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Abstract. For a module G over a ring R, the concepts of iso-
noetherian and iso-artinian are studied. Particularly it is shown
that iso-noetherian modules over perfect rings are noetherian and
the rest of paper is devoted to the the case where R = Z, so that
G is an abelian group. If G is such a group with torsion T and
A = G/T , it is shown that G has either property if and only if it
splits as T ⊕A where both T and A have the corresponding prop-
erty. The torsion groups satisfying either property are completely
characterized, and when A is a Butler group, a complete descrip-
tion of when it is either iso-noetherian or iso-artinian is given.

1. Introduction

Let R be an associative ring with a unit element and MR is a uni-
tary right R-module. We write N ≤ M if NR is a submodule of MR.
In [2, 3], the authors introduced the concepts of iso-noetherian (resp.,
iso-artinian) modules. A module MR is called iso-noetherian (resp.,
iso-artinian), if M satisfies iso-acc (resp., iso-dcc) on submodules, i.e.,
for every ascending (resp., descending) chain N1 ⊆ N2 ⊆ · · · (resp.,
N1 ⊇ N2 ⊇ · · · ) of submodules of M , there exists k ≥ 1 such that
Nk is isomorphic to Ni for every i ≥ k. A ring R is called right
iso-noetherian (resp., right iso-artinian), if the right module RR is
iso-noetherian (resp., iso-artinian) (see also [1, 4, 8]). Clearly, any noe-
therian (resp., artinian) module is iso-noetherian (resp., iso-artinian),
and the converse is true for modules over right perfect rings (see, The-
orem 3.6). It is also shown that if M is an iso-noetherian module and
F is a finitely generated submodule of M , then each finitely generated
submodule of M/F is noetherian (see, Proposition 3.2).

Throughout the text, the term group will mean an additively written
Abelian group. Our notation and notions are all standard and may be
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found in the books [5, 6, 7]. As usual, ω is the first infinite cardinal or
ordinal and N = {1, 2, 3, . . . }. The symbol G will typically be reserved
for an arbitrary group, with T ≤ G its torsion; and if p is a prime, then
Tp ≤ T will denote its p-torsion. The expression rank of G will refer to
its torsion-free rank. The symbol Z(n) (n ∈ N) will denote the cyclic
group of order n and Z(p∞) will be the infinite cocyclic group (i.e.,
Prüfer group) corresponding to the prime p. Of course, for a prime p,
the p-rank of G will be the dimension of the p-socle, G[p], as a vector
space over Z(p).

The group G is said to be torsion-splitting if G = T ⊕ A, where
A ∼= G/T . In describing either iso-noetherian groups or iso-artinian
groups, it is shown that G has the property if and only if it is torsion-
splitting and both T and A share the corresponding property (see,
Theorems 4.1 and 5.1). Determining if T has one of these two properties
is straightforward. It is easily seen that T is iso-noetherian iff it is
noetherian (i.e., finitely generated). With a little more effort, it is
shown that T is iso-artinian iff, for almost all primes p, Tp = 0, and
whenever Tp ̸= 0, then pTp is artinian (i.e., finitely co-generated).
Characterizing when a torsion-free group satisfies one of these two

definitions is more complicated, and we do not solve the problem com-
pletely. If A is a torsion-free group that is iso-noetherian, then it
is easily seen that it must have finite rank. On the other hand, a
free group, even one of infinite rank, is clearly iso-artinian. The most
tractable class of torsion-free groups are the so-called completely de-
composables. They are those that decompose into summands of rank 1
and can also be described as those that are balanced-projective. An im-
portant class of groups which generalizes the completely decomposable
groups is known as the Butler groups (see, for example, [7, Chapter 14]).
We completely describe the torsion-free Butler groups that are either

iso-noetherian (see, Theorem 4.12) or iso-artinian (see, Theorem 5.10).
Since the theory of Butler groups varies considerably between the finite-
rank case and the infinite-rank case, our approaches to these charac-
terizations also differ considerably. On the other hand, it is perhaps
surprising that the iso-noetherian case, where A has finite rank, is more
complicated that the iso-artinian case, where A may have infinite rank.

Any other specific concepts will be explained as needed in the sequel.
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2. Preliminaries

Firstly, we review some standard ideas in torsion-free groups of finite
rank. If A and B are groups, which in our applications will be torsion,
we write A ∼ B if there are finite subgroups, FA ≤ A and FB ≤ B
such that A/FA

∼= B/FB. This is clearly an equivalence relation on
the class of all groups. If M is a finite rank torsion-free group and
X, Y are both free subgroups of M with M/X and M/Y torsion, then
M/X ∼ M/Y (this follows from the fact that (X + Y )/X ≤ M/X
and (X + Y )/Y ≤ M/Y are both finite with corresponding factors
isomorphic to M/(X + Y )).

IfM is a torsion-free group of finite rank, let c(M) be the equivalence
class of M/X under ∼, which is usually known as the Richman type
of M . If M has torsion-free rank k, then the p-torsion of such an
M/X will have p-rank at most k, and if M/X has j copies of Z(p∞) in
its divisible subgroup, then so does M/Y whenever Y is another free
subgroup with M/Y torsion. Clearly, if L ≤ M , then we can think of
c(L) as being contained in c(M) (if X ≤M is free with M/X torsion,
then X ∩ L is free and L/(X ∩ L) embeds in M/X and so is torsion.

Recall the following well known fact.
Fact 1. If M1 and M2 are torsion-free groups of finite rank with
M1 ≤ M2 and M1

∼= M2, then M2/M1 is finite (see, for example,
[7, Chapter 12, Proposition 1.10]).

Actually, Fact 1 follows from the preceding paragraph:
If X ≤ M1 is free with M1/X torsion, then c(M1) = c(M2) easily

implies the conclusion.

Proposition 2.1. Suppose G is a torsion-free group of finite rank. If
G is iso-noetherian or iso-artinian, then for one (and hence for all)
free subgroups F ≤ G such that G/F is torsion, the p-torsion of G/F
is 0 for almost all primes p.

Proof. We establish this when G is iso-noetherian; the other argument
being very similar. let F be some free subgroup with G/F torsion. Let
Q be the set of primes such that (G/F )[p] ̸= 0; by way of contradiction,
assume that Q is infinite. Write Q as an ascending union Q0 ⊆ Q1 ⊆
Q2 ⊆ · · · such that for all k,Qk+1\Qk is infinite. For each k < ω, letMk

be the subgroup of G containing F such that Mk/F is the direct sum
of the p-torsion subgroups of G/F for all p ∈ Qk. Since each Qk+1 \Qk

is infinite, it follows that each Mk+1/Mk is infinite, so that Mk+1 is not
isomorphic to Mk, contradicting that G is iso-noetherian. □
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Proposition 2.2. Suppose G is a torsion-free group of rank 1. Then
G is iso-noetherian or iso-artinian iff the condition of Proposition 2.1
holds. That is, if τ = (τp) is the characteristic of some x ∈ G, then
τp = 0 for almost all primes p.

Proof. Necessity follows directly from Proposition 2.1.
Suppose x ∈ G has a characteristic τ = (τp), with almost all τp = 0.

LetM0 ≤M1 ≤ · · · ≤ G; we may clearly assume that x ∈M0. For each
k, let τ k = (τ kp ) be the characteristic of x as an element of Mk. Let Q
be the set of primes p such that τp ̸= 0. Then Q is finite. Let Q′ ≤ Q
be those primes p such that τ kp = ∞ for some k. Since Q′ is finite, there

is some N such that τNp = ∞ for all p ∈ Q′. It follows that Mk+1/Mk

is finite for all k ≥ N . But, since these group are torsion-free of rank
1, we can come to the conclusion that Mk+1

∼= Mk for k ≥ N . □

We consider now the case of torsion-free groups of finite rank. Note
that if A ∼ B, then A is artinian iff B is artinian. So, if G is a torsion-
free group of finite rank, it makes sense to say “c(G) is artinian” which
essentially says that c(G) uses only finitely many primes, i.e. it satisfies
the condition of Proposition 2.1.

So we can ask
“when is a torsion-free group of finite rank, whose Richman-type is

artinian, iso-noetherian or iso-artinian?”
We pause for some useful ideas that we will encounter.

Lemma 2.3. Suppose G is a finite rank torsion-free group and M is
a pure subgroup of G. If F ≤ G is a free subgroup such that G/F is
torsion and π : G→ G/M is the canonical epimorphism, then there is
a short-exact sequence

0 →M/[M ∩ F ] → G/F → π(G)/π(F ) → 0.

Since π(F ) will be a free subgroup of π(G) = G/M , we can interpret
this result as saying that there is a short exact sequence

0 → c(M) → c(G) → c(G/M) → 0.

In particular, c(G) is artinian iff c(M) and c(G/M) are artinian.

The following is pretty clear.

Lemma 2.4. Suppose K ≤ M are torsion-free groups of the same
finite rank. Then c(M) = c(K) if and only if M/K is finite if and only
if M/K is bounded.
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So, the above result says that if c(M) = c(K), then for some n ∈ N
we havemM ≤ K ≤M , i.e. M andN are quasi-equal, writtenK ≈M .
Recall that two torsion-free groups of finite rank are said to be quasi-
isomorphic if they are isomorphic to a pair of quasi-equal groups.

We next observe that whenever G is a torsion-free group of finite
rank such that c(G) is artinian, then G is both “quasi-iso-noetherian”
and “quasi-iso-artinian.”

Proposition 2.5. Let G be a torsion-free group of finite rank such that
c(G) is artinian.

(a) If M0 ≤ M1 ≤ M2 ≤ · · · ≤ G, then, for some N , Mn ≈ Mn+1

for all n ≥ N .
(b) If G ≥ M0 ≥ M1 ≥ M2 ≥ · · · , then, for some N , Mn ≈ Mn+1

for all n ≥ N .

Proof. We establish (a), the proof of (b) being analogous. Clearly, since
the ranks are increasing and bounded by the rank of G, they must
eventually be constant. Similarly, since the number of infinite co-cyclic
summand of c(G) is finite, and the number of such summands of c(Mn)
is increasing, it also must be eventually constant. Therefore, since only
finitely many primes are used, the result follows from Lemma 2.4. □

We will use repeatedly the following construction: Let Ẑp be the

p-adic integers. Then Z ≤ Ẑp and Q ≤ QẐp, the latter being the

field of quotients of Ẑp. Let α ∈ Ẑp be chosen so that 1 and α are
linearly independent over Q. For all n < ω, choose σn ∈ Z such that
σn − α ∈ pnẐp. Let

Bα := Z+ ⟨(1/pn)(σn − α) : n < ω⟩ ≤ Ẑp.

We can conclude that Bα has rank 2. Let

Fα := ⟨1, α⟩ ≤ Ẑp.

Clearly, Fα satisfies Bα/Fα
∼= Z(p∞). We can think of Bα as the p-

purification of Fα in Ẑp. Now, since Fα
∼= Z2 (with 1 7→ e1, α 7→ e2)

extends to an embedding

Bα → Z[1/p]2

as a p-pure subgroup, we will often identify Bα with this image.

The next (well-known) result is a key property of this construction
(cf., [7, Lemma 12.4.6]).
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Lemma 2.6. If p is a prime number and α is a unit in Ẑp that is a

transcendental over Q ≤ QẐp, then every endomorphism Bα → Bα will
be multiplication by some integer.

Proof. Let ϕ : Bα → Bα be some endomorphism. Since Z is p-pure
and dense in the p-adic topology, we obtain that ϕ extends to an en-
domorphism of Ẑp; in particular, ϕ must be multiplication by some

β ∈ Ẑp. Since β = β · 1 = ϕ(1) ∈ Bα for some m, we must have
β = (1/pm)(u + vα), where u, v ∈ Z. If we can show v = 0, then it

follows that β = (1/pm)u ∈ Z[1/p] ∩ Ẑp = Z, as required.
If v ̸= 0, then

1

pm
(uα + vα2) = βα = ϕ(α) ∈ Bα ≤ Q⊕Qα

implies that

α2 =
1

v
(pmϕ(α)− uα) ∈ Q⊕Qα

but this contradicts that α is transcendental over Q. So ϕ must be
multiplication by an integer. □

Observe in Lemma 2.6 that all that was actually necessary was that
α was not a root of a quadratic equation over Q.

Lemma 2.7. Suppose G and H are quasi-equal finite rank torsion-free
groups. If EG, the endomorphism ring of G, is isomorphic to a subring
of Q, then EH , the endomorphism of H, is isomorphic to the same
subring.

Proof. Let n ∈ N with nH ≤ nG ≤ H ≤ G. clearly EG and EH are
torsion-free and finite rank as abelian groups. In addition, there are
natural inclusions nEG ≤ EH and nEH ≤ EG, so that EG ≈ EH . Since
EG is a subring of Q, so is EH . But, clearly, quasi-equal subrings of Q
are, in fact, equal as desired. □

Recall that if p is a prime, then −1 is a quadratic residue modulo p
iff p = 4k + 1 for some k ∈ N; i.e. p ≡ 1, 5 (mod 8).

Recall also that 2 is a quadratic residue modulo p iff p ≡ ±1 (mod 8).
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Lemma 2.8. If p1, p2, . . . , pj and q1, q2, . . . , qk are distinct primes, then
there is a prime s of the form 4k + 1 such that each pi is a quadratic
residue modulo s but each qi is not a quadratic residue modulo s.

Proof. There is no loss of generality in assuming that 2 is one of these
primes. We consider 2 cases:
Case 1. p1 = 2: Let ai be a quadratic residue modulo pi for i = 2, . . . , j
and let bi fail to be a quadratic residue modulo qi for i = 1, . . . , k. By
the Chinese Remainder Theorem, we can find an integer s such that

s ≡ 1 (mod 8)

s ≡ ai (mod pi)

s ≡ bi (mod qi).

Since s is relatively prime to all the p’s and q’s, by Dirichlet’s Theorem,
we may assume s is a prime. Clearly, s is of the form 4k+1. By Gauss’s
Law of Quadratic Reciprocity, for i = 2, . . . , j, we have(pi

s

)( s
pi

)
= (−1)

pi−1

2
s−1
2 = 1.

Therefore, (pi
s

)
=

(
s

pi

)
=

(
ai
pi

)
= 1.

On the other hand, for i = 1, . . . , k, a similar computation with pi
replaced by qi implies that(qi

s

)
=

(
s

qi

)
=

(
bi
qi

)
= −1

giving the result.
Case 2. q1 = 2: An analogous computation pertains with the first
congruence replaced by ”s ≡ 5 (mod 8)”. □

Finally, we will frequently use the easily verified fact that an arbi-
trary submodule of either an iso-noetherian module or an iso-artinian
module retains that property.
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3. iso-noetherian modules

As we remarked in the introduction, through this section, all rings
are associative with unity and all modules are unitary right modules.

We continue with an elementary observation:

Lemma 3.1. If a module M contains a chain of finitely generated
submodules F0 ⊂ F1 ⊂ F1 ⊂ . . . such that Fi+1/Fi is not noetherian
for each i, then M is not iso-noetherian.

Proof. Since Fi+1/Fi is not noetherian, there exists an infinitely gener-
ated submodule Ci satisfying Fi ⊂ Ci ⊂ Fi+1. As Fi ̸∼= Ci for each i,
M is not iso-noetherian. □

Recall that N is an essential submodule of a module M if N has
nonzero intersection with each nonzero L ≤M .

Proposition 3.2. Let M be an iso-noetherian module. Then, there
exist a finitely generated submodule F and a chain of submodules (Mi |
i < ω) such that each finitely generated submodule containing F is
isomorphic to F and

(1) each finitely generated submodule of M/F is noetherian,
(2) M0 = F , Mi ⊆Mi+1 for each i and M =

⋃
iMi,

(3) Mi+1/Mi is essential in M/Mi and it is a direct sum of noe-
therian cyclic submodules.

Proof. We remark that if M is finitely generated, then it is enough to
put F = Mi := M for all i. Let M be infinitely generated and N
denote a set of all finitely generated submodules of M .

(1) By [2, Lemma 2.1], there exists N ∈ N such that every finitely
generated submodule containing N is isomorphic to N . If for each
G ∈ N containing N there exists H ∈ N containing G such that H/G
is not noetherian, then we can construct a chain of finitely generated
submodules (Fi | i < ω) such that Fi+1/Fi is not noetherian, which
contradicts to the hypothesis that M is iso-noetherian by Lemma 3.1.
Thus there exists a finitely generated module F containing N such that
G ∼= N ∼= F and G/F is noetherian for each finitely generated module
G containing F .
(2), (3) Now we put M0 := F and assume that Mi is defined. Since

all cyclic submodules of M/F are noetherian, all cyclic submodules of
the factor M/Mi are noetherian as well, hence there exist a maximal
sum of cyclic submodules

⊕
α∈Ai

xαR which is essential in the module
M/Mi by the maximality. It remains to show thatM =

⋃
iMi. Assume

that x ∈M \
⋃

iMi. Since the module xR+M0/M0 is noetherian, there
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exists k such that xR∩Mi = xR∩Mk for each i ≥ k. Now, it is easy to
obtain that (xR+Mk/Mk) ∩ (Mk+1/Mk) = {0 +Mk}, a contradiction
as Mk+1/Mk is essential in M/Mk. □

A semi-local ring is a ring for which R/J(R) is a semisimple ring,
where J(R) (shortly, J) is the Jacobson radical of R.

Proposition 3.3. Let M be an iso-noetherian module over a ring R.

(1) If R is a semi-local ring, then Gen(M) ≤ ω,
(2) if R is commutative and κ is an infinite cardinal grater than the

cardinality of the set of all maximal ideals, then Gen(M) ≤ κ.

Proof. Let us remark that there exist a finitely generated submod-
ule F of M and a chain of submodules (Mi | i < ω) such that⊕

α∈Ai
Xiα

∼= M/Mi for each i and nonzero noetherian cyclic modules
Xiα by Lemma 3.2.
(1) We show that Mi is finitely generated by induction on i. Clearly,
M0 = F is finitely generated by the hypothesis, so suppose that Mi is
finitely generated. Then

Mi+1

Mi+1J +Mi

∼=
Mi+1/Mi

(Mi+1/Mi)J
∼=
⊕
α∈Ai

Xiα

XiαJ
,

where Xiα/XiαJ ̸= 0 as Xiα is nonzero finitely generated for each

α ∈ Ai. Assume that Ai is infinite, which implies that Mi+1

Mi+1J+Mi
is

infinitely generated semisimple module. Then we can chose a finitely
generated submodule G of Mi+1 for which Mi ⊆ G ⊆Mi+1 and

dim
G

GJ
≥ dim

G+Mi+1J

Mi+1J
≥ dim

G+Mi+1J

Mi+1J +Mi

> dimF/FJ,

where dim denotes the number of members of a semisimple decompo-
sition. Since it contradicts to the fact that G ∼= F , M =

⋃
iMi for

finitely generated modules Mi which implies Gen(M) ≤ ω.
(2) Similarly as in (1), we prove that Gen(Mi) ≤ κ by induction on.
It is easy to see that if Gen(Mi) ≤ κ, then it is enough to show that
Gen(Mi+1/Mi) ≤ κ. Note that, for each α ∈ Ai, there exists a max-
imal ideal I such that Xiα/XiαI ̸= 0. Hence we may assume that
card(Ai) > κ. Then there exists a maximal ideal I such that car-
dinality of the set A = {α ∈ Ai | Xiα/XiαI ̸= 0} is greater than
κ. Since Mi+1/Mi/(Mi+1/Mi)I ∼=

⊕
α∈A

Xiα

XiαI
, there exists a finitely

generated submodule G of Mi+1 such that Mi ⊆ G ⊆ Mi+1 and
dimG/GI > dimF/FJ which contradicts to the fact that G ∼= F
again. Finally, we easily say that Gen(M) =

∑
iGen(Mi) ≤ κ. □
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Since any submodule of an iso-noetherian module is iso-noetherian,
we get the following immediate consequence of Proposition 3.3(2).

Corollary 3.4. LetM be an iso-noetherian module over a commutative
ring R and λ be the cardinality of the set of all maximal ideals. Then
Gen(N) ≤ max(ω, λ+) for every submodule N .

The following consequence of Proposition 3.3(1) presents the core
argument of the proof that iso-noetherian modules over perfect rings
are exactly noetherian ones.

Corollary 3.5. IfM is an iso-noetherian module over a semilocal ring,
then, for every submodule N , there exist a finitely generated submodule
F ⊆ N such that N/F = (N/F )J .

Proof. Since N is iso-noetherian, Gen(N) ≤ ω by Proposition 3.3(1),
hence there exists a chain of finitely generated submodules (Fi | i < ω)
such that F0

∼= Fi for each i and N =
⋃

i Fi. As N/NJ =
⋃

i Fi +
NJ/NJ we get

dimN/NJ ≤ supi dim(Fi +NJ/NJ)
≤ supi dim(Fi/FiJ) = dim(F0/F0J) < ω.

Thus the module N/NJ is finitely generated, which means there exists
a finitely generated submodule F satisfying F +NJ = N . Now N/F =
(N/F )J , as desired. □

A submodule N of a module M is superfluous, in case for any sub-
module L of M , L+N =M implies L =M .

Theorem 3.6. Let M be a module over a right perfect ring R. Then
M is iso-noetherian iff it is noetherian.

Proof. If N is an arbitrary submodule of an iso-noetherian module
M , then there exist a finitely generated submodule F ⊆ N such that
N/F = (N/F )J by Corollary 3.5. As R is right perfect, N/F =
(N/F )J is superfluous in N/F , and hence N/F = 0. Now N = F is
finitely generated, as desired.

The converse is clear. □

Since valuation rings are semiperfect, the following example shows
that Theorem 3.6 does not hold for semiperfect rings:

Example 3.7. If R is a discrete valuation domain of Krull dimension
> 2 with a prime ideal P such that R/P is a discrete valuation domain
of Krull dimension 2, then R is not iso-noetherian by [2, Theorem 5.6]
and R/P is iso-noetherian module over R which is not noetherian by
[2, Proposition 5.7].
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4. iso-noetherian Abelian Groups

Theorem 4.1. Suppose G is a group with torsion T . The following
statements are equivalent:

(1) G is iso-noetherian;
(2) G = T ⊕ A, where T is noetherian (i.e., finite), and A is iso-

noetherian and hence of finite (torsion-free) rank.

Proof. (1) ⇒ (2). Suppose G is iso-noetherian. It immediately follows
that T ≤ G is also iso-noetherian. Since a countably infinite group is
the ascending union of finite subgroups of strictly ascending orders, it
follows that T must be finite, i.e. noetherian, so there is a splitting
as indicated. Note that A ≤ G must also be iso-noetherian. Since a
torsion-free group of countably infinite rank is the ascending union of
subgroups Ak of rank k (for k < ω), we obtain that A must have finite
rank.
(2) ⇒ (1). Suppose that T is finite and A is iso-noetherian. If M0 ≤
M1 ≤ M2 ≤ · · · ≤ G, then MN ∩ T = MN+1 ∩ T = · · · for some
N . Replacing Mi by MN+i, we may assume all of the Mi have the
same (finite) torsion subgroup, which we denote by T̂ . Consider the

canonical projection π : G → A. Clearly, Mi
∼= T̂ ⊕ π(Mi) for all

i ≥ 0 and π(M0) ≤ π(M1) ≤ · · · ≤ A ≤ G. Therefore, since A
is iso-noetherian, there is a K such that π(MK) ∼= π(MK+1) ∼= · · · .
Therefore, MK

∼= MK+1
∼= · · · , as required. □

Remark 4.2. By Theorem 4.1, a description of the iso-noetherian
abelian groups reduces to the case of torsion-free groups of finite rank.
Recall that a torsion-free group is completely decomposable if it is iso-
morphic to a direct sum of groups of rank 1. More generally, a torsion-
free group G of finite rank is said to be a Butler group if one of two
equivalent conditions holds: Either G is the epimorphic image of a
finite rank completely decomposable group, or G embeds as a pure
subgroup of a finite rank completely decomposable group (see, for ex-
ample, [7, Theorem 14.1.4]). Our objective in this section is to com-
pletely describe when a group G such that G/T is a Butler group is
iso-noetherian. By Theorem 4.1, this reduces to the case where G is
torsion free of finite rank.

The following shows that we may ignore free summands (of finite
rank).
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Theorem 4.3. Suppose A is a free group of finite rank and G is any
group. The following statements are equivalent:

(1) G is iso-noetherian;
(2) G⊕ A is iso-noetherian.

Proof. (2) ⇒ (1). As any subgroup of an iso-noetherian group retains
that property, if G⊕ A is iso-noetherian, then so is G.
(1) ⇒ (2). Suppose that G is iso-noetherian. Basically, the obvious
proof works: Let M0 ≤ M1 ≤ · · · ≤ G ⊕ A be an ascending chain of
subgroups. Let π : G ⊕ A → A be the usual projection and Bk :=
Mk ∩ G. Then π(Mk) ≤ A, which implies that it is free. Therefore,
for each k, Mk

∼= π(Mk)⊕ Bk. Since A is noetherian, for some N1, we
have π(MN1) = π(Mk) for all k ≥ N1. Also, since G is iso-noetherian,
for some N2, BN2

∼= Bk for all k ≥ N2. Setting N as the max of N1

and N2 shows that MN
∼= Mk for all k ≥ N , as required. □

As usual, if n ∈ N (where usually n is a prime), Z[1/n] will denote
the fractions whose denominator is a power of n.

Proposition 4.4. If {p1, . . . , pk} is a collection of distinct prime num-
bers, then the group G := Z[1/p1]⊕ · · · ⊕ Z[1/pk] is iso-noetherian.

Proof. Let

Zi := Z[1/pi] for i = 1, . . . , k,
Fi := Z ≤ Zi,
F := F1 ⊕ · · · ⊕ Fk.

Note that c(G) = G/F ∼= ⊕i≤kZ(p∞i ). Let M0 ≤ M1 ≤ · · · ≤ G;
leaving off a finite number of terms, we may assume all have the same
rank. Since F is noetherian, leaving off a finite number of terms, we
may assume that Mn ∩ F = M0 ∩ F for all n. Let I ⊆ {1, . . . , k}
be all i such that, for some n < ω, Mn/[M0 ∩ F ] has an unbounded
pi-torsion component, i.e. a summand which is isomorphic to Z(p∞i ).
After possibly relabelling, we may assume that I = {1, 2, . . . , k′}, where
k′ ≤ k. Since there are only a finite number of such primes, after leaving
off a finite number of terms, there is no loss of generality in assuming
that, for all n < ω,

Mn/[Mn ∩ F ] =Mn/[M0 ∩ F ] ∼=

(⊕
i≤k′

Z(p∞i )

)
⊕ Jn,

where Jn is finite.
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For each 1 ≤ i ≤ k′, let Wi :=
⊕

j ̸=i Zj and πi : G → Wi be the
usual projection. For each n < ω there is a short exact sequence

0 → (Zi ∩Mn)/(Fi ∩Mn) →Mn/(F ∩Mn) → π(Mn)/π(F ∩Mn) → 0.

The middle term of this sequence has a summand which is isomorphic
to Z(p∞i ). And, since c(π(Mn)) can be viewed as a subgroup of c(Wi),
which has no such summand, we can conclude that the left term of
this sequence also has a summand which is isomorphic to Z(p∞i ). Since
the left group is c(Zi ∩ Mn) and c(Zi) ∼= Z(p∞i ), we can conclude
that Zi ∩Mn has finite index in Zi. And since this is true whenever
1 ≤ i ≤ k′, we can conclude that if G′ =

⊕
1≤i≤k′ Zi, then G

′ ∩Mn has
finite index in G′. It follows that if we ignore someMn at the beginning
of the sequence, then we may assume that G′ ∩Mn = G′ ∩M0 for all
n < ω. Let G′′ :=

⊕
k<i≤k Zi and π

′′ : G→ G′′ be the usual projection.
Consider the exact sequence

0 → [Mn∩G′]/[Mn∩F ′] →Mn/[Mn∩F ] → π′′(Mn)/π
′′(Mn∩F ) → 0.

The middle term is c(Mn) and the left term is c(Mn∩G′); however up to
finite summands, both of these are isomorphic to c(G′) ∼= ⊕i≤k′Z(p∞i ).
It follows that the right-hand term must be finite, but since it is
c(π′′(Mn)), we can conclude that π′′(Mn) must be free.

Now, we can complete the proof. Note that all of the π′′(Mn) will
have the same rank (namely rank(M0)− k′) and

Mn
∼= (Mn ∩G′)⊕ π′′(Mn)

= (M0 ∩G′)⊕ π′′(Mn)

∼= (M0 ∩G′)⊕ π′′(M0) ∼= M0

for all n. □

Proposition 4.5. If p is a prime number, then the group G := Z[1/p]2
is iso-noetherian.

Proof. Let F := Z2 ≤ G and M1 ≤ · · · ≤ G be a chain of subgroups.
We need to show that eventually all of the Mn are isomorphic.

If all of the Mn have rank 1, then so does H := ∪n<ωMn. Now
any rank 1 subgroup of G is isomorphic to either Z or Z[1/p], both of
which are iso-noetherian. Therefore, H is iso-noetherian, so that the
Mn’s are eventually all isomorphic. So, disregarding a finite number of
initial terms, we may assume that all of Mn have rank 2.

Since F is noetherian, there is an N such that Mn∩F =MN ∩F for
all n ≥ N . Ignoring the first N terms, we may assume N = 1. Since
each Mn has rank 2, we have that Mn ∩ F =M1 ∩ F ∼= Z2. Therefore,
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since Mn/(Mn ∩ F ) embeds in G/F ∼= Z(p∞)2, we obtain that each
Mn/(Mn ∩ F ) ∼= Mn/(M1 ∩ F ) will be either

finite, . . . (1)
∼= Z(p∞)2, . . . (2)

or
∼= Z(p∞)⊕ Cn . . . (3)

where Cn
∼= Z(pjn) for some non-negative integer jn.

First, if (1) happens for all n ∈ N, then there is a k ∈ N such that
Mn

∼= pkMn ≤ (M1 ∩ F ) ≤ F , which implies that each Mn
∼= Z2. So

we may suppose (1) fails for some N ; so for each n ≥ N , Mn/(M1∩F )
is also infinite. Eliminating the first N terms, we may assume this
quotient is always infinite.

Next, if (2) happens for some N , i.e.

MN/(MN ∩ F ) ∼= MN/(M1 ∩ F ) ≤ G/F ∼= Z(p∞)2,

then, for all n ≥ N , we obtain that

Z(p∞)2 ∼= MN/(M1 ∩ F ) ≤Mn/(M1 ∩ F ) =Mn/(Mn ∩ F ) ≤ Z(p∞)2,

i.e. Mn =MN , as desired.
Finally, we assume that, for all n,

Mn/(M1 ∩ F ) ∼= Z(p∞)⊕ Cn,

where Cn
∼= Z(pjn) for some non-negative jn. Note that, for all n,

M1/(M1 ∩ F ) ≤ Mn/(M1 ∩ F ). Hence, if M1 ∩ F ≤ B ≤ M1 ≤ G and
B/(F1 ∩M1) is a maximal divisible subgroup of M1/(M1 ∩ F ), then
B/(F1 ∩M1) is also a maximal divisible subgroup of Mn/(M1 ∩ F ) for
all n. Clearly,

Mn/(M1 ∩ F ) ∼= B/(M1 ∩ F )⊕ Cn.

In addition, if n ≤ m, then we have jn ≤ jm, andMn =Mm if and only
if jn = jm. Now, if there is an N such that jn = jN for all n ≥ N , we
have Mn = MN for all n ≥ N , as desired. Therefore, we may assume
that the jn increase without the bound. Let H := ∪Mn. Note that,

H ∩ F =M1 ∩ F ∼= Z2

and the map
H/(M1 ∩ F ) → G/F ∼= Z(p∞)2

is an isomorphism. Hence

H ≤ Z[1/p](M1 ∩ F )
and

H/(M1 ∩ F ) ≤ {Z[1/p](M1 ∩ F )}/(M1 ∩ F )
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are both isomorphic to Z(p∞)2, which implies that

H = Z[1/p](M1 ∩ F ) ∼= Z[1/p]2.

Hence, there is no loss of generality in replacing G by H and F by
F ∩M1.

Finally, we show that B = pjnMn for all n, which will complete the
proof. Clearly,

Mn/B ∼= (Mn/F )/(B/F ) ∼= (Z(p∞)⊕ Cj)/Z(p∞) ∼= Cj
∼= Z(pjn),

which implies that pjnMn ≤ B. On the other hand, since

p−jnF/F = (G/F )[pjn ] = (B/F )[pjn ]⊕ Cn = (Mn/F )[p
n],

we obtain that p−jnF ≤Mn which implies F ≤ pjnMn. The divisibility
of B/F implies that

B = pjnB + F ≤ pjnMn + pjnMn = pjnMn

which gives that pjnMn = B, as stated. □

We produced two examples of iso-noetherian groups in Propositions
4.4 and 4.5. Now, we produce some examples that fail to have that
property.

Recall that Ẑp
∼= End(Zp∞) and M2(Ẑp) ∼= End(Z2

p∞), where Mn(R)
denotes the full matrix ring of n× n matrices over a ring R.

Proposition 4.6. If p and q are distinct prime numbers, then the
group G := Z[1/pq]⊕ Z[1/p] is not iso-noetherian.

Proof. Suppose that α ∈ Ẑp is a p-adic integer that is a unit of Ẑp and
transcendental over Q. Let B := Bα ≤ Z[1/p]2 and F := Fα = Z2. By
Lemma 2.6, every endomorphism of B is multiplication by an integer.

As usual, we set e1 = (1, 0) ∈ G and we letMn := B+⟨(1/qn)e1⟩ ≤ G
for n < ω. Clearly, B ≈ Mn. By Lemma 2.7, every endomorphism of
Mn is multiplication by an integer. Hence, it will suffice to show that
for all n that Mn is not isomorphic to Mn+1.

To get a contradiction, suppose ϕ : Mn+1 → Mn is such an iso-
morphism. Then ϕ is multiplication by some y ∈ Z. Now, it is
easy to see that (Z[1/pq] ⊕ 0) ∩Mn = ⟨(1/qn)e1⟩ is cyclic, and since
ϕ(⟨1/qn+1e1⟩) = ⟨1/qne1⟩, we can conclude that y = ±q. Note that the
localization Z(q)Mn+1 ≤ Z(q)⟨1/qn+1, α⟩ ≤ Q2 will be isomorphic to the
free Z(q)-module Z2

(q), which implies thatMn+1/yMn+1
∼= Z(q)2. Hence,

Mn+1/ϕ(Mn+1) ∼= Mn+1/Mn
∼= Z(q), and this contradiction completes

the proof. □
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Proposition 4.7. If p is a prime number, then the group G := Z[1/p]3
is not iso-noetherian.

Proof. We completely follow the construction in Lemma 2.6. Let α and
β be algebraically independent transcendental units of Ẑp. In Ẑ2

p, let

e1 = (1, 0), e2 = (0, 1), F := ⟨e1, e2, (α, β)⟩ ∼= Z3 and H be the p-pure

closure of F in Ẑ2
p. Clearly, H ≤ G.

Claim: Any endomorphism ϕ : H → H is multiplication by some
integer x ∈ Z.

Note that ϕ extends to a Ẑp-module homomorphism Ẑ2
p → Ẑ2

p. Since
ϕ(e1), ϕ(e2), ϕ((α, β)) ∈ H, there is a k ∈ N such that

pkϕ(e1), p
kϕ(e2), p

kϕ((α, β)) ∈ F = ⟨e1, e2, (α, β)⟩,
where the matrix M , for pkϕ, is of the form[

c11 + aα c12 + aβ
c21 + bα c22 + bβ

]
,

where a, b and the c’s are integers. Since (α, β)M = pkϕ(α, β) ∈ F , we
obtain that

(c11α + aα2 + c21β + bαβ, c12α + aαβ + c22β + bβ2) ∈ F.

It easily follows that a = b = c12 = c21 = 0 and c11 = c22. Therefore,
pkϕ is multiplication by this c11, which implies that ϕ is multiplication
by the rational number p−kc11 ∈ Q. Since ϕ(H) ≤ H and Ẑ2

p has no

p-divisible subgroups, we obtain that p−kc11 must be an integer.
For n < ω, let Mn = H + ⟨p−ne1⟩ ≤ Z[1/p]F = G. If G were iso-

noetherian, then for all n sufficiently large, we would have an isomor-
phism ϕ :Mn+1 →Mn. Since Mn+1 ≈ H, ϕ must be multiplication by
some integer y. But since ϕ(⟨p−(n+1)e1⟩) = ⟨p−ne1⟩, we could conclude
that y = ±p. However, it is readily checked thatMn+1/pMn+1

∼= Z(p)2,
whereas Mn+1/Mn

∼= Z(p). Therefore, ϕ(Mn+1) ̸=Mn and this contra-
diction shows that G cannot be iso-noetherian. □

Proposition 4.8. Suppose p, q and s are distinct prime numbers. If
G := Z[1/p]⊕ Z[1/sq] ≤ Q2, then the group G is not iso-noetherian.

Proof. By Lemma 2.8, there exists a prime number t such that −1, p
and q are quadratic residues (mod t), but s is not. Let e1 = (1, 0),
e2 = (0, 1) ∈ G. For n < ω, let

Mn = tZ[1/p]e1 + (t/sn)Z[1/q]e2 + ⟨e1 + e2⟩.
Claim: For all n, Mn ̸∼= Mn+1. Assume not. Let ϕ : Mn+1 → Mn be
an isomorphism. Clearly, ϕ restricts to an isomorphism

q∞Mn+1 = (t/sn+1)Z[1/q]e2 → q∞Mn = (t/sn)Z[1/q]e2,
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which means that ϕ(te2) = bqkste2 where k ∈ Z and b = −1 or 1.
Similarly, ϕ(te1) = atpje1, where j ∈ Z and a = −1 or 1. Hence

apje1 + bqkse2 = ϕ(e1 + e2) ∈Mn,

which implies that

apj ≡ bqks (mod t).

This, however, contradicts that a, b, p and q are quadratic residues
modulo t, but s fails to have this property. □

Proposition 4.9. Suppose p and q are distinct prime numbers. Then
the group G := Z[1/p]2 ⊕ Z[1/q] is not iso-noetherian.

Proof. Let s be a prime number which is of the form 4k+1 such that q is
a quadratic residue modulo s, but p is not. Let B := Bα ≤ Z[1/p]2 such
that B is a p-pure hull of ⟨1, α⟩ in Ẑp, where α is a unit transcendental
over Q. If Z ≤ B is a pure subgroup of rank 1, then we can conclude
that Z ∼= Z since B ≤ Ẑp has no p-divisible subgroups, which means
that B/Z ∼= Z[1/p]. In particular, this means that any homomorphism
B → Z[1/q] is necessarily 0.

For each n ∈ N, let

Mn := ⟨e1 + e3⟩+ s{(p−nB)⊕ Z[1/q]}.

Assume that ϕ :Mn →Mn−1 is an isomorphism. Consider the natural
projection Mn−1 ⊆ G→ Z[1/q]. Clearly, the composite

ϕ(s(p−nB)) ⊆ ϕ(Mn) =Mn−1 → Z[1/q]

is 0, so that ϕ(sp−nB) ⊆ sp−(n−1)B. Since an endomorphism of B is
multiplication by some integer, it follows that ϕ is multiplication by
±p on s(p−nB)). We also have

ϕ(sZ[1/q]e3) = ϕ(q∞Mn) = q∞Mn−1 = sZ[1/q]e3,

and it follows, on sZ[1/q]e3, that ϕ is a multiplication by ±qj for some
j ∈ Z. Hence

ϕ(e1 + e3) = ±pe1 ± qje3 ∈Mn−1

must satisfy

±p ≡ ±qj (mod s),

which cannot happen, since the right side is a quadratic residue modulo
s, but the left side is not. □

Remark 4.10. If G ≈ H, then G and H are each isomorphic to a
subgroup of the other. Since a subgroup of an iso-noetherian group
inherits that property, G is iso-noetherian iff H shares that property.
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Remark 4.11. Recall that if G is a torsion-free group and t is a type,
then G∗(t) is the subgroup generated by all x ∈ G such that τ(x) > t
and G∗(t)∗ is the purification of G∗(t) (so that G∗(t)∗/G

∗(t) is the
torsion subgroup of G/G∗(t)).

We have come to the main result of this section.

Theorem 4.12. Suppose G is a torsion-free Butler group of finite rank.
Then G is iso-noetherian exactly in the following three cases:

(a) G ∼= Z[1/(p1 · · · pk)] ⊕ A, where p1, . . . , pk are distinct prime
members and A is free.

(b) G ∼= Z[1/p]2 ⊕ A, where p is a prime number and A is free.
(c) G is quasi-isomorphic to G′ ∼= Z[1/p1]⊕Z[1/p2]⊕· · ·⊕Z[1/pk]⊕A,

where p1, . . . , pk are distinct prime numbers and A is free.

Proof. By Theorem 4.3, we can ignore the free summands A. Regarding
sufficiency, (a) follows from Proposition 2.2, (b) follows from Proposi-
tion 4.5 and (c) follows from Proposition 4.4 since groups which are
quasi-isomorphic to iso-noetherian groups share that property.

For the necessity, suppose G is an iso-noetherian Butler group of
finite rank. Let 0 = τ(Z). Obviously, G = G(t) and there exists a
decomposition G ∼= G∗(0)∗ ⊕ A by [7, Theorem 14.1.7], where A is
free and G∗(0)∗/G

∗(0) is finite. There is clearly no loss of generality
in assuming that G = G∗(0)∗, which means that there is a maximal
linearly independent set x1, . . . , xk such that τ(xi) > 0 for each 1 ≤
i ≤ k, where k is the rank of G. Hence, we have G∗(0) ≈ G.

Suppose first that X := ⟨x⟩∗, for some non-zero x ∈ G, is divisible
by the primes p and q. It follows from Propositions 4.6 and 4.8 that, for
all y ∈ G, τ(y) > 0 implies that y ∈ X. Therefore, G = G∗(0)∗ = X
has rank k = 1, and we are in the case (a).

Now, suppose that τ(x) > 0 for every non-zero x ∈ G. It is easy to
see that X := ⟨x⟩∗ ∼= Z[1/p] for some prime number p. Hence there
are linearly independent elements x, y of G satisfying X ∼= Z[1/p] ∼=
⟨y⟩∗ =: Y , which implies that , k = 2 and G∗(0) = G is p-divisible
by Propositions 4.7 and 4.9. Therefore, if t = τ(Z[1/p]), then G is a
t-homogeneous Butler group. So G is completely decomposable (see
[7, Corollary 14.1.5]) and we are in the case (b).

So we may assume, for all primes p, that p∞G has rank at most
1. If x1, . . . xk ∈ G∗(0) are linearly independent elements such that
⟨xi⟩∗ = p∞i G

∼= Z[1/pi] (for 1 ≤ i ≤ k), then we claim that

G∗(0) = p∞1 G⊕ p∞2 G⊕ · · · ⊕ p∞k G.

Note that, sinceG = G∗(0)∗ ≈ G∗(0), verifying this claim will complete
the proof.
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The inclusion ≥ being obvious, and so we show that this containment
cannot be strict. Denote the right side of this equation by X. Since
X and G have the same rank, we can conclude that G/X is a torsion
group. If X ̸= G∗(0), then for some prime q ̸= pi (1 ≤ i ≤ k), we have
q∞G ̸= 0. There is clearly a y ∈ X ∩ q∞G such that q−1y ∈ q∞G \X.
For j < ω, let yj := q−jy and

Yj := X + ⟨yj⟩.
To show G is not iso-noetherian, it suffices to show that Yj ̸∼= Yj+1 for
all j < ω. So, we assume that ϕ : Yj → Yj+1 is such an isomorphism.
For i = 1, . . . , k, we obtain that

p∞i Yj = p∞i G = p∞i Yj+1,

which implies ϕ(X) = X. Hence

Z(qj) ∼= Yj/X ∼= ϕ(Yj)/ϕ(X) = Yj+1/X ∼= Z(pj+1),

which is our desired contradiction. □

Corollary 4.13. Let G be a Butler group of finite rank. Then G is
iso-noetherian iff it is quasi-isomorphic to an iso-noetherian completely
decomposable group.

Let us continue to produce examples of non-iso-noetherian groups.
We will fix a prime number p in the rest of the section. First, we

formulate easy linear-algebraic observation.

Lemma 4.14. Let A1, A2, A3 ≤ Z2
p∞ be a triple of distinct subgroups

which are isomorphic to Zp∞ and ψ ∈ End(Z2
p∞) be an epimorphism.

If ψ(Ai) ⊆ Ai for all i = 1, 2, 3, then there exists λ ∈ Ẑp satisfying
ψ = λ id, where id is the identity map.

Proof. Observe that, for each i = 1, 2, 3, there exists λi ∈ Ẑp such that

ψi(a) = λi(a) for every a ∈ Ai and vectors (αi, βi) ∈ Ẑp
2 for which

Ai = {(αi(a), βi(a)) | a ∈ Ẑp}.
Moreover, the epimorphism can be represented by a non-singular ma-
trix U ∈ M2(Ẑp), i.e. ψ(v) = Uv for every column vector v ∈ Ẑp

2. If
i ̸= j, then Ai ̸= Aj. Thus, the vectors (αi, βi) and (αj, βj) are linearly
independent eigenvectors of U corresponding to eigenvalues λi and λj.
Now, it is easy to obtain that λ = λ1 = λ2 = λ3, U = λI2 and so
ψ = λ id. □

Let M be a torsion-free group of a finite rank and F ≤ M be a
finitely generated subgroup of the same rank. Denote by dp(M) the
rank of p-component of the divisible part of M/F .
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Proposition 4.15. Let G be a torsion-free iso-noetherian group and
F be a finitely generated subgroup such that G/F ∼= Z2

p∞. Then

(1) there exist indecomposable subgroups A1, A2 ≤ G such that
dp(A1) = dp(A2) = 1 and dp(A1 + A2) = 2.

(2) if A1 and A2 are subgroups as in (1) and A = A1 + A2, then
there exists an automorphism α ∈ Aut(A) and a sequence of
finitely generated subgroups F0 ≤ F1 ≤ . . . such that A =

⋃
i Fi,

Fi+1/Fi
∼= Z2

p and

(a) α̃ = pµ id for algebraic µ ∈ Ẑp
∗, where α̃ ∈ End(A/F0) is

the endomorphisms induced by α,
(b) α(C) = C for each C ≤ A which is indecomposable and

pure, and dp(C) = 1,
(c) A1 ∩A2 ≤ F0, α(Fi) = Fi−1 for all i > 0, and α(A1) = A1,

α(A2) = A2, α(A1 ∩ A2) = A1 ∩ A2.

Proof. (1) Let D be a finitely generated direct summand of G with a
maximal possible rank, i.e. there exists A ≤ G such that G = D ⊕ A,
A has no non-zero finitely generated direct summand and dp(A) = 2.
Let n = rank(A). Then there are subgroups D1, D2, . . . Dn of A of
rank n − 1 such that

⋂n
i=1Di = 0. Let us denote by H1, . . . Hn ≤ A

the pure closures of D1, D2, . . . Dn in A. Then
⋂n

i=1Hi = 0 and, for
each i, A/Hi is an infinitely generated torsion-free group of the rank 1,
since Hi is pure in A and A has no non-zero finitely generated direct
summand. Thus dp(Hi) = 1 and there is a decomposition Hi = Ai⊕Fi,
where Ai is pure and indecomposable and Fi is finitely generated for
each i. Furthermore, if A/(Ai + Aj) is infinitely generated for i ̸= j,
then Ai+Aj/Aj

∼= Ai/(Ai∩Aj) is finitely generated torsion-free, which
implies that Ai = Ai ∩ Aj. Using the symmetric argument, we obtain
that Aj = Ai ∩ Aj = Ai. Since

⋂n
i=1Hi ≤

⋂n
i=1Hi = 0, there are i ̸= j

such that A/(Ai+Aj) is finitely generated, we may suppose that i = 1
and j = 2.
(2) Let A = A1 + A2 for groups satisfying the previous condition and
fix a finitely generated module F such that A/F ∼= Z2

p∞ . Consider the

natural projection π : A→ A/F ∼= Z2
p∞ and define subgroups

Bρ = {(a, ρ(a)) ∈ Z2
p∞ | a ∈ Zp∞}

for each ρ ∈ Ẑp and sets of subgroups

A = {Bρ | ρ ∈ Ẑp},

A = {π−1(B) ≤ A | B ∈ A}.
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Let Fn := π−1(Z2
pn) for every n ≥ 0. Then, for each pair of distinct

p-adic numbers ρ, µ ∈ Ẑp, we have Bµ
∼= Bρ

∼= Zp∞ , Bρ + Bµ = Z2
p∞

and Bρ ∩ Bµ = {(a, ρ(a)) | [ρ − µ](a) = 0} is finite. It is easy to see
that B/F ∼= Zp∞ , B + C = A and B ∩ C is finitely generated for
each distinct B,C ∈ A. Now, we can define an increasing sequence
(B + Fn | n < ω) of subgroups for every B ∈ A. Clearly,

(B + Fn+1)/(B + Fn) ∼= (B + Z2
pn+1)/(B + Z2

pn)
∼= Zp

and ⋃
n

(B + Fn) = A.

Since A is iso-noetherian, there exists nB for any B ∈ A such that
(B + FnB

) ∼= (B + Fi) for all i ≥ nB. Note that A is an uncountable
set, and hence there exists n for which the set

B = {B ∈ A | (B + Fn) ∼= (B + Fi)∀i ≥ n}

is again uncountable, i.e., without loss of generality, we may suppose
that n = 0.

Now, we can chose an isomorphism φB : B + F → B + F1 for every
B ∈ B. Let us observe that it can be extended to an automorphism
φB ∈ Aut(E(A)) of the injective envelope E(A) = E(F ) ∼= QrankF .
Since Aut(E(A)) is countable, there exists an uncountable set C ⊆ B
and an automorphism φ ∈ Aut(E(A)) such that φ = φB for each
B ∈ C. Then for every pair of distinct B,C ∈ C, we obtain that

φ(A) = φ(B + C) = φB(B) + φC(C) = φB(B) + φC(C) ⊆ A,

A = B + C ⊆ φB(B) + φC(C) = φ(B + C) = φ(A),

which shows that the restriction of φ on the group A forms an auto-
morphism on A. Let us denote it by φ and put D :=

⋂
B∈C B. It is

easy to see that F ⊆ D, D is finitely generated and

D =
⋂
B∈C

B ⊆
⋂
B∈C

φB(B) = φ(
⋂
B∈C

B) = φB(D).

Consider the natural projection π̃ : A → A/D ∼= Z2
p∞ . Let B ∈ C and

Dn := π̃−1(Z2
pn) for every n . Since we have

B/D ∼= Zp∞ , D ⊆ φn(B) ⊆ φn+1(B), φn+1(B)/φn(B) ∼= Zp

for each n ≥ 0, we get that φn(B)/B is a subgroup of Zp∞ . Hence
φn(B)/B ∼= Zpn . As B/D is a divisible subgroup, it is a direct sum-
mand in φn(B)/D. Then φn(B)/D ∼= B ⊕ Zpn , which implies that
φn(B) = B + Dn. This means that we can suppose, without loss of
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generality, that F = D and Fn = Dn.
(a) Let α := φ−1 ∈ Aut(A). Then,

α(B) ⊆ B, F + pB = B, pB ⊆ α(B) and B/α(B) ∼= Zp

for each B ∈ C. Furthermore,
⋃

n α(Fn) = α(
⋃

n Fn) = α(A) = A,
and hence there exists n for which F ⊆ α(Fn). Since α(F ) ⊆ F , the
map α(a+F ) = a+α(F ) is an epimorphism of the group A/F ∼= Z2

p∞

satisfying α(C/F ) ⊆ C/F for arbitrary C ∈ C. By Lemma 4.14, there

exists λ ∈ Ẑp such that α = λ id. Since B/F ∼= Zp∞ and

(B/F )⊕ Zpn
∼= (B + Fn)/F = α(B + Fn+1)/F

= α((B/F )⊕ Zpn+1)
= (B/F )⊕ λ(Zpn+1),

we get Zpn
∼= λ(Zpn+1), and hence there exists an invertible µ ∈ Ẑp

∗

satisfying λ = pµ. Now,

α(Fn)/F = α(Fn/F ) = λ(Z2
pn) = pµ(Z2

pn)
= pZ2

pn = Z2
pn−1 = Fn−1/F ⊆ Fn/F,

which implies that α(Fn) ⊆ Fn and

Fn/α(Fn) ∼=
Fn/F

α(Fn)/F
∼= Z2

pn/Z2
pn−1

∼= Z2
p.

Since α may be extended to automorphism of a vector space E(A) over
the field Q, we obtain that it is a root of its characteristic polynomial,
and hence λ is a root of the same polynomial with rational coefficients.
Thus λ and µ = λ

p
are algebraic, which finishes the proof of (a).

(b) Suppose that C is an indecomposable pure subgroup of A with
dp(C) = 1. Note that there exists n such that C + Fn/Fn

∼= Zp∞ , and
hence we may suppose that Fn = F . Then

α(C)+F/F = α(C+F/F ) = pµ(C+F/F ) = p(C+F/F ) = C+F/F.

Thus α(C) + F = C + F , which implies that

α(C)/(α(C) ∩ C) ∼= (α(C) + C)/C ≤ (F + C)/C

and

C/α(C) ∩ C ∼= C + α(C)/α(C) ≤ F + α(C)/α(C).

As α(C) and C are pure subgroups, α(C) ∩ C is a pure subgroup as
well, which implies that α(C)/(α(C)∩C) and C/(α(C)∩C) are finitely
generated torsion-free and so free groups. Indecomposability of α(C)
and C give that C = α(C) ∩ C = α(C).
(c) Note that α(Ai) = Ai for i = 1, 2 by (b), which implies thatα(A1 ∩
A2) = A1 ∩ A2. □
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Lemma 4.16. Let A1, A2 ≤ A be as in the Proposition 4.15 and sup-
pose that A1 ∩ A2 = 0, i.e. A = A1 ⊕ A2. If C ≤ A is pure indecom-
posable and dp(C) = 1, then

rank(C) = rank(A2) + rank(A1 ∩ C) = rank(A1) + rank(A2 ∩ C).
Proof. Since C is indecomposable and C̃ = C + A1/A1

∼= C/(A1 ∩ C)
is a non-zero subgroup of the torsion-free group Ã = A/A1

∼= A2, the
group C̃ is infinitely generated, hence dp(C̃) = 1 and Ã/C̃ is finitely

generated. Let Ĉ be the pure closure of C̃ in Ã. Then Ã/Ĉ is a finitely

generated torsion-free group, and hence Ã/Ĉ = 0 as Ã ∼= A2 is inde-
composable. This implies that rank(C) − rank(A1 ∩ C) = rank(C̃) =
rank(Ã) = rank(A2) and the second equality we get if A1 and A2 are
swapped. □

Proposition 4.17. Let A1 is an indecomposable torsion-free group of
finite rank such that rank(A1) > 1 and A1/G ∼= Zp∞ for a finitely
generated subgroup G. Then A1 ⊕ Z[1/p] is not iso-noetherian.
Proof. Put A2 = Z[1/p], A = A1 ⊕ A2, and m := rank(A1) > 1, and
assume that A is an iso-noetherian indecomposable torsion-free group.

First, we find similarly as in the proof of Proposition 4.15 an inde-
composable pure subgroup C ≤ A such that C ∩ A2 = 0, dp(C) = 1
and C ̸= A1. Suppose that G be a finitely generated subgroup of A
of rank m satisfying G ∩ A1 ̸= A1 and G ∩ A2 = 0 and denote by Ĝ
the pure closure of G in A. Then dp(Ĝ) ∈ {1, 2} and there exists a

decomposition Ĝ = D ⊕H such that dp(Ĝ) = dp(D) and H is finitely
generated. If dp(D) = 1, then put C := D, otherwise, we can find a
pure subgroup C of D with dp(C) = 1
It follows from Lemma 4.16 that rank(C) ≥ rank(A1) = m, hence

rank(C) ∈ {m,m + 1}. If rank(C) > m, then rank(C) = m + 1 =
rank(A), which means that C = A as C is a pure subgroup of A, a
contradiction. Thus rank(C) = m, which implies that rank(C ∩ A1) ∈
{m − 1,m}. If rank(C ∩ A1) = m = rank(A1), we get that C = A1,
a contradiction. Therefore, rank(C ∩ A1) = m − 1 and rank(A1/(C ∩
A1)) = 1.

Now, by Proposition 4.15, we get an automorphism α ∈ Aut(A) and
a sequence of finitely generated subgroups F0 ≤ F1 ≤ . . . satisfying
the conditions of Proposition 4.15. Since α(C ∩ A1) = C ∩ A1, we can
easily see that the map α induces an automorphism α̂ on

A/(C ∩ A1) ∼= A1/(C ∩ A1)⊕ A2
∼= Z[1/p]⊕ Z[1/p].

Let us consider α̂ ∈ Aut(Z[1/p]2) and put B := Bγ for a transcendental

γ ∈ Ẑp, where F̃0 = F0/C ∩ A1 corresponds to Z2. Since α̂(B) ≤ B,
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we can get an integer z such that (α̂ − z)(B) = 0 by Lemma 2.6. It
implies that the induced endomorphism α̃ = λ id ∈ Aut(A/F0) has an
eigenvalue z, i.e. λ = z. Thus (α−z)(Ai) ≤ C∩A1 is finitely generated
for both i = 1, 2, and so (α − z)(Ai) = 0 as Ai is indecomposable.
Hence α = z id and so Fn/zFn = Fn/α(Fn) ∼= ZrankFn

p for each n.
As rank(A) = rank(Fn) > 2, we have got a contradiction with the
assertion of Proposition 4.15 that Fn/α(Fn) ∼= Z2

p. □

Since Z[1/p]2 contains an indecomposable subgroup B of rank 2 and
with dp(B) = 1, we obtain that B⊕Z[1/p] is not iso-noetherian, which
gives an alternative proof of Proposition 4.7.

5. iso-artinian Abelian Groups

Parallel to Theorem 4.1, the following reduces the question of char-
acterizing general iso-artinian groups to the case of torsion-free groups.

Theorem 5.1. Suppose G is a group with torsion T ≤ G and p-torsion
Tp ≤ T . Then G is iso-artinian if and only if

(1) Tp = 0 for all but finitely many prime numbers p.
(2) Tp ∼= Ep ⊕ Bp for all other prime numbers p, where Ep is ele-

mentary and Bp is finitely co-generated (i.e. artinian).
(3) G = T ⊕ A, where A is torsion-free and iso-artinian.

Proof. First, suppose that G = Tp is a p-group. If condition (2) does
not hold, then it is easy to see that G would have a subgroup X which
is isomorphic to Z(p2)(ω). Then, we can easily construct a descending
sequence of subgroups of X which is of the formMn

∼= Z(p)n⊕Z(p2)(ω)
for all n < ω. Since Mn ̸∼= Mn+1 for all n, we have that G is not iso-
artinian.

For the converse, we suppose that the condition (2) does hold and
M0 ≥ M1 ≥ M2 ≥ · · · is a descending sequence of subgroups of G.
Since pG ≥ pM0 ≥ pM1 ≥ pM2 ≥ · · · and pG is artinian, this descend-
ing sequence is eventually constant. Disregarding a finite number of
terms, we may assume that pMn = pM0 for all n. Now, for some n,
let En+1 be a pMn+1-high subgroup of Mn+1. Since Mn+1 ≤ Mn and
pMn = pMn+1, the high subgroup En+1 can be extended to a pMn-
high subgroup Mn. It follows that there are subgroups Bn ≤ Mn and
Bn+1 ≤Mn+1 such thatMn = En⊕Bn andMn+1 = En+1⊕Bn+1. Note
that pBn+1 = pMn+1 = pMn = pBn, and hence Bn+1

∼= Bn. And since
we have r(E0) ≥ r(E1) ≥ r(E2) ≥ · · · , these p-ranks must eventually
be constant, proving that the Mn will eventually all be isomorphic.
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Secondly, we suppose that G is possibly mixed and iso-artinian and
show that the items (1) and (3) hold. Let Mn :=

⊕
p≥n Tp. Clearly,

M1 ≥M2 ≥ · · · , which implies that if allMn are eventually isomorphic,
then the Tp are eventually 0, i.e. the item (1) holds. Since any subgroup
of an iso-artinian group is also iso-artinian, we can conclude that T is
as in (1) and (2). Therefore, T is the direct sum of a divisible group
and a bounded group, which implies that there is a splitting as in (3).
Furthermore, since G is iso-artinian, so is A.

Finally, suppose G satisfies all of the items (1)-(3) and we show that
G is iso-artinian. Consider the canonical projection π : G → A. Since
Tp = 0 for all but finitely many p, it easy to see that not only each
Tp, but also T will be iso-artinian. Consider an arbitrary descending
sequence M0 ≥ M1 ≥ · · · . Since we have already shown that T is
iso-artinian, the terms in M0 ∩ T ≥ M1 ∩ T ≥ · · · will eventually
all be isomorphic. Since each Mn ∩ T will be iso-artinian, it will be
a direct sum of a divisible and a bounded group. Therefore, we will
have Mn

∼= (Mn ∩ T )⊕ π(Mn). Since A is iso-artinian, we obtain that
π(Mn) will eventually all be isomorphic. Therefore, the Mn will also
eventually be isomorphic. □

We have the following immediate consequence of Theorems 4.1 and 5.1.

Corollary 5.2. If a torsion group T is iso-noetherian, then it is iso-
artinian.

The following example which is pretty clear shows that there are
iso-artinian torsion-free groups that are not iso-noetherian, since they
have infinite (torsion-free) rank.

Example 5.3. Free groups are iso-artinian.

More generally, we have the following result which parallels Propo-
sition 4.3, and whose (straightforward) proof is analogous, and hence
omitted.

Proposition 5.4. Suppose A is any free group (of arbitrary rank),
and G is any group. Then G is iso-artinian if and only if G ⊕ A is
iso-artinian.

Remark that Proposition 5.4 essentially allows us to ignore free sum-
mands (as in Proposition 4.3).
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Proposition 5.5. Suppose G is a torsion-free group of finite rank such
that c(G) is artinian. Then G is iso-artinian if and only if G does not
have non-isomorphic subgroups M and M ′ that are quasi-isomorphic.

Proof. Necessity is an immediate consequence of Proposition 2.5(b).
For the sufficiency, suppose, by way of contradiction, that subgroups

M and M ′ are quasi-isomorphic but not isomorphic. Since there is no
loss of generality in assuming mM ≤M ′ ≤M , we have

M ≥M ′ ≥ mM ≥ mM ′ ≥ m2M ≥ m2M ′ ≥ · · ·
which, clearly, demonstrates that G is not iso-artinian. □

Note the contrast between the following and Corollary 5.2:

Corollary 5.6. Suppose G is a torsion-free group of finite rank. If G
is iso-artinian, then it is iso-noetherian.

Proof. Suppose G is iso-artinian (note that c(G) is artinian) but G is
not iso-noetherian. Let M0 ≤ M1 ≤ M2 ≤ · · · be a sequence which
demonstrates that G is not iso-noetherian. By Corollary 2.5, there is
an N such that Mn ≈Mn+1 for all n ≥ N . Since Mn ̸∼= Mn+1 for some
n ≥ N , by Proposition 5.5, we obtain thatG fails to be iso-artinian. □

The following computation is key to our characterization of groups
that are iso-artinian.

Proposition 5.7. If p and q are (not necessarily distinct) prime num-
bers, then the group G = Z[1/p]e1 ⊕Z[1/q]e2 ≤ Q2 is not iso-artinian.

Proof. Suppose first that p ̸= q. Let s be a prime distinct from p and
q. Consider H := sG+ ⟨e1 + e2⟩. Clearly, G ≈ H. By Proposition 5.5,
we need prove G ̸∼= H. Let ϕ : G → H be an isomorphism. Note
that e1 ∈ p∞G which gives ϕ(e1) ∈ p∞H = Z[1/p]se1 ≤ sG. Similarly,
ϕ(e2) ∈ q∞H = Z[1/q]se2 ≤ sG. Therefore, ϕ(e1 + e2) ∈ sG, so that
H = ϕ(G) ≤ sG < H, a contradiction.

Suppose now that q = p, and we use the letter p for both. As
before, let α ∈ Ẑp be a unit that is transcendental over Q and let
B := Bα ≤ Z[1/p]2 = G (in particular, any endomorphism of B is
multiplication by some k ∈ Z). Let s ̸= p be another prime and
H := sB + ⟨e1⟩. Clearly, B ≈ H. Now, assuming that G is iso-
artinian, there must be an isomorphism ϕ : B → H. Suppose ϕ is
multiplication by some k ∈ Z. Since

B ∩ (Z[1/p]⊕ 0) = ⟨e1⟩ = H ∩ (Z[1/p]⊕ 0),

we have k = ±1. Hence, this implies that B = H, which is clearly
false. □
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Corollary 5.8. Suppose G is an iso-artinian torsion-free group of ar-
bitrary rank. Then the followings hold:

(1) If p and q are any prime numbers such that p∞G ̸= 0 ̸= q∞G,
then p∞G = q∞G has rank 1.

(2) p∞G = 0 for all but finitely many prime numbers.

Proof. Assume that (1) does not hold. Then G has a subgroup of rank
2 as in Proposition 5.7. Since this subgroup fails to be iso-artinian, so
does G.

Since G is iso-artinian, so is the subgroup
∑

p∈P p
∞G, described in

(1). This means that (2) must hold. □

We now give a complete description of the iso-artinian torsion-free
groups of rank at most 2.

Proposition 5.9. Suppose G is torsion-free of rank 2. Then G is iso-
artinian if and only if G ∼= H ⊕ Z, where H has rank 1 and c(H) is
artinian.

Proof. Suppose G is iso-artinian (and torsion-free of rank 2). If, for
some prime p, c(G) has a summand of the form Z(p∞)2, then we obtain
that p∞G = G has rank 2, which gives that G is not iso-artinian by
Corollary 5.8. Hence c(G) ∼ Z(p1∞)⊕· · ·⊕Z(pk∞) for some collection
of distinct prime numbers p1, . . . , pk.
If p∞i G ̸= 0 for each i, then G is of the form specified: Suppose,

as in Corollary 5.8, X ≤ G is a pure subgroup of torsion-free rank 1
such that X = p∞i G for each i. It follows that c(X) ∼ c(G), so that
c(G/X) must be finite. Therefore, G/X must be free, so that G splits
as indicated.

Hence, we may assume p∞i G = 0 for some i. There is, clearly, a
subgroup G′ ≤ G of rank 2 such that c(G′) = Z(pi∞). If we can show
that G′ fails to be iso-artinian, then G will also fail to be, as desired.
So we replace G by G′, and so we have only one prime number, which
we label by p.

Let 0 ̸= z ∈ G and let Z be the pure hull of ⟨z⟩ in G. Since
c(Z) can be viewed as a subgroup of c(G) and p∞G = 0, we obtain
that Z/⟨z⟩ is finite, which means that Z must be cyclic. So, we can
assume Z = ⟨z⟩ is cyclic and pure in G. It follows that G/Z is a
rank 1 torsion-free group, and arguing as in Lemma 2.3, we must have
c(G/Z) ≈ Z(p∞). Now G/Z ∼= Z[1/p], which means that Z is dense
in G in the p-adic topology and G is Hausdorff in that topology since
p∞G = 0. Therefore, the obvious isomorphism ⟨z⟩ → Z extends to an

embedding G→ Ẑp, where Ẑp is, again, the p-adic integers. So we can
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view G as a p-pure subgroup of Ẑp containing 1. On the other hand,
any endomorphism ϕ : G→ G (uniquely) extends to an endomorphism

ϕ : Ẑp → Ẑp, which will necessarily be multiplication by α = ϕ(1). As
such, we can view the endomorphism ring of G as

E = {α ∈ Ẑp : αG ≤ G}.
Let q be a prime number which is distinct from p. Clearly, G/qG ∼=

Z(q)2. Let µ ∈ Ẑp be any element of E. It is easy to see that µ
determines an endomorphism µ : G/qG→ G/qG. Suppose x ∈ G \ qG
and H = qG + ⟨x⟩. Since G is iso-artinian and G ≈ H, we obtain
that G ∼= H by Proposition 5.5. If we compose this isomorphism
with the inclusion H ≤ G, we get an endomorphism of G which gives
that there is an α ∈ H ≤ Ẑp such that H = αG. Now, there is
a β ∈ G such that x = αβ. Therefore, µβ ∈ G, and so we can
conclude that xµ = (αβ)µ = α(µβ) ∈ H by the commutativity of Ẑp.
Hence µH ≤ H, which implies that µ : G/qG → G/qG maps every
cyclic summand into itself. The only endomorphisms of Z(q)2 with
this property are multiplications by some scalar from Z(q). However,
an endomorphism of G, such as the above α, for which the image of
α(G/qG) = H/qG is a non-zero cyclic summand of this G/qG ∼= Z(q)2,
is certainly not multiplication by such a scalar. This contraction implies
that G cannot be iso-artinian, as asserted.

The converse follows directly from earlier results. □

Generalizing the concept of a Butler group to the infinite-rank case,
the torsion-free group G is said to be a B1-group if

Bext1(G, T ) = 0

for all torsion T (i.e., every balanced extension of T by G splits). There
is a second such generalization of the definition of Butler groups, those
said to be B2-groups. Since every B2-group is a B1-group (see [7, The-
orem 14.5.3]), we will not concern ourselves with this generalization.
Since the balanced-projective torsion-free groups are precisely those
that are completely decomposable, each such group is clearly a B1

group.
This brings us to the main goal of this sections, giving a complete

description of the torsion-free iso-artinian groups that are B1:
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Theorem 5.10. Suppose That G is a torsion-free B1-group. The fol-
lowing statements are equivalent.

(1) G is iso-artinian,
(2) G ∼= H ⊕A, where H has rank at most 1, c(H) is artinian and

A is free.

Proof. Again, only necessity needs to be considered, so assume G is
iso-artinian. If

H :=
∑
p∈P

p∞G,

then it follows from Corollary 5.8(a) that H is a pure subgroup of rank
≤ 1. If L is a pure subgroup of G containing H such that L/H has
rank 1, then we have L/H ∼= Z by Proposition 5.9. This implies that
G/H is Z-homogeneous.
Claim: H is balanced in G: Suppose X is a torsion-free group of rank
1. If ϕ : X → G/H is any non-zero homomorphism, then we must have
X ∼= ϕ(X) ∼= Z (since G/H is Z-homogeneous). But, as Z is (trivially)
free, ϕ must factor through G, giving the claim.
Claim: H is a TEP subgroup of G (i.e., it has the torsion-extending
property): Suppose T is a torsion group and ϕ : H → T is a homo-
morphism. We must show that ϕ extends to G → T . If K is the
kernel of ϕ, then, since H ≤ G is iso-artinian, H/K will be artinian,
and hence pure-injective. So, the natural map H → H/K extends to
G→ H/K ≤ T since H is pure in G, giving the result.
Claim: G/H is also a B1-group: Let T be any torsion group. By our
first claim, there is an exact sequence

Hom(G, T ) → Hom(H,T ) → Bext1(G/H, T ) → Bext1(G, T )

By hypothesis, Bext1(G, T ) = 0 and the left map is surjective by our
second claim. Hence Bext1(G/H, T ) is isomorphic to a subgroup of
Bext1(G, T ) = 0.

The result now follows easily. In fact, we have already observed
that G/H is a Z-homogeneous B1-group. By [7, Corollary 14.8.3],
G/H must be completely decomposable, which means that it is free.
Therefore, the required splitting must occur, completing the proof. □

Corollary 5.11. If G is an iso-artinian B1 group, then it is completely
decomposable.

We mention a final conjecture. To what extent does Theorem 5.10
generalize to torsion-free groups that are not Butler?
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Conjecture: Suppose G is any torsion-free group. Then G is iso-
artinian if and only if G ∼= H ⊕ A where H has rank at most 1, c(H)
is artinian and A is free.

Sufficiency being clear, this is really about necessity. Proposition 5.9
verifies it for the case where G has rank 2, which is evidence that it
may be true whenever G has finite rank. It is also plausible that it
holds when G has finite rank, but not when G has infinite rank.
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