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Subsurface CO, sequestration

“Slow” flow of reactive CO, in a porous medium

Possibility of phase change for the fluid (liquid — gas)

Chemical equilibrium in the liquid phase (ionic liquid)

Interactions with the solid porous matrix (precipitation — dissolution)

To be computed at each time step and in each cell during reactive
transport simulations
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= Need of fast and robust solvers
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Chemical speciation example

o Water dissociation and evaporation:

2 phases P={¢g}

2 reactions R = {H,0(¢) =H" + OH™,H,0(¢) = H,0(g)}
2 & ={H, O}

4 species §={H", OH", H,0(¢), H,O(g)}

° and stoichiometric matrices:
Ht OH- HQO(E) HQO(g) 1 0
1 1 2 2 1 0
) 1 1 1 } 5= -1 -1 5=0
0 1
e Unknowns and
n = [y, now-s My o) nH,0()] " = [bu, bo]”

e Elements conservation:
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Chemical equilibrium: the multiphase case

e Ng, species in Npj, phases:
o1 € {1,...,]V5p} = e {1,...,]VPh}

o Gibbs free energy:

NPh
C(n) = Z G (n%) where ,(n%)= Z ni (n®)
o i€~ ()

@ Chemical potential:

() == p; + RT In v, (n”)
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Chemical equilibrium problem

o Gibbs energy minimization:

minb Z Go(n®) with Go(n®) := { Go(n%) ifn*>0

+00 otherwise
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Chemical equilibrium problem

o Gibbs energy minimization:

minb Z Go(n®) with Go(n®) := { Go(n%) ifn*>0

+00 otherwise

o Euler-Lagrange equations:

An—-b=0,
S =0,
= (1")a=

1 N
pe € 9Ga(n)

i ph

where

H® € 9Go(n") & Gu(m®) > Go(n®) + (4", m” — n®), Ym® € R#7 ()
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Extended mole frations [rauser et al. 2011, Vu et al. 2021)

e Proposition. pu® € 3G, (n%) < I(sq, o, €%) such that
pi=pd +RTInE et n;=sa&, (Vi)
satisfying
Z & +ra=1
ico1(a)

Sala = 07 Say Ta = 0
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Extended mole frations [rauser et al. 2011, Vu et al. 2021)

e Proposition. pu® € 3G, (n%) < I(sq, o, €%) such that
pi=pd +RTInE et n;=sa&, (Vi)
satisfying
Z & +ra=1
ico1(a)

Sala = 07 Say Ta = 0

@ Present phase:

.y
Sa >0,7=0 et &=—"=u;(n%

Sa

@ Absent phase:
Sa =0,74 >0 et Z & <1

i€o(a)
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Multiphase chemical equilibrium problem

@ Unified formulation:

NPh
An—b—0 z:lsaAasa_b:O
T, _ -
S"u=0 o ST[u/(RT) + gl =0
p=(r"a=1,.,N,, Sibitra—1=0, (Va)
Ha S 8ga(na) SaTa= 10, (VO‘)

8q 20,7420, (VO&)

e Dimension : |S|+ 2|P|
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Multiphase chemical equilibrium problem

o Equations:

NPh
D 5aA% T —b =0
a=1

ST[u°/(RT) +In€] =0

> &i+ra—1=0, (Va)
Sala= Oa (VO‘)
'9(Y Z 05 T{YZ 07 (va)

o Two difficulties:

» Nonlinear terms:

In¢&;
» Complementarity problem:
Sara=0,
Sa > 0,720
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Classical resolution by Newton

o Residual:
Y o0 SaAYEY —Db
ST[u°/(RT) + In¢]
P& = nie+ra -1,
e Jacobian:
saAa Aaga O
Jo (&, 8,71) = STvo‘diag{g%} 0 0
17 0 1
@ Issues:

» 1/& blows up when & — 0.
» Does not preserve the positivity of £.
» Orders of magnitude of &.
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The log trick

o Modified residual:

Yo SaA%xpy® —b
ST[1°/(RT) +y]

y=mn¢ = F(y,sr)= 1lexpy® +rq — 1]

(o3

e Jacobian:
seA%diag {expy®} A% xpy® 0
Joly,s,7) = ST 0 0
1T diag {expy“} 0 1

@ Issue: expy; blows up when y; — oo.
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Basic idea [Brenner & Cancés 2017, Bassetto & al. 2021]

e Parametrization of the graph:

Y(r)=InX(7)
@ Residual:
Y0 SaAYX(TY) —Db
ST[u°/(RT) + Y (7)]
Fmem) = nmx @) +ra 1),
e Jacobian:
SaAY T AYX(t*) O
Jo(1,8,7) = | STdiag {Y/(179)] 0 0
12 T 1
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The SWitCh funCtiOIl [Jonval, Ben Gharbia, Cances, Faney & Tran 2025]

X(7) = exp(7)
Y(r)=1
T — —O0
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Complementarity problem

@ The complementarity problem:

SaTa =0 and su, 74 > 0.

Ta

Sa

Sq =7Ta =0
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Semi-smooth methods

o Complementarity function:

U(sa, Ta) =0 < sarqa =0et s, >0,r,>0.

/,,Ot
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Interior points method

e Smoothing of the complementarity:
SaTe = v
@ Sequence tending to zero:
pE+1D) — @(V(k))
e Maintaining positivity:

D) — () 4 gk 5g(k)
p () — p(8) 4 g(R) gp(h)
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Complementarity parametrization

@ Parametrization:

o Residual:

(,’,](X)A(Xga _ b — 0,

(]

|
—

S”[u®/(RT) +Ing] = 0,
S &+ ") —1=0, (Va)

S

e Dimension: S|+ |P|
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Complementarity parametrization functions

1N — +00 n— —00 Yy

n— =00 0 1 -1 0 n—r +o0

o Line search:
ﬂ(k+1) — n(k) + ng)(gn(k)
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Numerical results

o log-trick vs. Parametrization
o Complementarity parametrization vs. FB function vs. IPM
e Tolerance for the Newton algorithm: 10710

o Test case:

» SiO2:
S|=5, |£]=3, [R|=2, |P|=2

» Multiphase seawater:

S| = 72, =13, =59, [P|=22
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Results for SiO2

@ A : present mineral phase (Smineral > 0)

e B : absent but stable mineral phase ("mineral = Smineral = 0)

e C : absent mineral phase (rmineral > 0)

. . Configuration
Log formulation | Complementarity A B c
param T 10
Log trick FB 8| 7 15
IPM 9 | 52 12
param ) 5 10
Param FB 716 14
IPM 9 | 52 12
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Multiphase seawater

e Variation in oxygen quantity:

bo Nb of phases
aqueous | mineral | gazeous
55 1 1 0
15 1 2 0
5 1 3 0
1 1 5 0
0.5 1 5 1

Table: Number of present phases
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Results of multiphase seawater

Oxygen quantity

Log formulation | Complementarity 55 ‘ 15 ‘ 5 ‘ 1 ‘ 05
param 21 | 26 | 46 | 27 X

Log FB 91 | x X | X X

IPM X X X | X X

param 27 | 31 | 36 | 29 | 31

Param FB 70 | 67 | 65 | 52 | 63
IPM X X X | x | 55

Table: Number of iterations
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Results of multiphase Seawater

1029 T T T T T T =
-+ Log + param
-A Param + param
B o1 ~Q- Param + FB | |
)
X
-1 & i
5 10 00
Q
Q
10—16 | @ ]
0 10 20 30 40 50 60 70

Iterations (k)

Figure: Residuals evolution bo = 5.
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Conclusion and prospects
e Rigorous derivation of the unified formulation for reactive flashes
e Parametrization for complementarity conditions looks promizing

e Improved robustness and efficiency of Newton’s method for difficult
multiphase systems

> Coupling with transport in porous media

> Beyond ideal activities

> Extension to isochoric / non-isothermal flashes

> Acceleration of Newton’s method by pre-flattening technics

~» PhD thesis of Ngoc Do Quyen Dang (2024-2027)
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