IT1.1 Power series of several complex variables

Notation:
o Let € C", y € C" and ¢ € C. Then we set

ox+y=(x1+y1, - Tn +Yn),
o T Y= (T1Y1,---sTnYn),
o cx = (cxy,...,CTy).
e Let z € C" and a € Nj. Then we set &* = z{* --- %", where we use the
convention that 0° = 1.
e For o € N we set |a| = a1 + -+ + ap.

Definition. By a power series of n variables centered at 0 we mean a series of
the form
g Cax?,
aeNY
where ¢, € C for each o € N{j.

Remark: On the index set Nj there is no canonical order. Therefore by a
convergence of the above power series we mean the absolute convergence. I.e.,
the power series given above converges at a point @ if and only if

sup{z |cax®| : F C Nj finite} < +o0.
acl

The sum of this series is then the limit of partial sums for any ordering of the
elements of the series or, equivalently, the limit of the net

Z Cax®, F C Ny finite,
ackF

where finite sets are ordered by inclusion.
Proposition 1.

(1) The series ZaeNg x® converges if and only if |x;| < 1 for each j €

{1,...,n}.
(2) Let us consider the series ZaeNg cax®. Let © € C" be a point with
non-zero coordinates such that

sup |cox®| < +o0.
aeNg

Then the series converges locally uniformly on the set

{yeC":|y;| < |zj| for j =1,...,n}.



Definition. Let A € C™. The set A is said to be

e a Reinhardt set if y - € A whenever x € A and y € T",
e a complete Reinhardt set if y - ¢ € A whenever z € Aand y € D'

A Reinhardt set A is said to be logarithmically convex if
log A = {(log|z1]|,...,log|x,]) :x € AN(C\{0})"}
is a convex subset of R”.

Proposition 2. Let A C C™ be a complete Reinhardt set containing at
least one point with non-zero coordinates. Then

0€lIntA, Int A = Int A.

Further, if © € A has non-zero coordinates, then = € Int A.
Theorem 3. Let S be a power series of the above form. Consider the

following sets

Bs={x € C: sup |cax®| < 400}
aeNY

Cs={xeC: Z |cax®| < 400}

aeNY
Ds = Int Bg.

Then
Ds C Cs C Bg.

All these sets are complete Reinhardt sets, the sets Bg and Dg are moreover
logarithmically convex. The series S converges locally uniformly on Dg.

Definition. The set Dg is called the domain of convergence of the series S.

Theorem 4. Let {2 C C" be a logarihtmically convex complete Reinhardt
domain. Then () is the domain of convergence of a power series.

Theorem 5. Let us consider the following two power series

(6 / a—ej
S = g Co a S = g QjCa T .

aeNg aeNy,a;>1
Then Ds C Ds'. By €’ we denote the j-th canonical vector, i.e.,

e’ =(0,...,0,1,0,...,0).
|

j-th position



