[V. DETERMINE sup AND inf OF THE FUNCTION f ON THE SET M
AND DECIDE WHETHER THESE VALUES ARE ATTAINED

1. f(z,y,2) = x — 2y + 2z,

a) M ={[z,y,2], 2> +y? + 22 =1}, b) M = {[z,y, 2], 22 +y* + 22 =L, 2+ y + 2 = 0}
2. f(x,y,2) = zyz,

a) M ={[z,y,2], 22 +y? + 22 =1}, b) M = {[z,y, 2], 22 +y? + 22 =1, 2 +y + 2 =0}
3. f(z,y,2) =sinzsinysinz, M = {[z,y,2];2+y+2=F,2>0,y >0,z > 0}
4. f(x1,...,xn) =2l +-+ 2B; M = {[z1,...,2n)521+ -+ 2y =a, x1 >0, ...,2, > 0};
where a > 0,p > 0. 5. f(r,y,2) =10z +x—y, M = {[z,y,2],22 + 32 + 22 < 1,y +x > 0}
6. If x € R" and M C R", the distance of the point x to the set M equals
dist(x, M) = inf{p(x,y): y € M}, the distance of the set M to a set N C R™ equals
dist(M, N) = inf{p(x,y): x € M,y € N}. Compute the distances:
(a) of the point [a, 1] € R? to the parabola y = z%; (b) of the point [—a, —1] € R? (a > 0) to the
hyperbola branch y = 1/z, = > 0; (c) of the line y = x — 50 to the parabola y = x2.
7. f(z,y) =2" +y* M = {[z,y],2* + 4y* = 1}
8. If M C R” is nonempty and bounded, its diameter is defined by
diam M = sup{p(x,y): X,y € M}. Compute the diameter of the set {[z,y] € R?: |z|P + |y|P = 1}
(for p > 1).

ANSWERS AND HINTS. In most problems one can use Lagrange multiplier theorem. 1. a)
max 3 at [§,—2,2], min —3 at [—%,%,—%]; b) max (/% at [\/L?—S,—\/%,\/%—S], min —y/2 at
[—\{—7_8, f/%,_l—] 2. a) rnaxj)\Ql at thetpomts [\/— %, %1], [—%,1—%;), \/L?], [‘}g; %; %],
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[\/_ 75 \/g]v b) max 3\/_ at the points [\/_, 75 \/6]’ [ 75 76 \/5]7 [ NI \/g]v min
_V at the points [— \/— \/— \/—] [ 75 \/— \/—] [% %,—%]; 3. max 1 at [Z,Z, Z] inf 0,
not attained. (Sup and inf on M are the same as on M.) . for p =1 f is constant on M,
for p > 1 sup a?, not attained, min ng—: at [2,...,4]; for p € (0,1) inf a”, not attained, max
nﬁ—r_'l at [£,...,2]. (Use the fact that sup and inf on M are the same as on M, decompose M
to suitable subsets and use induction n.) 5. max /102 at [—A=, ——~ 10_1: min —+/102 at
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1 at the points [£1,0], min at the points [0, %] (Geometric interpretation can be used to solve

the problem without computatlon.) 8. 2forpe (1,2), 2% for p > 2. (Use Lagrange multiplier
theorem to maximize p([z,y], [u,v]) for [z,y] and [u,v] from the set. Show that in the maximum
point necessarily x = —u and y = —v. Further show that for p # 2 necessarily z = 0 or y = 0 or

|z| = |y|. Conclude.)



