convergence of the whole systems {u_{hτ} }, {w_{hτ} } to the weak solution u of problem (2.1) – (2.3). Thus, we come to the main result of this paper:

Theorem 6 Let us assume that the domain Ω ⊂ IR^2 is bounded and polygonal and that conditions (2.9) – (2.11), (3.1) – (3.3), (3.24) – (3.27), (4.3)−(4.5), (5.1) and (5.2) are satisfied. For h ∈ (0, h_0) and τ ∈ (0, T ) let us construct approximate solutions with the aid of the finite volume – finite element scheme (3.21) – (3.23) and define functions u_{hτ} and w_{hτ} by (4.1) and (4.2). Then the systems {u_{hτ} }, {w_{hτ} } with h ∈ (0, h_0), τ ∈ (0, T ) satisfying the “stability condition” (5.13) fulfil estimates (5.14) and (7.13) – (7.16). Moreover,

J_hu_{hτ} , J_hw_{hτ} → ωu weakly in L^2(0, T ; F ), u_{hτ} , w_{hτ} → u weak-* in L^∞(Q_T ), u_{hτ} , w_{hτ} → u strongly in L^2(Q_T ), as h, τ → 0, h, τ satisfy (5.13),

where u is the unique weak solution of problem (2.1) – (2.3) (i.e., u satisfies (2.14) – (2.16)).

Remark 2 There are several problems connected with the above results:

- error estimates and a posteriori error estimates,

- analysis of the problem in a nonpolygonal domain, i.e., the effect of the approximation of a curved boundary,

- analysis of the problem with nonhomogeneous Dirichlet boundary conditions and/or mixed Dirichlet - Neumann boundary conditions.

Acknowledgements. The research of M. Feistauer, J. Felcman and partially of V. Dolejší has been supported under the Grant No. 201/96/0313 of the Czech Grant Agency. The authors gratefully acknowledge this support.

References

[1] D. Adam, A. Felgenhauer, H.-G. Ross, and M. Stynes: A nonconforming finite element method for a singularly perturbed boundary value problem. Computing 54 (1995), 1-26.

[2] D. Adam and H.-G. Ross: A nonconforming exponentially field fitted finite element method I:

The interpolation error. Preprint MATH-NM-06-1993, Technische Universität Dresden, 1993.

[3] P. Arminjon, A. Dervieux, L. Fezoui, H. Steve, and B. Stoufflet: Non-oscillatory schemes for multidimensional Euler calculations with unstructured grids. Technical report, Vieweg, Braunschweig–Wiesbaden, 1989. In Ballman J. and Jeltsch R. (eds) Notes on Numerical Fluid Mechanics Volume 24 (Nonlinear Hyperbolic Equations – Theory, Computation Methods and Applications).

[4] P. G. Ciarlet: The Finite Elements Method for Elliptic Problems. North-Holland, Amsterdam, 1979.

[5] M. Crouzeix and P.-A. Raviart: Conforming and nonconforming finite element methods for solving the stationary Stokes equations. RAIRO, Anal. Numér. 7, 733 – 76, 1973.

[6] V. Dolejší and P. Angot: Finite Volume Methods on Unstructured Meshes for Compressible Flows. In F. Benkhaldoun and R. Vilsmeier, editors, Finite Volumes for Complex Applications (Problems and Perspectives), Hermes, Rouen, 667–674, 1996. ISBN 2-86601-556-8.

[7] V. Dolejší, M. Feistauer, and J. Felcman: On the discrete Friedrichs inequality for nonconforming finite elements. Preprint, Faculty of Mathematics and Physics, Charles University, Prague 1998.

[8] M. Feistauer: Mathematical Methods in Fluid Dynamics. Longman Scientific & Technical, Monographs and Surveys in Pure and Applied Mathematics 67, Harlow, 1993.

[9] M. Feistauer and J. Felcman: Convection-diffusion problems and compressible Navier–Stokes equations. In J. R. Whiteman, editor, The Mathematics of Finite Elements and Applications, Wiley 1996, 175–194.

[10] M. Feistauer, J. Felcman, and V. Dolejší: Numerical simulation of compresssible viscous flow through cascades of profiles. ZAMM 76, 297–300, 1996.

[11] M. Feistauer, J. Felcman, and M. Lukáčová: On the convergence of a combined finite volume – finite element method for nonlinear convection – diffusion problems: Num. Methods for Part. Diff. Eqs. 13, 163–190, 1997.

[12] M. Feistauer, J. Felcman, and M. Lukáčová: Combined finite elements–finite volume solution of compressible flow. Journal of Comput. and Appl. Math. 63, 179–199, 1995.

[13] M. Feistauer, J. Felcman, M. Lukáčová, and G. Warnecke: Error estimates of a combined finite volume – finite element method for nonlinear convection – diffusion problems. SIAM J. Numer. Anal. ( to appear).

[14] M. Feistauer, J. Felcman, M. Rokyta, and Z. Vlášek: Finite element solution of flow problems with trailing conditions. Journal of Comput. Appl. Math. 44, 131–145, 1992.

[15] M. Feistauer, J. Slavík, and P. Stupka: On the convergence of the combined finite volume – finite element method for nonlinear convection – diffusion problems. Explicit schemes. Num. Methods for Part. Diff. Eqs. (submitted).

[16] J. Felcman: Finite volume solution of the inviscid compressible fluid flow. ZAMM 72, 513 – 516, 1992.

[17] J. Felcman and V. Dolejší: Adaptive methods for the solution of the euler equations in elements of the blade bachines. ZAMM 76, 301–304, 1996.

[18] J. Felcman, V. Dolejší and M. Feistauer: Adaptive finite volume method for the numerical solution of the compressible euler equations. In J. Périaux S. Wagner, E. H. Hirschel and R. Piva, editors, Computational Fluid Dynamics ’94, John Wiley and Sons, Stuttgart, 894– 901. 1994. ISBN 0-471-950637.

[19] J. Felcman and G. Warnecke: Adaptive computational methods for gas flow. In Proceedings of the Prague Mathematical Conference, Prague, 99–104. ICARIS, 1996.

[20] J. Fořt, M. Huněk, K. Kozel, and M. Vavřincová: Numerical simulation of steady and unsteady flows through plane cascades. In R. Ranacher M. Feistauer and K. Kozel, editors, Numerical Modeling in Continuum Mechanics II, Faculty of Mathematics and Physics, Charles Univ., Prague, 95 – 102, 1995.

[21] R. Glowinski, J. L. Lions, and R. Trémolières: Analyse numérique des inéquations variationnelles. Dunod, Paris, 1976.

[22] T. Ikeda. Maximum principle in finite element models for convection–diffusion phenomena:

In Mathematics Studies 76, Lecture Notes in Numerical and Applied Analysis Vol. 4, North- Holland, Amsterdam – New York – Oxford, 1983.

[23] C. Johnson: Finite element methods for convection – diffusion problems. In Glowinski R. and Lions J. L. (eds) Computing Methods in Engineering and Applied Sciences V. North–Holland, Amsterdam., 1981.

[24] A. Kufner, O. John, and S. Fučík: Function Spaces. Academia, Prague, 1977.

[25] K. W. Morton: Numerical Solution of Convection – Diffusion Problems. Chapman & Hall, London, 1996.

[26] K. Ohmori and T. Ushijima: A technique of upstream type applied to a linear nonconforming finite element approximation of convective diffusion equations. RAIRO, Anal. Numér. 18, 309 – 322, 1984.

[27] H.-G. Ross, M. Stynes, and L. Tobiska: Numerical Methods for Singularly Perturbed Differential Equations. Springer Series in Computational Mathematics, 24, Springer-Verlag, Berlin, 1996.

[28] F. Schieweck and L. Tobiska: A nonconforming finite element method of upstream type applied to the stationary Navier – Stokes equation. RAIRO Modél. Math. Anal. Numér. 23, 627 – 647, 1989.

[29] G. Strang: Variational crimes in the finite element method. In The Mathematical Foundations of the Finite Element Method (A. K. Aziz, ed.), Academic Press, New York, 689–710, 1972.

[30] R. Temam: Navier – Stokes Equations. North-Holland, Amsterdam – New York – Oxford, 1979.

[31] L. Tobiska. Full and weighted upwind finite element methods: In J. W. Schmidt, H. Spath (eds) Splines in Numerical Analysis Mathematical Research Volume, Volume 32, Akademie-Verlag, Berlin, 1989.

[32] G. Vijayasundaram: Transonic flow simulation using an upstream centered scheme of Godunov in finite elements. J. Comp. Phys. 63, 416–433, 1986.

[33] G. Zhou: A local L^2 – error analysis of the streamline diffusion method for nonstationary convection – diffusion systems. M^2AN29, 577–603, 1995.

[34] G. Zhou and R. Rannacher: Pointwise superconvergence of streamline diffusion finite – element method. Num. Methods for Part. Diff. Eqs. 12, 123 – 145, 1996.

Authors’ addresses:

Philippe Angot IRPHE Chateau-Gombert Technopole de Chateau-Gombert 38, rue Frederic Joliot Curie 13451 Marseille France

Vít Dolejší, Miloslav Feistauer, Jiří Felcman Institute of Numerical Mathematics Faculty of Mathematics and Physics Charles University Malostranské nám. 25 118 00 Praha 1 Czech Republic