V. Dolejsi, M. Feistauer and C. Schwab

On some aspects of the Discontinuous Galerkin finite element method for conservation laws

Preprint No. MATH-KNM-2001/5

25.09.2001

Submitted to Mathematics and Computers in Simulation

Department of Numerical Mathematics, Faculty of Mathematics and Physics,

Charles University, Sokolovská 83, 186 75 Praha 8, Czech Republic

http://www.karlin.mff.cuni.cz/ms-preprints/

Cover print by Reprostředisko, Malostranské nám. 25, Praha 1 - Malá Strana Design by Mirko Rokyta, picture of snowflake by Ondřej Kalenda Current series administrator: V. Dolejsi

On some aspects of the Discontinuous Galerkin finite element method for

conservation laws ⋆

Vít Dolejší, Miloslav Feistauer

Faculty of Mathematics and Physics, Charles University Prague, Sokolovská 83, 186 00 Praha 8, Czech Republic

Christoph Schwab

Seminar of Applied Mathematics, ETH Zürich, Raeminstrasse, CH–8092 Zürich, Switzerland

Abstract

The paper is concerned with the numerical solution of nonlinear conservation laws and nonlinear convection-diffusion problems. We discuss two versions of this method: a) Finite volume discontinuous Galerkin method, which is a generalization of the combined finite volume – finite element method. Its advantage is the use of only one mesh (in contrast to the combined finite volume – finite element schemes). However, it is of the first order only. b) Further, the pure discontinuous Galerkin finite element method of higher order is considered. In this case a new limiting of order of accuracy is developed in order to avoid spurious oscillations in the vicinity of discontinuities of the solution.

Key words: discontinuous Galerkin finite element method, numerical flux, conservation laws, convection-diffusion problems, limiting of order of accuracy PACS: 65M10, 76M10, 76M12

⋆ This research was started during the visit of M. Feistauer at ”Forschungsinstitut für Mathematik” at ETH in Zürich. Moreover, V. Dolejší and M. Feistauer were supported under the Grant No. 201/99/0267 of the Czech Grant Agency and the Grant No. MSM 113200007. The authors acknowledge the support of these institutions.

Preprint submitted to Elsevier Science 2 October 2001

1 Introduction

During the last decade a number of various numerical techniques for the solution of nonlinear conservation laws, nonlinear convection-diffusion problems and compressible flow were developed. In principle, all numerical methods for the solution of partial differential equations can be applied to the mentioned problems. The most popular are now the finite element (FE) and finite volume (FV) methods. The finite volume schemes are suitable for the discretization of conservation law equations, whereas the FE methods are mainly used for diffusion problems. In order to employ advantages of both these techniques, combined FV - FE methods for the solution convection-diffusion problems and compressible viscous flows were developed. For analysis and applications, see, e.g., [1], [5], [6], [7], [8], [9]. These methods give good results in many cases of complicated technically relevant problems. However, their drawback is the necessity to construct two mutually associated meshes, which is rather complicated particularly in 3D ([10]). Moreover, these methods have the first order of accuracy only.

Another approach representing a simultaneous generalization of the FV as well as FE methods is the Discontinuous Galerkin finite element (DG FE) method. It is based on the idea to approximate the solution by piecewise polynomial functions over a FE mesh without any requirement on interelement continuity. The DG FE methods become more and more popular. For a survey, see, [2] or [3]. The DG FE method in connection with an approximate Riemann solver in convective terms leads to higher order numerical schemes, applied on one mesh only, but for problems with solutions having steep gradients or discontinuous solutions (containing shock waves of contact discontinuities) the well-known disease of higher order schemes, called the Gibbs effect, appears: spurious oscillations in the vicinity of discontinuities. The main goal of this paper is to describe two methods how to cure it. The first possibility uses a FV approximation of the convective terms applied in the framework of the DG FE method. This method requires only one mesh, but its order of accuracy is one. The second method is based on a new type of the limiting of the order of accuracy in the vicinity of discontinuities. In contrast to [2], where the author introduces a slope limiter quite in analogy with the FV MUSCL type schemes, we propose and analyze a different new method based on a suitable identification of a discontinuity and the decrease of the order of the method to one in a narrow neighbourhood of the discontinuity. The numerical experiments show that this method yields very accurate solutions to nonlinear conservation laws and convection-diffusion problems.

2 DG FE method for a nonlinear convection-diffusion nonstationary problem

2.1 Continuous problem

Let Ω ⊂ IR^d (d = 2 or 3) be a bounded polyhedral domain and T > 0. We set Q_T = Ω × (0, T ) and by ∂Ω denote the boundary of Ω. We consider the following initial-boundary value problem: Find u : Q_T → IR such that

∂u ∂t + d∑ s=1 ∂f_s(u) ∂x_s = d∑ s=1 ∂R_s(u, ∇u) ∂x_s + g in Q_T , (2.1)

u|_{∂Ω×(0,T )} = u_D, (2.2) u(x, 0) = u^0(x), x ∈ Ω. (2.3)

We suppose that f_s ∈ C^1(IR), R_s ∈ C^1(IR^{d+1}), R_s(u, α) is linear with respect to α ∈ IR^d and the data are sufficiently regular so that we can assume the existence of a strong solution u satisfying (2.1) – (2.3) pointwise.

2.2 Discretization

Let T_h (h > 0) denote a partition of the closure Ω of the domain Ω into a finite number of closed d-dimensional convex polyhedra K with mutually disjoint interiors. We call T_h a triangulation of Ω, but do not require the usual conforming properties from the finite element method. In 2D problems we choose usually K ∈ T_h as triangles or quadrilaterals. In 3D, K ∈ T_h can be, e. g., tetrahedra, pyramids or hexahedra. (We can allow even more general convex elements K.)

We set h_K = diam(K), h = max_{K∈Th} h_K . By |K| we denote the d-dimensional Lebesgue measure of K. All elements of T_h will be numbered so that T_h = {K_i}_{i∈I} , where I ⊂ Z^+ = {1, 2, . . .} is a suitable index set. If two elements K_i, K_j ∈ T_h contain a nonempty open face which is a part of a (d−1)-dimensional hyperplane, we call them neighbours. We set in this case Γ_{ij} = ∂K_i ∩ ∂K_j and assume that the whole set Γ_{ij} is a part of a (d − 1)-dimensional hyperplane. For i ∈ I we set s(i) = {j ∈ I; K_j is a neighbour of K_i}.

The boundary ∂Ω is formed by a finite number of faces of elements K_i adjacent to ∂Ω. We denote all these boundary faces by S_j , where j ∈ I_b ⊂ Z^− = {−1, −2, . . .} and set γ(i) = {j ∈ I_b; S_j is a face of K_i}, Γ_{ij} = S_j for K_i ∈ T_h such that S_j ⊂ ∂K_i, j ∈ I_b. For K_i not containing any boundary face S_j we set γ(i) = ∅. Obviously, s(i) ∩ γ(i) = ∅ for all i ∈ I. Now, if we write S(i) = s(i) ∪ γ(i), we have ∂K_i = ⋃ j∈S(i) Γ_{ij} , ∂K_i ∩ ∂Ω = ⋃ j∈γ(i) Γ_{ij}. (2.4)

Furthermore, we use the following notation: n_{ij} = ((n_{ij} )_1, ..., (n_{ij} )_d) = unit outer normal to ∂K_i on the face Γ_{ij}, d(Γ_{ij} ) = diam(Γ_{ij} ), |Γ_{ij}| = (d − 1)− dimensional Lebesgue measure of Γ_{ij}.

Over the triangulation T_h we define the broken Sobolev space

H^k(Ω, T_h) = {v; v|_K ∈ H^k(K) ∀ K ∈ T_h}. (2.5)

For v ∈ H^1(Ω, T_h) we introduce the following notation v|_{Γij} = the trace of v|_{Ki} on Γ_{ij}, v|_{Γji} = the trace of v|_{Kj} on Γ_{ji} = Γ_{ij}, ⟨v⟩_{Γij} =^1_2 ( v|_{Γij} + v|_{Γji} ) , [v]_{Γij} = v|_{Γij} − v|_{Γji} . Obviously, ⟨v⟩_{Γij} = ⟨v⟩_{Γji} , but [v]_{Γij} = −[v]_{Γji} and [v]_{Γij} n_{ij} = [v]_{Γji} n_{ji}.

The approximate solution of problem (2.1) – (2.3) is sought in the space of discontinuous piecewise polynomial functions

S_h = S^{p,−1}(Ω, T_h) = {v; v|_K ∈ P_p(K) ∀ K ∈ T_h}, (2.6)

where P_p(K) denotes the space of all polynomials on K of degree ≤ p.

In order to derive the discrete problem, we multiply equation (2.1) by any v ∈ S_h, integrate over K ∈ T_h, apply Green’s theorem and sum over all K ∈ T_h. Moreover, we use the relations [u]|_{Γij} = 0, ⟨∇u⟩_{Γij} = ∇u|_{Γij} = ∇u|_{Γji} , to the identity obtained we add some terms which mutually cancel and find that ∫ Ω ∂u ∂t v dx + ∑ i∈I ∑ j∈S(i) ∫ Γ_{ij} d∑ s=1 f_s(u) (n_{ij})_s v|_{Γij} dS (2.7)

− ∑ i∈I ∫ K_i d∑ s=1 f_s(u) ∂v ∂x_s dx + ∑ i∈I ∫ K_i d∑ s=1 R_s(u, ∇u)) ∂v ∂x_s dx

− ∑ i∈I ∑ j∈S(i) j<i

∫ Γ_{ij} d∑ s=1 ⟨R_s(u, ∇u)⟩ (n_{ij})_s [v] dS

+ ∑ i∈I ∑ j∈S(i) j<i

∫ Γ_{ij} d∑ s=1 ⟨R_s(u, ∇v)⟩ (n_{ij})_s [u] dS

− ∑ i∈I ∑ j∈γ(i) ∫ Γ_{ij} d∑ s=1 R_s(u, ∇u) (n_{ij})_s v dS

+ ∑ i∈I ∑ j∈γ(i) ∫ Γ_{ij} d∑ s=1 R_s(u, ∇v) (n_{ij})_s u dS + ∑ i∈I ∑ j∈s(i) ∫ Γ_{ij} σ[u] [v] dS + ∑ i∈I ∑ j∈γ(i) ∫ Γ_{ij} σ u v dS

= ∫ Ω g v dx + ∑ i∈I ∑ j∈γ(i) ∫ Γ_{ij} d∑ s=1 R_s(u, ∇v) (n_{ij})_s u_D dS + ∑ i∈I ∑ j∈γ(i) ∫ Γ_{ij} σ u_D v dS.

Here σ is a weight function defined on each Γ_{ij} by σ|_{Γij} = ε/d(Γ_{ij}), where ε ≈ R_s. Finally, we approximate the flux ∫ Γ_{ij} fs(u) ns v dS with the aid of the numerical flux H = H(α, β, n): ∫ Γ_{ij} d∑ s=1 f_s(u) n_s v|_{Γij} dS ≈ ∫ Γ_{ij} H ( u|_{Γij} , u|_{Γji} , n_{ij} ) v|_{Γij} dS (2.8)

and define the approximate convective form

b̃_h(u_h, v_h) = ∑ i∈I ∑ j∈S(i) ∫ Γ_{ij} H ( u_h|_{Γij} , u_h|_{Γji} , n_{ij} ) v_h|_{Γij} dS, u_h, v_h ∈ S_h. (2.9)

If Γ_{ij} ⊂ ∂Ω, we use the Dirichlet boundary condition (2.2) in order to specify u|_{Γji} . If the diffusion terms R_s vanish, it is necessary to use boundary conditions suitable for hyperbolic equations. We do not treat this topic here. Some numerical experiments will be carried out for nonlinear conservation laws equipped with periodic boundary conditions. In this case we easily develop the numerical scheme in a similar way as here.

Now, for u_h, v_h ∈ S_h we set

a_h(u_h, v_h) = ∑ i∈I ∫ K_i d∑ s=1 R_s(u_h, ∇u_h)) ∂v_h ∂x_s dx (2.10)

− ∑ i∈I ∑ j∈S(i) j<i

∫ Γ_{ij} d∑ s=1 ⟨R_s(u_h, ∇u_h)⟩ (n_{ij})_s [v_h] dS

+ ∑ i∈I ∑ j∈S(i) j<i

∫ Γ_{ij} d∑ s=1 ⟨R_s(u_h, ∇v_h)⟩ (n_{ij})_s [u_h] dS

− ∑ i∈I ∑ j∈γ(i) ∫ Γ_{ij} d∑ s=1 R_s(u_h, ∇u_h) (n_{ij})_s v_h dS

+ ∑ i∈I ∑ j∈γ(i) ∫ Γ_{ij} d∑ s=1 R_s(u_h, ∇v_h) (n_{ij})_s u_h dS

J_h(u_h, v_h) = ∑ i∈I ∑ j∈s(i) ∫ Γ_{ij} σ[u_h] [v_h] dS + ∑ i∈I ∑ j∈γ(i) ∫ Γ_{ij} σ u_h v_h dS (2.11)

ℓ_h(v_h) (t) = ∫ Ω g(t) v_h dx + ∑ i∈I ∑ j∈γ(i) ∫ Γ_{ij} d∑ s=1 R_s(u, ∇v_h) (n_{ij})_s u_D(t) dS (2.12) + ∑ i∈I ∑ j∈γ(i) ∫ Γ_{ij} σ u_D(t) v_h dS,

(α, β) = ∫ Ω αβ dx, (2.13)

and formulate the discrete problem: We define an approximate solution as a function u_h satisfying the conditions

a) u_h ∈ C^1([0, T ], S_h), (2.14) b) ( ∂u_h(t) ∂t , v_h ) + b̃_h(u_h(t), v_h) + a_h(u_h(t), v_h) + J_h(u_h(t), v_h) = ℓ_h(v_h)(t) ∀ v_h ∈ S_h ∀ t ∈ (0, T ), c) u_h(0) = u^0_h,

where u^0_h is an S_h-approximation of u^0 (e. g., L^2-projection).

We have carried out the semidiscretization in space (called the method of lines) leading to a system of ordinary differential equations. In practical computations, the full discretization is carried out. We can use, e. g. the explicit Euler or Runge–Kutta schemes. Semiimplicit or fully implicit time discretization lead to large nonlinear algebraic systems which must be solved iteratively. Moreover, the integrals are evaluated with the aid of quadrature formulae. Let us note that the form a_h is a variant of the DG FE approximation of the diffusion terms proposed in [11].

We assume that the numerical flux has the following properties:

1) H(α, β, n) is defined on IR^2 × B_1, where B_1 = {n ∈ IR^d; |n| = 1} is locally Lipschitz-continuous, 2) H(α, β, n) is consistent: H(α, α, n) = d∑ s=1 f_s(α) n_s, α ∈ IR, n = (n_1, . . . , n_d) ∈ B_1, (2.15)

3) H(α, β, n) is conservative: H(α, β, n) = −H(β, α, −n), α, β ∈ IR, n ∈ B_1. (2.16)

The described process yields a higher order scheme using only one (in general unstructured) mesh. Its disadvantage are spurious oscillations in approximate solutions which appear in areas with steep gradients in the case of small diffusion terms. We shall discuss two methods how to cure this disease.

3 Finite volume discontinuous Galerkin method

3.1 Modification of the convective form

The first modification of scheme (2.14) is an analogy of the FV method. Therefore, we call it the finite volume discontinuous Galerkin method (FV DG).

In (2.6) we put p = 1, i. e., we use piecewise linear elements, and introduce a modification b_h of the form b̃_h defined in the following way. By π_0 we denote the L^2-projection of functions v ∈ L^2(Ω) on the space S^{0,−1}_h (Ω, T_h) of piecewise constant functions: π_0v|_K = ∫ K v dx/|K| for K ∈ T_h. Then, instead of b̃_h we use in (2.14), b) the approximate convective form

b_h(u_h, v_h) = ∑ i∈I π_0v_h|_{Ki} { ∑ j∈s(i) H ( π_0u_h|_{Ki} , π_0u_h|_{Kj} , n_{ij} ) |Γ_{ij}| (3.1) + ∑ j∈γ(i) H (π_0u_h|_{Ki} , π_0u_h|_{Ki} , n_{ij} ) |Γ_{ij}| } . In this case, the boundary values are realized in the form b_h by extrapolation. A detailed theoretical analysis of error estimates for this method was carried out in [4]. The use of the operator π_0 in the definition of the approximate convective form b_h causes that the method is of the first order, but in contrast to the combined FV - FE methods, only one mesh is used.

3.2 Example

In order to show that the use of the FV DG method strongly suppresses spurious oscillations, we consider the numerical solution of the viscous Burgers equation ∂u ∂t + u ∂u ∂x_1 + u ∂u ∂x_2 = ε Δ u in Q_T = Ω × (0, T ), (3.2)

where Ω = (−1, 1)^2, T = 1, ε = 0.002. Equation (3.2) is equipped with periodic boundary conditions and the initial condition

u^0(x_1, x_2) = 0.25x + 0.5 sin(π(x_1 + x_2)), (x_1, x_2) ∈ Ω. (3.3)

Let us note that the periodic boundary conditions are easily treated using a simple modification of schemes described in Par. 2.2 and 3.1.

It is known that the inviscid Burgers equation (ε = 0) equipped with the initial condition (3.3) and periodic boundary conditions has a solution discontinuous for t ≥ 0.3. The viscous case, when ε = 0.002, has a similar solution (the discontinuity is slightly smeared due to the diffusion). In our numerical experiments we use the numerical flux in the form

H(u_1, u_2, n) =

∑_2

s=1 f_s(u_1)n_s, if A > 0

∑_2

s=1 f_s(u_2)n_s, if A ≤ 0

, (3.4)

where f_s(u) = u^2/2,

∑_2

s=1 f^′_s(ū)n_s, ū =^1_2 (u_1 + u_2).

In Figure 1 we see the numerical solution at t = 0.45 obtained with the aid of scheme (2.14), where the forward Euler time discretization is carried out with a rather small time step τ = 10^{−4}, in order to guarantee the stability and sufficiently accurate resolution in time. (For more details see Par. 4.2.) The solution suffers from spurious oscillations. The use of the scheme with the modification b_h of the convective form leads to a conspicuous improvement as is shown in Figure 2.

Fig. 1. The numerical solution of computed by DG FE method plotted at t = 0.45

Fig. 2. The numerical solution of computed by FV DG method plotted at t = 0.45

4 Second-order DG FE method with a new limiting

4.1 General framework of higher-order schemes for conservation laws

In this section we develop a numerical technique avoiding disadvantages of both schemes discussed above: spurious oscillations in solutions obtained by the pure DG FE method (2.14) and a low order (=first order) of the FV DG scheme from Par. 3.1.

All methods for avoiding the Gibbs effect in higher-order schemes are based on a limiting procedure applied in the whole computational domain which should however suppress the accuracy to the first order in the vicinity of steep gradients or discontinuities in the solution. There exists a rigorous method using the concept of a flux limiter for finite difference or finite volume schemes applied to scalar conservation laws with one space variable over uniform meshes. (See, e. g., [12]). However, as numerical experiments show, the heuristic extension of this approach to FV schemes for systems, problems with more space variables and/or nonuniform unstructured meshes can lead to an undesired decrease of accuracy everywhere. The application of this methodology in the framework of the DG FE method seems to be inadequate.

Here we present a different type of limiting which definitely keeps the second order of accuracy in the region of regularity of the solution, because the original higher order scheme remains unchanged in this region and is modified to a first order scheme only in the vicinity of steep gradients or discontinuities.

4.2 Fully discrete scheme with adaptive limiting of order

Let us return to scheme (2.14), where we suppose that d = 2, T_h is formed by triangles and p = 1. We carry out the discretization in time by the forward Euler method. To this end, we consider a partition 0 = t_0 < t_1 < t_2 < . . . of the time interval (0, T ) and set τ_k = t_{k+1} − t_k.

The fully discrete problem reads: for each k ≥ 0 find u^{k+1}_h such that

a) u^{k+1}_h ∈ S_h = S^{1,−1}_h (Ω, T_h), (4.1)

b) (u^{k+1}_h , v_h) = (u^k_h, v_h) − τ_k a_h(u^k_h, v_h)

−τ_k b̃_h(u^k_h, v_h) − τ_k J_h(u^k_h, v_h) + τ_k ℓ_h(v_h) (t_k) ∀ v_h ∈ S_h.

The formal order of accuracy is O(τ +h^2). The stability of the scheme requires that τ_k ≈ O(h^2/ε + h), if ε ≈ R_s, s = 1, 2.

Let us go back to problem (3.2) – (3.3) with periodic boundary conditions. Our first task is to identify areas with very steep gradients (leading to discontinuities for ε → 0+). Numerical experiments show (see Section 4.3) that the interelement jumps in the approximate solution are of the order O(1) on discontinuities, whereas O(h^2) in the areas, where the solution is regular. On general unstructured grids it appears to be suitable to measure the magnitude of interelement jumps in the integral form by ∫ ∂K_i [u^k_h]^2 dS, K_i ∈ T_h. (4.2)

In the areas, where the solution is regular, we have

g^1(i) = ∫ ∂K_i [u^k_h]^2 dS/h^5 ≈ ∫ ∂K_i (O(h^2))^2 dS/h^5 ≈ O(1), (4.3)

whereas

g^2(i) = ∫ ∂K_i [u^k_h]^2 dS/h ≈ ∫ ∂K_i (O(1))^2 dS/h ≈ O(1) (4.4)

for very steep gradients (discontinuities). These results lead us to the idea that the switch between the higher order scheme and its first order modification should be tested with the aid of the indicator g(i) = ∫ ∂K_i [u^k_h]^2 dS/h^α, K_i ∈ T_h, (4.5)

where α ∈ (1, 5). We choose, e. g., α = 5/2. However, in general, using unstructured grids, it is suitable to define the indicator g(i) in terms of h_{Ki} and |K_i|. For α = 5/2 we set g(i) = ∫ ∂K_i [u^k_h]^2 dS/(h_{Ki} |K_i|^{3/4}), K_i ∈ T_h. (4.6)

Now we define an adaptive strategy for an automatic limiting of the order of accuracy of the scheme (4.1):

a) u^{k+1}_h ∈ S_h = S^{1,−1}_h (Ω, T_h), (4.7)

Fig. 3. Position of dicontinuities in the computational domain

b) (u^{k+1}_h , v_h) = (ũ^k_h, v_h) − τ_k a_h(u^k_h, v_h)

−τ_k b̃_h(ũ^k_h, v_h) − τ_kJ_h(u^k_h, v_h) + τ_k ℓ_h(v_h) (t_k) ∀ v_h ∈ S_h

where ũ^k_h is the modification of u^k_h defined with the aid of our limiting strategy in the following way:

a) Setũ^k_h|_{Ki} := u^k_h|_{Ki} ∀i ∈ I. (4.8)

b) If g(i) > 1 for some i ∈ I, then set ũ^k_h|_{Ki} := π_0 u^k_h|_{Ki} .

This means that in (4.8) the limiting of the order of the scheme is applied on the elements lying on the discontinuity. In other areas the second order of accuracy is preserved. (The extension to the case d = 3 is straighforward.)

4.3 Verification of the adaptive limiting

At first we show that the interelement jumps in the approximate solution are of the order O(1) on discontinuities, whereas O(h^2) in the regions, where the solution is regular. To demonstrate it, we consider the inviscid case (ε = 0) of (3.2) – (3.3). This is the limit case of the considered problem with the worst scenario with respect to the behaviour of the solution.

We denote by u the exact solution of (3.2) – (3.3) with ε = 0 at time t = 0.45. It was mentioned above that the function u contains two line discontinuities expressed as x_1 + x_2 = −0.78, x_1 + x_2 = 1.22, (x_1, x_2) ∈ Ω, see Figure 3. We denote by Ω^d a union of triangles K_i ∈ T_h lying in the vicinity of these lines. Further we put Ω^c ≡ Ω \ Ω^d.

We denote by u_h the approximation of u computed by the numerical scheme

Fig. 4. Dependence of the quantities g^1(i) (left), g^2(i) (center) and g(i) (right) on the position x_1 + x_2 (vertical axes) for triangulation mesh.500

Fig. 5. Distribution of triangles: horizontal axis (in logarithmic scale) expresses the order of magnitude of g^1(i) (left), g^2(i) (center) and g(i) (right), vertical axis determines the number of triangles, where g^1, g^2 or g have the corresponding order, for triangulation mesh.500

(4.7) – (4.8) on a mesh T_h. We investigate the magnitude of interelement jumps of u_h with the aid of indicators g^1(i), g^2(i) and g(i) given for K_i ∈ T_h by (4.3), (4.4) and (4.6), respectively. Figure 4 shows the distribution of magnitudes of g^1, g^2 and g computed on the triangulation mesh.500 from Figure 6. There is a point of this graph assigned to each K_i ∈ T_h. The horizontal axis represents the value of x^i_1 + x^i_2, where (x^i_1, x^i_2) are the coordinates of the barycentre of the element K_i and the vertical axis corresponds to the values g^1(i), g^2(i) and g(i) for K_i ∈ T_h. We see the increments of values of g^1, g^2 and g near the discontinuities. For K_i ∈ Ω^d, the values of g^2 are from the interval (0.1, 1), which confirms relation (4.4). On the other hand, for K_i ∈ Ω^c the values of g^1 satisfy the condition g^1(i) ≤ 1 and this confirms (4.3). From the right graph in Figure 4 we can see that the limiting given by the condition g(i) > 1 indicates the region of steep gradient (discontinuity). Figure 5 shows the dis-

Fig. 6. Triangulation mesh.500 with marked triangles with g(i) > 1

tribution of triangles. The horizontal axis (in logarithmic scale) expresses the order of magnitude of the values g^1(i), g^2(i) or g(i) and the vertical axis gives the number of triangles, where g^1, g^2 or g have the corresponding order. The Gaussian distribution of elements in Ω^c as well as Ω^d is observed. The graphs with g^1 and g^2 again verify the relations (4.3) and (4.4), respectively.

Further, Figure 6 shows the marked triangles K_i ∈ T_h with g(i) > 1 where the limiting (4.8) should be applied. This proves the correctness of the choice α = 5/2 in (4.5). Moreover, Figure 7 shows the marked triangles (g(i) > 1) for another unstructured anisotropic grids, which verifies the form of the denominator in (4.6) (i. e. h_{Ki} |K_i|^{3/4}).

The efficiency of the limiting is viewed in Figure 8, where we present the numerical solution of the inviscid Burgers equation. Figures show the graphs of the approximate solutions along the diagonal connecting the points (−1, −1) and (1, 1). The centre figure is the exact solution and the left and right one are the numerical solutions computed without and with limiting, respectively. The elimination of spurious oscilations and satisfactory correspondance with the exact solution are observed.

The last Figure 9 shows the numerical solution of (3.2)–(3.3) from Par. 3.2 computated by the scheme (4.7) - (4.8).

Fig. 7. Examples of anisotropic triangulations with marked triangles satisfying the condition g(i) > 1

Fig. 8. Inviscid Burgers equation: graphs along the diagonal, DG FE(left), exact solution (centre), DG FE with limiting (right)

5 Conclusion

¿From the above analysis and numerical experiments we see that the discontinuous Galerkin finite element method and its modifications represent very challenging techniques for the solution of nonlinear conservation laws and convection diffusion problems. The most important achievement is the construction of adaptive limiting of the order of accuracy of the method avoiding spurious oscillations and preserving the higher order numerical scheme unchanged in regions, where the solution is regular. Of course, there is a number of unsolved questions and problems, as, e.g., analysis of error estimates of this method, theoretical justification of the proposed adaptive limiting and the extension of the presented results to compressible Euler and Navier-Stokes

Fig. 9. Numerical solution of problem from Par 3.2 computed by DG FE method with limiting, plotted at t = 0.45

equations.

References

[1] Ph. Angot, V. Dolejší, M. Feistauer, J. Felcman: Analysis of a combined barycentric finite volume – nonconforming finite element method for nonlinear convection-diffusion problems. Appl. Math. 43 (1998), 263–310.

[2] B. Cockburn: Discontinuous Galerkin methods for convection dominated problems. In: High–Order Methods for Computational Physics. Lecture Notes in Computational Science and Engineering 9, Springer, Berlin, 1999.

[3] B. Cockburn, G. E. Karniadakis, C.–W. Shu (eds.): Discontinuous Galerkin Methods. Lecture Notes in Computational Science and Engineering 11. Springer, Berlin, 2000.

[4] V. Dolejší, M. Feistauer, C. Schwab: A finite volume discontinuous Galerkin scheme for nonlinear convection-diffusion problems. Preprint, Forschungsinstitut für Mathematik ETH Zürich, Januar 2001.

[5] M. Feistauer, J. Felcman: Theory and applications of numerical schemes for nonlinear convection-diffusion problems and compressible Navier–Stokes equations. In: The Mathematics of Finite Elements and Applications. Highlights 1996 (J. R. Whiteman, ed.), Wiley, Chichester, 1997.

[6] M. Feistauer, J. Felcman, V. Dolejší: Numerical solution of compressible flow through cascades of profiles. ZAMM 76 (1996), 297-300.

[7] M. Feistauer, J. Felcman, M. Lukáčová: On the convergence of a combined finite volume – finite element method for nonlinear convection-diffusion problems. Numer Methods Partial Differential Eq 13 (1997), 163–190.

[8] M. Feistauer, J. Felcman, M. Lukáčová, G. Warnecke: Error estimates for a combined finite volume – finite element method for nonlinear convectiondiffusion problems. SIAM J. Numer. Anal. 36 (1999), 1528–1548.

[9] M. Feistauer, J. Slavík, P. Stupka: On the convergence of a combined finite volume – finite element method for nonlinear convection-diffusion problems. Explicit schemes. Numer Methods Partial Differential Eq 15 (1999), 215-235.

[10] J. Felcman: On a 3D adaptation for compressible flow. In: Proceedings of the conf. “Finite Element Methods for Three-Dimensional Problems”, Jyväskylä, June 27 – July 1, 2000 (to appear).

[11] J. T. Oden, I. Babuška, C. E. Baumann: A discontinuous hp finite element method for diffusion problems. J. Comput. Phys. 146 (1998), 491–519.

[12] P. K. Sweby: High resolution schemes using flux limiters for hyperbolic conservation laws. SIAM J. Numer. Anal. 21 (1984), 995-1011.

List of preprints released in this series

All preprints available on http://www.karlin.mff.cuni.cz/ms-preprints/ E-mail contact to series administrator: knm -prep@karlin.mff.cuni.cz

[MATH-ALG-2001/1] J.Trlifaj: Approximations and the little finitistic dimension of artinian rings (02.07.2001) [MATH-KMA-2001/42] Jakub Duda, Libor Vesely, Ludek Zajicek: On D.C. functions and mappings (31.01.2001) [MATH-KMA-2001/43] W.D. Evans, Bohumir Opic, Lubos Pick: Real interpolation with logarithmic functors (31.01.2001) [MATH-KMA-2001/44] Robert Cerny, Jan Maly: Yet more counterexample to lower semicontinuity in Calculus of Variations (14.02.2001) [MATH-KMA-2001/45] Wolfgang Desch, Eva Fasanga, Jaroslav Milota, Wilhelm Schappacher: Stress boundary value problem in linear viscoleasticity (14.02.2001) [MATH-KMA-2001/46] Ondrej Kalenda: A new Banach space with Valdivia dual unit ball (21.02.2001) [MATH-KMA-2001/47] Petr Holicky, Roman Kotecky, Milos Zahradnik: Phase diagram of horizontally invariant Gibbs states for lattice models (27.02.2001) [MATH-KMA-2001/48] Stanislav Hencl: On the notions of absolute continuity for functions of several variables (27.02.2001) [MATH-KMA-2001/49] Jaroslav Lukes, Jan Maly, Ivan Netuka, Michal Smrcka, Jiri Spurny: On approximation of affine Baire-one functions (08.03.2001) [MATH-KMA-2001/50] Wolfgang Desch, Eva Fasanga, Jaroslav Milota, Wilhelm Schappacher: Riccati operators in non-reflexive spaces (14.03.2001) [MATH-KNM-2001/2] Vit Dolejsi: Anisotropic Mesh Adaptation Technique for Viscous Flow Simulation (29.03.2001) [MATH-ALG-2001/2] Sobhy Ghoneim and Tom Kepka: Left selfdistibutive rings generated by idempotents (12.04.2001) [MATH-KMA-2001/51] Petr Holicky, Vaclav Kominek: On projections of nonseparable Souslin and Borel sets along separable spaces (19.04.2001) [MATH-KNM-2001/3] V. Dolejsi, M. Feistauer, C. Schwab: A Finite Volume Discontinuous GalerkinScheme for Nonlinear Convection- Diffusion Problems (23.04.2001) [MATH-KNM-2001/4] Petr Knobloch: On the Inf–Sup Condition for the P^{mod}_1 Element (24.04.2001) [MATH-ALG-2001/3] .Holub: Local and global cyclicity in free semigroups (26.04.2001) [MATH-KMA-2001/52] Jan Lang: Improved estimates for the approximation numbers of Hardy-type operators (09.05.2001) [MATH-KMA-2001/53] Lubos Pick, Michael Ruzicka: An example of a space L^{p(x)} on which the Hardy–Littlewood maximal operator is not bounded (09.05.2001)

[MATH-KMA-2001/54] Amiran Gogatishvili, Bohumir Opic, Lubos Pick: Weighted inequalities for Hardy-type operators involving suprema (09.05.2001) [MATH-MU-2001/1] Petr Somberg: Crystallizing patterns of BGG sequences (21.05.2001) [MATH-KMA-2001/55] Ondrej Kalenda: M-bases in spaces of continuous functions on ordinals (11.06.2001) [MATH-KMA-2001/56] Stanislav Hencl, Jan Maly: Mappings of finite distortion: Hausdorff measure of zero sets (11.06.2001) [MATH-MU-2001/2] Petr Somberg: Symplectic counterpart of superspace and supersymmetry (25.06.2001) [MATH-KMA-2001/57] Andras Batkai, Eva Fasanga: The spectral mapping theorem for Davies’ functional calculus (29.06.2001) [MATH-MU-2001/5] Jan Rataj: On set covariance and three-point test sets (19.07.2001) [MATH-MU-2001/6] Milan Pokorny: A regularity criterion for the angular velocity component in the case of axisymmetric Navier- Stokes equations (20.07.2001) [MATH-MU-2001/7] Stephen Montgomery-Smith, Milan Pokorny: A counterexample to the smoothness of the solution to an equation arising in fluid mechanics (20.07.2001) [MATH-MU-2001/3] Jiri Soucek: Subquantum models: basic principles, effects and tests (26.07.2001) [MATH-MU-2001/4] Jiri Soucek: The new interpretation of quantum mechanics and hidden parameters (26.07.2001) [MATH-ALG-2001/4] L.Angeleri-Huegel and J.Trlifaj: Tilting theory and the finitistic dimension conjectures (06.08.2001) [MATH-KMA-2001/58] Jan Rychtar: Renorming of C(K) Spaces (28.08.2001) [MATH-KMA-2001/59] Ondrej Kalenda: A weak Asplund space whose dual is not Stegall (28.08.2001) [MATH-KMA-2001/60] Jiri Jelinek: On introduction of two diffeomorphism invariant Colombeau algebras (29.08.2001) [MATH-KMA-2001/61] Jiri Jelinek: Equality of two diffeomorphism invariant Colombeau algebras (29.08.2001)